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Zusammenfassung

In der vorliegenden Dissertation wird ein mathematisches Modell fiir die statistis-
che Analyse gruppierter Extremwerte présentiert. Als gruppiert bezeichnet man
Datensiitze, die nicht den exakten Ausgang eines Experimentes angeben, son-
dern lediglich die Héufigkeiten widergeben, mit denen festgelegte Wertebereiche
oder Intervalle die Ergebnisse von unabhingigen Wiederholungen desselben Ex-
perimentes beinhalten. Insbesondere zeichnet das der Arbeit zugrunde liegende
Experiment extreme Werte auf. Datensdtze aus verschiedenen Quellen basieren
dabei auf unterschiedlichen Beobachtungszeitrdumen.

Ausgehend von der Extremwerttheorie und der iiblichen Behandlung von Z#hl-
daten werden parametrische Modelle fiir die Anzahl an Ereignissen pro Zeitein-
heit und Wertebereich entwickelt. Ein Hypothesentest wird prasentiert, der die
Annahme iiberpriift, diese Anzahl folge einer Poisson-Verteilung, und dabei mit
den unterschiedlichen Beobachtungszeitriumen umgehen kann. Die Uberprii-
fung der Genauigkeit und der Giite dieses Tests ist Teil der Arbeit.

Die Modellparameter werden mit Hilfe der Maximum-Likelihood-Methode ge-
schétzt. Konsistenz und (asymptotische) Effizienz der Maximum-Likelihood-
Schétzer werden (in Teilen) analytisch und per Monte-Carlo-Simulation veri-
fiziert. Die asymptotische Effizienz wird zur Berechnung von Konfidenzinter-
vallen herangezogen. Es wird gezeigt, dass sich die Einteilung der Beobach-
tungsklassen optimieren lasst, und dass sich ein erheblicher Informationszuwachs
erzielen ldsst, wenn zumindest der absolute Maximalwert, der sich theoretisch
aus dem Experiment ergibt, im Detail bekannt ist.

Das entwickelte Modell wird beispielhaft auf reale Daten aus der Automobilin-
dustrie angewendet.



Abstract

The present doctoral thesis presents a mathematical model for analyzing grouped
data based on extreme values. Grouped data means that the exact outcome of
the corresponding experiment is not known in detail, but only the occurrence
frequency of the outcomes within a particular range or interval is given. In
particular, the underlying experiment yields extreme values. In addition, the
independent realizations of this experiment are all based on different observation
periods.

By dint of extreme value theory and the theory concerning count data, para-
metric models with regard to the number of events per time unit and domain
are developed. A hypothesis test is presented that checks out if this number of
events may be Poisson distributed, which cannot be done by standard methods
due to the different observation periods. The verification of accuracy and power
of this test is part of the thesis.

The model parameters are estimated via maximum likelihood method. It is
verified (in part) analytically and by means of Monte Carlo simulations that
the maximum likelihood estimators are consistent and (asymptotically) efficient.
Based on the asymptotic efficiency, confidence intervals are calculated. It is
shown that the partitioning of the observation range can be optimized, and that
a huge increase of information can be reached if the absolute maximum value
from the experiment is known in detail.

The developed model applies to real data from automotive industry.
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1. Preface

The present thesis is the result of my work at the Fraunhofer-Institut fiir Techno-
und Wirtschaftsmathematik® ITWM in Kaiserslautern, Rhineland-Palatinate,
Germany, which cooperates with the Technische Universitit Kaiserslautern®.
The initial motivation for this work came from a collaboration with the BM W3
Group. The BMW Group is an internationally known German automobile, mo-
torcycle and engine manufacturing company headquartered in Munich, Bavaria,
Germany. With BMW, MINI and Rolls-Royce, the BMW Group owns three
premium brands in the automotive industry.

The task was, generally spoken, to extrapolate from a little image of reality to
the big picture. This is a common task for a mathematician and, particularly, a
statistician. In the present case, the “little image” were observations from a com-
plex measurement campaign. Due to technical and organizational restrictions,
the data were censored, grouped and strongly compacted. Following the quo-
tation “Por una pequeria muestra podemos juzgar la pieza entera®” from Miguel
de Cervantes [CS05], these data should be used to learn as much as possible
about the powers and forces that conceal behind the observations. However, full
knowledge about the “whole piece” cannot be achieved by the observations alone.
First of all, a theoretical model has to be established that wants to describe con-
ceptionally the hidden powers until the desired detail is achieved. The data are
secondary, even though they can give an idea of how to construct such a model.
When an adequate model has been found, the data are used mainly to adjust
the model to the reality — or to refute the model.

This thesis is structured exactly in accordance with this procedure. Chapter
2 describes in detail the BMW study on the basis which yields the motivation
for this thesis. The example of automotive engineering is used explicitly, but
it should be noted that there are many other sectors and situations in which
the results of this thesis may be applied. Some of these results can be con-
sidered separately from the described experiment since they yield solutions to
an abstract issue, e.g. the Poisson hypothesis test established in Section 3.5.
After motivation and problem statement, Chapter 2 lists some basic concepts
and terms from mathematical statistics and theory of probability which are used
throughout the thesis, e. g. estimators, cumulants, maximum likelihood method,
distributions and a short overview of extreme value theory.

!Fraunhofer Institute for Industrial Mathematics
2Technical University Kaiserslautern

3 Bayerische Motoren Werke (Bavarian Motor Works)
4By a small sample we may judge the whole piece



2 1. Preface

Chapter 3 presents the theoretical model which describes the real situation
pictured in Chapter 2 mathematically. It lists the assumptions and conditions
on which the model is based. In addition, the chapter suggests some parametric
approaches and gives criteria for selecting the adequate one. In some parts, the
criteria are generalizations of known mathematical concepts (see Section 3.5).
In other parts, some known concepts are adapted to the present situation (see
Section 3.6).

Since the model is based on a parametric approach, an estimation of these
model parameters becomes necessary. At this point, the available data come into
play. Chapter 4 prepares the framework for estimating the parameters. It defines
the appropriate statistical experiment(s) and specifies some properties like Fisher
information and likelihood functions. Thereafter, for all necessary parameters
the maximum likelihood estimators are calculated, and the conditions are shown
under which these estimators exist.

Chapter 5 studies in detail the found maximum likelihood estimators. Monte
Carlo simulations show the behavior and some characteristics of these estimators,
e.g. asymptotic efficiency. Moreover, algorithms are presented which can be
used in the numerical calculation of the estimators. The accuracy of the Poisson
hypothesis test from Section 3.5 under the null hypothesis and the power of this
test under several alternative hypotheses is also studied by dint of Monte Carlo
simulations. Finally, some real data from the BMW study are used to show how
to adjust the model by means of real observations. The presented procedure can
be used as standard evaluation when analyzing data which matches form and
structure of the BMW data.

The last regular chapter, Chapter 6, summarizes the results and gives a final
overview of the concepts of this thesis.

The appendix consists of three parts: Appendix A includes a few technical
lemmata. The results of these lemmata are used in some proofs, but they are
not relevant furthermore. Appendix B lists all the results from the Monte Carlo
studies which are made in connection with the accuracy of the hypothesis test
and the maximum likelihood estimators in Chapter 5. And Appendix C shows
some plots which illustrate the results of these Monte Carlo studies. Note, that
both the tables in Appendix B and the figures in Appendix C refer in their
captions to the sections to which they belong. The explanations, descriptions
and analyses of the tables and figures can be found in these sections.



2. Motivation, Problem Statement
and Methods

This chapter presents a full description of the problem statement that
provides the point of departure for this thesis. Section 2.1 introduces
supra operating load events (SOLE) and explains their role in auto-
motive development. Section 2.2 describes a measurement campaign
initialized by the BMW Group the results of which are analyzed
in this thesis. The goals of this analysis are explained in Section
2.3. Finally, Section 2.4 provides basics of mathematical statistics
and theory of probability which are used throughout this thesis to
achieve the goals formulated in Section 2.3.

2.1. SOLE — Supra Operating Load Event

Whenever automotive engineers design and construct a new motorcar they must
guarantee a certain durability for all of the vehicle’s components. At the same
time it is necessary to avoid overdesigning the components, because oversizing
would result in increased vehicle weight and higher production costs.

To determine the required strength of a component, according to Zeichfiifll
et al. [ZGKWO08] all loads of a specific type which could act on this component
during the vehicle’s lifetime are classified into three categories first: operating
loads, special event loads and misuse loads. Operating loads are defined as
the load level that occur in the vehicle’s day-to-day use. These loads must
be borne in accordance with the required life of the vehicle. Special events
are rare customer-relevant single events. Similar to operating loads they are
assigned to the intended use of the vehicle. Special event loads might be rather
high, but they must neither reduce the service life nor effect any degradation of
performance. Finally, misuse loads are accompanied by impairment, but they
must not constitute a security risk to the customer. Therefore, misuse loads
require a damage tolerant design.

As an example, consider the load quantity temperature, which is measured
on the brake disk. Under normal driving conditions the brake disk heats up
and cools down in a characteristic way. These are operating temperatures. A
special event could be an emergency braking as a result of an abruptly appearing
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barrier. Due to the hard braking, the brake disk is heated excessively. When
the driver applies the brake and full throttle simultaneously for a longer period
of time, he generates an misuse load. This misuse may result in defective brake
disks.

Other examples for load quantities are acceleration and the associated force.
Here, a special event could be crossing a speed bump or driving through a pot-
hole. In this context, misuse would be passing over a high pavement edge with
elevated speed.

According to Zeichfiifl et al. [ZGKWO08]|, the boundaries between operating
loads, special event loads and misuse loads are not clearly defined and the tran-
sition is fluid. Furthermore, the range of possible load magnitudes is not known
in every loading case. Environmental factors (e.g. rough roads, mountainous
landscape, winding roads, slippery streets, extreme external temperatures), the
vehicle parameters (e. g. vehicle mass, level of motorization, set of tires) and the
usage patterns of the driver (e.g. stressful and dynamic driving style) determine
upper load limits. Not least, the classification as misuse or special event is the
driver’s subjective decision.

However, both operating loads and special event loads (and, to some extend,
misuse loads) are important factors when constructing an automobile. As far as
operating loads are concerned, comparatively short measurements under typical
driving conditions produce enough data to derive target loads for component
testing. On the other hand, very little is known about frequency, severity and
other attributes of special events and misuse. Therefore, the resulting target
conditions for special event loads and misuse loads are usually worst-case ap-
proximations which can lead to a certain level of overdesign.

In this thesis, a model based on data is presented to analyze special events
and misuse. These two extreme load situations shall be grouped under the name
supra' operating load events, briefly: SOLE. This designation illustrates
that SOLEs are events creating loads which exceed operating loads.

The statistical model for analyzing SOLEs is based on data provided by a
study by the BMW Group as mentioned in the preface (see Chapter 1, Section
2.2).

2.2. Experimental Design

The gap of knowledge of SOLE’s characteristics as described in Section 2.1 shall
be closed by a measurement campaign initialized by the BMW Group. All partic-
ipating test vehicles are used under customer conditions. Extra on-board sensors
record loads during day-to-day use which lay above a predefined threshold. This
threshold represents the assumed boundary between operating loads and supra

'Latin for above
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operating loads. In irregular intervals the test vehicles are called back to collect
the data.

The on-board data acquisition works as follows: When a maneuver in traffic
generates a load that is greater than a particular threshold u (u € Rso), the
associated value of the load is temporarily stored. Due to memory restrictions,
the load magnitude and the time series structure of a SOLE cannot be recorded
and saved exactly. In fact, the detection range R, is partitioned into d intervals
(d € N>»),

(u7 tl], (tl, tg], ey (td—l, OO)

with class limits u =9 < 1 < ... < tq—1 < tqg = 0o. An algorithm realizes the
range the load magnitude lies within, and the counter of this class increases by
one. After that the exact value is deleted. The observation resulting from this
experiment is often called grouped data in data analysis [UC11].

Besides the classified frequency of SOLEs only the magnitude of the maximum
load during the whole recording time is saved with an exact value.

The observation period is specified in mileage, because SOLEs are incidents
in traffic that only take place during vehicle motion. The number of kilometers
travelled since the last readout is also part of the data.

Thus, the observation per vehicle corresponds to the vector

(l721,...72d,$),

where [ € IN is the mileage of the car measured in integer numbers of kilometers,
zr, € INg is the number of SOLEs with loads between the magnitudes ¢x—1 and
tr (k€ {1,...,d}), and z € Ry, is the maximum value of load. In particular,
the total number of SOLEs during the [ kilometers, n = Zizl zk, is contained
in the observation.

2.3. Main Goals and Approach

The aim of an automotive engineer is to find a construction for the vehicle with
an optimal cost-benefit ratio, i. e. the car must resist a certain number of extreme
events, but considering the costs the components should not be overdesigned. To
find such an optimal cost-benefit ratio an answer to the main question

What is the probability of observing z events with loads in the range
A during ! kilometers?

is needed (z € g, A C Ry, | € IN). If this answer is found and, provided, the
capacity of the components is known, the (theoretical) durability of the vehicle
is predictable in probabilistic sense.

To illustrate this, let p(z, A,1) be the probability of observing z events in A
during ! kilometers. Suppose the design limit of a specific component is the load
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magnitude ag (ap € R>,). The probability that this limit is exceeded during
the vehicle’s life time [g is

ZP(Z,RZ%JO) =1-p(0,R>q4,10)-
z=1

Conversely, the minimum load magnitude that is not exceeded during the vehi-
cle’s life time lp with at least probability ¢ (¢ € (0,1)) is

inf{a € Rsu | p(0,R>q,l0) > ¢}

The expected lifetime can be found with the knowledge of p(z, A,1), too. The
highest mileage the vehicle can be used such that the design limit ap is not
exceeded with at least probability ¢ is

max{l € IN| p(0, R>q,,!) > ¢}.

In the same way, many other questions can be derived from the main question
above.

The collection of data described in Section 2.2 shall help to learn all those
things about SOLEs. The analysis of this data shall yield an answer to the
main question above. A first naive attempt at an analysis of the collected data
could be studying the number of recorded SOLEs class by class. However, this
approach brings several difficulties:

e Distinct vehicles could have different class limits and therefore different
classes.

e Data of distinct vehicles cannot be compared directly to each other as the
mileage is different.

e Approximately d parameters are needed.
e An extrapolation to classes without detected events is not possible.
e Statements can only be made about the given classes.

The last point is the most interesting one. Suppose that the class limits do
not depend on the vehicle number, d parameters are not too much to handle,
no class is empty, all mileages are the same (more or less), then the first four
points above are eliminated. But the last point still reveals that nothing can be
said about the expected number of SOLEs in the ranges Rs¢, ,+« (z € Rso)
or [tl + %,tg — %}, for example. The predictability is limited to the
given classes. As mentioned above, the aim should however be to work out a
distribution of the number of SOLEs in an arbitrary range or interval.

Thus, the data must be analysed bottom up. A SOLE must be considered
as what it is: an occasion with a certain occurrence rate and an exact severity.
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The hidden information about these two characteristics must be gathered from
the histogram (z1,...,zq) of the number of SOLEs per class. In this way it
is possible to simulate a SOLE in detail. In Chapter 3 the knowledge of the
distributions of occurrence rate and severity is shown to be sufficient to determine
the probabilities p(z, A,1) from above, i.e. to answer the main question.

2.4. Methods

In this thesis methods of the modern theory of probability and mathematical
statistics are used to achieve the goals mentioned in Section 2.3. Some fun-
damentals of these theories are listed to guarantee a common comprehensibility
with respect to nomenclature and notation of mathematical terms. Furthermore,
a short overview of frequently used probabilistic methods is given including fun-
damentals of extreme value theory.

2.4.1. Characteristics of Random Variables

The following statement introduces some basic concepts from probability theory
like expectation, variance and index of dispersion of a random variable (defini-
tions are taken from [Eve02, UC11, Bau02, Ahm94, Als05]).

2.4.1 Definition. Let X,Y be integrable random variables from the probabil-
ity space (2,2, P) to the measurable space (R, ). The expectation and the
variance of X as well as the covariance of X and Y are

E[X] ::/ z P(X € dx) (ezpectation)

R
Var[X] :=E[(X — E[X]) )2 IE[XQ] — E[X]? (variance)
Cov[X,Y] =E[(X — E[X])(Y — E[Y])] (covariance)

= E[XY] — E[X]E[Y]

If E[X] # 0, the index of dispersion and the coefficient of variation of X
are

D[X] ;Vg[r)[()](] (index of dispersion)
CV[X] :ZM (coefficient of variation)
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If the functions F' and G are defined by
F:R—[0,1]: t— P(X <),
G:G— R: tl—>E[tX]

with [-1,1] € G C R, then F' is the cumulative distribution function of X
and G is the probability-generating function of X.

2.4.2. Statistical Experiment and Likelihood Function

In the stochastic literature, e.g. [Als06, p.3] and [Geo07, p.196], a statistical
experiment or statistical model is defined as a triple (X, A, (Py)sco) with a
non-empty set X of possible observations called sample space, a o-algebra A on X,
and a family (Py)yeco of probability measures on (X,.A) parameterized with the
elements of parameter space ©. If X is a random variable from the measurable
space (€2,2) to (X, A), and (Py)yce is a family of probability measures on (£2, )
such that for all ¥ € © it holds

By(X € A) = Py(A) VA € A,
or in a more common notation
By (X c ) = Py,

then (X, A, (Py)vco) is called a statistical experiment based on observa-
tion X, and it can be written (X, A4, (By(X € -))vceo) instead [Als06, p. 3].

Under these assumptions the likelihood function of X given observation
value z (z € X) is defined by

By(X =), if X is discrete,

L(-;z): © = [0,1]: ¥+ o ] ] }
fo(x), if X is continuous,

where fy denotes the probability density function of X under Py [Als06, p. 3].
Furthermore, the log-likelihood function of X given observation value z
(z € X) means the natural logarithm of the likelihood function,

L(-;2): © > R: ¥+ log(L(%;x)) .

2.4.3. Fisher Information and Unbiased, Consistent and
Efficient Estimators

Consider the statistical experiment (X, A, (Py(X € -))sce) with differentiable
log-likelihood function £. As long as the parameter space © is an open subset of
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R"™ (n € IN), the term
109) = (Eo | 3509 X) 55695 X))

is called Fisher information of X in ¥ = (91,...,9,) € © [Als06, p. 60][LCI8,
p- 115]. The Fisher information is a measure of how well the true parameter value
can be estimated. To reveal this, let X be a continuous random variable with
probability density function fy and let be n = 1. The term

DL (9: 3) = %fﬁ(m)

oo fo ()
is the relative rate of how strong the density in x changes as function with respect
to 9. Especially, if J¢ is the true parameter, the lower the value of %(190,10),
the less fyg,(z) changes relatively as function with respect to ¥, and the more
plausible an estimated value far away from 9o becomes. Conversely, if the value
of % (J0, z) is high, only estimated values of ¢ near the true parameter ¥y appear
acceptable.

Besides this heuristic derivation there are some practical applications of the
Fisher information. For example, for n = 1 the information inequality [LC98,
pp-120/127] states that under some regularity conditions an estimator D of ¥
satisfies

1<i,j<n

2K, [ﬁ(X)]
1(9)
In older works, this inequality is called Cramér-Rao inequality[LC98, p. 143].
According to this, the right-hand side of the inequality is called Cramér-Rao
lower bound.
An unbiased estimator 9 of 9, i.e. Ey [ﬁ(X)} = ¢ for all ¥ € © [LCI8, p. 5],
which achieves equality on the information inequality,

Vary [é(X)] > Vo € ©.

Var, [é(X)] = V9 € O,

1
1(9)
is denominated an efficient estimator [Lin05, p. 77] (a more general definition
of efficiency see [Bor99, p. 144]).

Furthermore, let X = (X;)icn be a random series with statistically inde-
pendent and identically distributed X;, let I; be the Fisher information of X;
and let * = (z;)ien be a realization of X. Then, again under some regularity

conditions, any sequence (U, (z)) of roots of the likelihood equation, i.e.

meN
%(@m(m); (z)) = 0 for all m € N, which is consistent, i.e. D (X) L5 9 for
m — oo [LCI8, p. 54], satisfies

mlIi (9) (@m(X)fﬁ) — N(0,1) for m — oo

(convergences each with respect to By) [LC98, p. 449]. Such an estimator is called
an asymptotically efficient estimator [LC98, p.439].
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2.4.4. Maximum Likelihood Method

The estimation method today known as maximum likelihood in its current
form was introduced and worked out by Ronald A. Fisher (see Aldrich [Ald97]
and Hald [Hal99] for an overview of the history of maximum likelihood). Max-
imum likelihood follows a simple strategy: assume that the observation is a
typical realization of the underlying experiment, then it is plausible to select
the one distribution from a specified distribution family that yields the greatest
probability for the observed data.

More precisely, let (X, A, (Ps(X € -))sco) be a statistical experiment based
on X. The distribution of the elements of X is known up to a parameter 9 € ©.
The ambition is to find the true parameter that characterizes the distribution of
X. Given a realization z of X (z € X) the maximum likelihood method chooses
the parameter(s) ¥ € © which maximizes the likelihood function given z,

I z) = arg %13(%(]14(19; z) = arg max £(%; ).

If and only if the maximizer of the likelihood function exists and is unique, then
J(z) is called maximum likelihood estimator of 9 based on z [Als06, p. 23].

The maximum likelihood method is so common, because it is very versatile
in its application. In many situations the likelihood function has got a unique
maximum which is the only requirement for calculating the maximum likelihood
estimator. The method also manages censoring and truncation, and the observa-
tion does not need to be a realization of identically distributed random variables.
In many situations the maximum likelihood estimator is consistent [LC98, p. 445]
and (asymptotically) efficient (see Section 2.4.3).

2.4.5. Distributions

Several specific distributions appear in this thesis. To avoid confusion, the fol-
lowing definition specifies the required ones in detail. In addition, it lists some
important characteristics of them. The definitions and facts below are taken
from [JKKO05, Con89, JKB94, KN0O].

2.4.2 Definition & Fact. Let X be a random variable on the probability space
(Q,2A,P).

1. X is binomially distributed with r trials and success probability ¢
(r € N, g € (0,1)), in short X ~ Bin(r, g), if and only if its support is {0,...,r}
and its probability mass function is

P(X =n) = (;) (1—q" "  Wne{o,...r}
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Then, expectation E, variance Var and probability-generating function G of X
are

E[X]=rq, Var[X]=rq(1—q) and Git)=(1+qt—1))" VteR.

2. X is Poisson distributed with mean A (A € Rxo), in short X ~ Poi(\),
if and only if its support is INg and its probability mass function is

AT

P(X =n)=¢e ]

VTL (S ]No.
Then, expectation E, variance Var and probability-generating function G of X
are

E[X] =X, Var[X]=X and G()=¢""" VvteR.

3. X is negative binomially distributed with exponent ¢ and mean p
(0, € Rso), in short X ~ NBin(p, i), if and only if its support is INg and its
probability mass function is

P(X:n):I;I(IQFJEZ)) (Qiu)g(giu)n v e Mo

with gamma function I' [AS65, p 255]. Then, expectation E, variance Var and
the probability-generating function G of X are

E[X]=p, Var[X]=p (1 + %) and  G(t) = (Wi_l))g

for all t € (—m, ﬁ—“).
g
4. X is generalized Poisson distributed with parameters 6 and A (6 € Ry,
A € [0,1)), in short X ~ GPoi(8, ), if and only if its support is INo and its
probability mass function is

0 00+ 0!

P(X =n)= o

Vn € WNp.
Then, expectation E, variance Var and probability-generating function G of X
are

EX] = —— Var[X]= —2—  and () = e P EW (=2
(1=2A)3
for all t € [—1,1], where W denotes the (principle branch, i.e. W > —1, of the)
Lambert W function [CGH"96] defined by the equation = = W (z)e"'® for all
z e R.
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5. X is logarithmically distributed with parameter ¢ (¢ € (0, 1)), in short
X ~ Log(q), if and only if its support is IN and its probability mass function is

PX=n)=———"— A4 IN.
X=m =i n ™€
Then, expectation E and variance Var of X are
-1 q q+log(l —q)

E[X] and  Var[X]=—

Tlogl-q)1—¢ (1—q)2log(1 —q)*’

and the probability-generating function of X is
log(1 — gt) 11
G(t)y=—>—22  vie (=11},
®) log(1 — q) E( q’q)

6. X is (one-parameter) generalized extreme value distributed with
shape £ (£ € R), in short X ~ GEV(¢), if and only if its support is the set
{z € R|1+ &z > 0} and its cumulative distribution function is

( )_% R>7%, if§>0,
—(1+¢&z .
e, HEA0 g e (R, if ¢ =0,

F(z) = _
et if£=0, R if € < 0.

<3

Then, expectation E and variance Var of X are

00, if&>1, 00, if €> 1
E[X]= {7, if¢=0, and Var[X]={™, if £ =0,
RUZO=1 0 else, LU29- IO | glee,

with Euler-Mascheroni constant v = 0.57721... [UC11] and gamma function I"
[AS65, p 255].

7. X is (two-parameter) generalized Pareto distributed with shape £ and
scale 8 (£ € R, B € Rxo0), in short X ~ GPar(¢, 8), if and only if its support is
R>o (if £ > 0) or [0, %) (if € < 0) and its cumulative distribution function is

1
F(z) = 1*(1+%x) £, ifE#£0, vxe{RNB’ if¢>0,
1—6_%:‘”’ if € =0, [O’E)’ if £ <0.

Then, expectation E and variance Var of X are

2

By B~y 1
Ex] = TE<h 0 valx) = { Tty HE<a
oo, ifE>1, 0, iffz%.
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8. X is gamma distributed with shape a and scale b (a,b € Rx¢), in short
X ~T'(a,b), if and only if its support is R>o and its probability density function
is
ZEE71 67%1

f(x):W

with gamma function I' [AS65, p 255]. Then, expectation E and variance Var of
X are

Vz € RZO

E[X] = ab and  Var[X] = ab’.

9. X is normally distributed with mean y and variance o (6% € Rso,
u € R), in short X ~ A (u,c?), if and only if its support is R and its probability
density function is

2

)= e%('ff)2 T .
f(z) o Vz e R

Then, expectation E and variance Var of X are
EX]=p and Var[X] = o°.

The distribution AN(0,1) is also called standard normal distribution.

2.4.6. Cumulants

The second characteristic function of a random variable X,

_ ix]\ _ N\ (it)"
K(t) == log(IE [e D = Z:l Kn[X] o
[Luk70, pp. 26-27], generates the cumulants of X (if they exist),

d"k (O)

Vte R

Vn € IN.

Crameér [Cra62, pp. 186-187] repeats this definition and indicates the first four
cumulants:

k1[X] = E[X], ko[ X] = Var[X], rk3[X] =E[(X — E[X])*],
rka[X] = E[(X — E[X])*] — 3 Var[X]*.
Conversely, moments of X are polynomials in cumulants [Cra62, pp. 186-187],
E(X] =ri[X], E[X?] =ko[X]+ ri[X]*,
E[X?] = ra[X] + 3 ka[X] k1 [X] + ke[ X]?
E[X*] = ka[X] + 4 k3[X] k1 [X] + 3 k2[X]* + 6 52 [X] 51 [X]? + k1 [X]*.
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Hald [Hal00] shows that the nth cumulant is additive and homogeneous of degree
n, i.e. for statistically independent random variables X1,...X,, and constants
Cly...,cm € R (m € IN) it holds

m

Kn [Z;I:I Cij:| :ZCJ'” Iin[Xj] Vn € IN.

j=1

Billinger [Bil69] found a law of total cumulants, which helps to calculate cumu-
lants from conditional cumulants. The general formula of this law yields for the
first four cumulants

k1 X] =ka[s1 [X]Y] ],

ko[ X] =r1[r2[X|Y] ] + Ka[k1 [X|Y]],

k[ X] =k1[k3[X|Y]] + ka1 [X]Y]] + 3 (Cov[m[X|Y] ,K)Q[X‘Y]],
ka[X] =k1[Ra[X|Y] ] 4 Ka[1[X|Y] ] + 3 ko[r2[X Y]]

4 (Cov[m [X]Y] ,l{g[X|Y]] 16 COV[m[X|Y]2,52[X|Y”
— 12 ka[ra [X]Y]] cov[m[xm ,mxm],

where the conditional cumulants are defined via conditional moments [Durl0,
p- 221 et seqq.][Als05, p. 284 et seqq.]. If the term x1[X]Y] is almost surely con-
stant, it follows

kin [ X] = ka[kn[X|Y] ] 4 3 k2[k2[X|Y]] L4y (n) Vn € {1,...,4},

because for any constant ¢ € R it is kyn[c] = 0 for all n € N>o.

2.4.7. Extreme Value Theory

When dealing with extreme events like floods, accidents, records, etc., the so-
called extreme value theory gives suitable instruments for analysis. Stuart Coles
states a characterization of this mathematical discipline in the preface of An
introduction to Statistical Modeling of Extreme Values [Col07]:

“Extreme value theory is unique as a statistical discipline in that
it develops techniques and models for describing the unusual rather
than the usual. As an abstract study of random phenomena, the
subject can be traced back to the 20th century. It was not until the
1950’s that the methodology was proposed in any serious way for the
modeling of genuine physical phenomena. It is no coincidence that
early applications of extreme value models were primarily in the field
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of civil engineering: engineers had always been required to design
their structures so that they would withstand the forces that might
reasonably be expected to impact upon them. Eztreme value theory
provided a framework in which an estimate of anticipated forces could
be made using historical data.”

Among other things, extreme value theory examines the (approximate) distri-
bution of the maximum of random variables. To demonstrate this, let X1, Xo, ...
be statistically independent random variables with common cumulative distri-
bution function F' and with finite variance. The sum and the maximum of the
first n random variables (n € IN) shall be denoted by

Sy = ZXi and M, := max X;
i=1

1<i<n

respectively. Coles [Col07, p. 45] notes that the cumulative distribution function
of M, is given by
P(M, <z)=F(z)" Vz € R.

This term depends on F' though, which is unknown in many situations. When
dealing with the sum S, the well-known Central Limit Theorem [LC98, p. 58|
allows to approximate the distribution of S,, through a normal distribution,
i.e. there are sequences of constants (an)nen C Rso and (bn)new C R (e.g.
an = Var[S,] and b, = E[S,]) so that

IP(S%:Lb" < .CE) noroo FN(O,l)(x) Vr e R,
where Fjr(o,1) is the cumulative distribution function of a standard normal dis-
tribution.

On the other hand, the Fisher—Tippett Theorem [Col07, p.46], also known
as Fisher-Tippett—Gnedenko Theorem [HF06, p. 6], indicates the following: if
there are series of constants (an)nen C R0 and (bn)nen C R such that

P(M”_b” gx) 1%, H(x)

an

for all continuity points of H, where H is a nondegenerated cumulative distri-
bution function, then H is either part of the Fréchet, Gumbel or Weibull distri-
bution family. These so-called extreme value distribution families [Co0l07,
p. 47| are represented by the cumulative distribution functions

Frre(a): R—=[0,1]: e * " I, () (Fréchet)

Foum: R—[0,1]: 2+—3e° g, () (Gumbel)
Fwei(a): R = [0,1]: z+— e (- Ir_o(2) + Irs, (2) (Weibull)
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where o € R>o. In this situation one says that F'is in the domain of attraction
of one of the three distribution families.

The Fréchet, Gumbel and Weibull families can be combined into a single
family called generalized extreme value distribution family. If Fgmyy) is
the cumulative distribution function of the one-parameter generalized extreme
value distribution as given in Definition 2.4.2, it holds

Frre(/e)(1 4+ &), if £ >0,
FGEV(g) (:L') = Fgum(a‘:), if f =0, Vx € R.
FWei(fl/g)(fl — fx), 1f£ <0,

Summarized, the Fisher—Tippett Theorem read as follows:

2.4.3 Theorem (Fisher—Tippett, [Col07, p.46]). Let X1, Xo,... be a se-
quence of statistically independent random variables with common cumulative
distribution function F. For any n € IN, let M,, be the mazimum of the first n
random variables, My = max{X; |1 <1i < n}. Suppose that there are sequences
of constants (an)nenx C R0 and (bp)nen C R and a non-degenerated cumulative
distribution function H such that

P(% < m) = Flanz +by)" 2= H(x)

for each continuity point of H. Then there are constants a and b (a € Rso,
b€ R) such that
H(ax + b) = Fapve) (x) Vz € R,

where Fapve) 5 the cumulative distribution function of the extreme value distri-
bution GEV(£).

Coles [Col07, pp.51-52] as well as de Haan and Ferreira [HF06, pp.11/34]
present some examples of distributions which are in the domain of attraction of
the generalized extreme value distribution. Thus, the Cauchy distribution is in
the Fréchet domain of attraction, exponential, gamma and normal distribution
are in the Gumbel domain of attraction, and beta and uniform distribution are
in the Weibull domain of attraction. Furthermore, de Haan and Ferreira [HF06]
list a lot of criteria to decide in which domain of attraction a distribution lies.

Here, the Fisher—Tippett Theorem is only a preliminary for a related theorem
which is very useful with regard to modeling SOLEs. Pickands [Pic75] was the
first to realize the connection between the characteristics of random maxima and
the generalized Pareto distribution as mentioned in Definition 2.4.2. According
to that, large values above a high threshold are approximately generalized Pareto
distributed provided that the appropriate exact distribution is in the generalized
extreme value domain of attraction. The following formulation of this Theorem
can be found in [Sor04, p. 30], for example. More heuristic versions are written
down in [Col07, HF06].
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2.4.4 Theorem (Pickands—Balkema—de Haan, [Sor04, p.30]). Let X1,
Xo, ... be a sequence of statistically independent random variables with common
cumulative distribution function F which is continuous at

zr =sup{z € R|F(z) < 1}.
For any u € R, define the conditional excess distribution function
F,:R—=1[0,1]: z2+—P(X1 <u+tz|X1>u).
Now, the following statements are equivalent:

(i) There is a function S(u) € Rso such that

lim sup ’Fu(x) — F@ar(g’ﬁ(u))(azﬂ =0,
u TR O<z<zp—u

where Fapar(e,p(u)) denotes the cumulative distribution function of the (two-
parameter) generalized Pareto distribution with shape & and scale B(u).

(i) F satisfies the Fisher-Tippett Theorem 2.4.3 with extreme value parameter
£.






3. A Model for Supra Operating Load
Events

This chapter evolves a full model for analyzing supra operating load
events (SOLE) based on the available data as introduced in Chap-
ter 2. Section 3.1 defines the necessary mathematical framework.
Section 3.2 lists the requirements which are sufficient to answer the
main question from Section 2.3 concerning the distribution of SOLEs.
The main factors for this are the distributions of both number and
severity of SOLEs. Section 3.5 presents several approaches for the
distribution of numbers of SOLEs. Moreover, a hypothesis test is cre-
ated which helps to decide whether the number of SOLEs might be
Poisson distributed. Analogously, Section 3.6 introduces a suggestion
for the distribution of the severity of SOLEs. Beforehand, Section
3.3 examines the question of whether the number of SOLEs in two
or more disjoint ranges are independent, and Section 3.4 answers the
main question concerning the distribution of SOLEs including the
observed maximum event.

3.1. SOLEs in Mathematical Terminology

In automotive environment, a supra operating load event (SOLE) designates an
incident in traffic where extreme loads act on a specific vehicle component (see
Section 2.1). Such an event is classified by its severity, i.e. the exact absolute
load magnitude. Only occurrences with a value of load larger than a specified
threshold earn the prefix supra.

Of course, the severity of an arbitrary, randomly observed SOLE is not pre-
dictable exactly. Indeed, it is a stochastic phenomenon. This yields the mathe-
matical interpretation of a SOLE as a random variable with real function values
above a given threshold.

3.1.1 Definition. A supra operating load event (SOLE) Sy is a random
variable from a probability space (£2,2,P) to the measurable space (S, S),

Ssev: (,2,P) = (S,6),
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where the severity space S is the set of all possible severities of a SOLE, and
the severity o-algebra & shall be the Borel o-algebra on S,

(87 6) = (]R’>Usev7 %>usev)

with severity threshold ugsey (useyv € R>0). Fgey is the cumulative distribution
function of Ssev,
Fiev: R—[0,1]: t — P(Seev < t).

For all A € &, pa denotes the probability that a SOLE lies within A,

pa = ]P(Ssev S A) .

The nature of SOLEs is not completely determined by their severity. The focus
must also be set on the frequency of their occurrence. The absolute maximum
load magnitude during an observation period depends not only on the possible
severity of any single event, but also on the number of events occurring during
the observation period. Of course, this number is a stochastic quantity, too.

Because SOLEs are incidences in traffic that only take place if the vehicle is
on the move, the observation period is specified in mileage (see Section 2.2). It
thus makes sense to define the number of events during one distance unit, which
shall be one kilometer.

3.1.2 Definition. The number of supra operating load events during
one kilometer Nyum is a random variable from a probability space (€2, 2, P) to
the measurable space (INo, Po),

Nnum : (Q7 QL P) — (IN07 ‘130)
The cumulative distribution function of Npum is denoted by Fhym,
Ellllll: R — [07 1] t— IP>(]\/vnum S t) .

Ghum is the probability-generating function of Npym,
Gnum: gnum —R: t—E [thum] = Z tn ]P(Nuum = ’I’L)
n=0

with domain Guum ([—1,1] € Goum C R).

The last definition, or rather the nomenclature in the last definition, only
is reasonable under the assumption that the occurrence rate of SOLEs does
not change over a period of time. This supposition ensures that a distance is
indistinguishable from any other distance of the same length with regard to the
number of SOLEs. One can argue whether this treatment is realistic or not,
because a vehicle with a high mileage may be treated with less care than a
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brand-new one, which could lead to a higher occurrence rate for SOLEs. But
there is no quantified information about such a process, so, a change of rate is
excluded.

Similar to the rate, the severity of a SOLE shall be independent of the mileage.
Furthermore, by definition, a SOLE is very rare. So, it is plausible that the
severity of one SOLE is not influenced by the characteristics of any other. Let
us summarize the mentioned assumptions.

3.1.3 Assumption. (Al) The occurrence rate of SOLEs does not depend on
the mileage.

(A2) The occurrence rate of SOLEs is not influenced by the number, severity
and mileage of previous events.

(A3) The severity of a SOLE does not depend on the mileage.

(A4) The severity of a SOLE is independent of the number, severity and mileage
of previous events.

With these assumptions, the number of SOLEs during [ kilometers is just
the sum of [ statistically independent and identically distributed random vari-
ables distributed according to Nnum, because the mileage is measured in integer
numbers of kilometers (see Section 2.2).

3.1.4 Definition. Suppose, N1, N2, ... and S1,S2,... are statistically indepen-
dent random variables with N; ~ Fyum and S; ~ Fsey for alli € IN. For all [ € IN
and A € &, the random variables Ny, and Z;, 4 are defined as

*l
num

!
Nowm =Y _Ni and  Zya= Y 1a(S).
=1

i=1
The probability-generating functions of Z; 4 and (Zl,Auwal,Ad) shall be de-
noted by Gi 4 and Gy 4,...a, respectively (A1,...,4q € G, d € Nx,),

Gra:Gia—R: t— E[tzl,A]

d
z
Gray..a.: 914140 = R%: (t1,...tq) — E |:H tkl’Ak:|
k=1
with domains G; 4 of Gia and Gy a,..a, of Giay..a, (1,11 € Gia C R,
[-1,1]* C Gi.a,..a, CRY).

Under assumptions (A1) and (A2) in Assumption 3.1.3, Nz', is the number
of SOLEs during [ kilometers and, if additionally the assumptions (A3) and (A4)
hold, Z; 4 is the number of events with severity in A during [ kilometers.
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3.2. Distribution of Counts per Range and Mileage

By definition, the question of how many events can be observed within a range
A during [ kilometers can be answered if the distribution of Z; 4 is known (see
Definition 3.1.4). The following three points are together a sufficient condition
for specifying this distribution:

e The approach is based on the assumptions (Al)-(A4) in Assumption
3.1.3.

e The distribution of the total number of SOLEs during one kilometer,
Fhum, is known.

e The distribution of a SOLE, Fiey, is known.

If these three statements are true, the probabilities pa and the distribution of
Nyl are known. The next proposition verifies that this knowledge is sufficient
for determining the distribution of Z; 4. In addition, the proposition indicates
the probability-generating function of Z; 4, since it plays an important part
in several derivations and argumentations below (e.g. Example 3.2.2, Theorem
3.3.2).

3.2.1 Proposition. Let bel € N and A € G.

1. The distribution of Z; a is given by

P(Zia=2)= P i (U_n#)n (n+ 2)! ]P’(N;ff,m =n+ z))

2! —
for all z € INy.
2. If Nnum is integrable, then ezpectation and variance of Z; 4 exist and
E[Z1,4] = 1 pa E[Nuum] ,

Var[Zl,A] = lpA IE[]Vnum] + lpA2 (Var[Nnum] - E[Nnum} )

3. The probability-generating function of Z; 4 is given by
Gl,A(t) - Gnum(1 +pA(t - 1))l Vit € gl,A

with domain Gia={t e R| (1 +pa(t—1)) € Guum }-
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Proof. 1.: Suppose, the total number of SOLEs during [ kilometers is N;i.,, = n
(n € IN). Each of the n events lies either in the range A (with probability pa)
or in its complement (with probability 1 — pa). Hence, the conditional random
variable Z; 4 given Nl = n is binomially distributed,

|
P(ZLA =z ‘N:;llun = n) = ni pA (1 _pA)n_Z VZ S ]Ngn
2l (n—z)!

The relation
IPZlA_Z Z (Zz,Azz‘N:£m=n+z) P(N;llm:n—‘y-,z)
proves the first statement.

2.: Since Npum and, therefore, NjL.. are integrable, the evident fact
0 S Zl,A S N:;lfllll P-a.s.

ensures the existence of expectation and variance of Z; 4. The values can be cal-
culated easily by using their conditional versions. The statistical independence
of the N; and the S; in the definition of Z; 4 (see Definition 3.1.4) leads to

*l
num

]E|:ZZ,A 'N;:lllm] = Z ]E[:H-A(Sz)] =PpA N;:\llm P-a.s.,
=1

*1
num

Var [ZLA ’ num} = Z Var[1a (S pa (1 —pA)lelm P-a.s.

The law of total expectation [Wei05, pp. 380-383],

21 e[ ] B[] = ]
and the law of total variance [Wei05, pp. 385-386],
Var[Zi4] = E [Var [Zl, A ‘N;‘flm]] + Var [IE [Zl, A ‘Nf{,ﬂmH
= 1pa (1 — pa) E[Nnum] + I pa® Var[Noym]
prove the second part of the proposition.
3.: For all t € R, the definitions of N, and Z;, A ensure
l

E[tz,A‘ num} HE[“‘S)] (1= pa+pat)Vium = [T (1 + palt — 1)

i=1
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Whenever s := (14 pa(t — 1)) € Goum, the expectation of the term above exists,

B[174] = B[[1%2| Nitu]] = [TE[s™] = Guum(s)"

=1
O

In some standard cases the distribution of Z; 4 is in the same distribution
family as the distribution of Npum, i.e. only the values of the distribution pa-
rameters differ. That happens, for example, if Nyum is Poisson, binomially or
negative binomially distributed (see (a)-(c) in Example 3.2.2 below). However,
this behavior is not transferable to the general case (see (d)-(e) in Example
3.2.2 below). The conjecture is that Poisson, binomial and negative binomial
distribution are the only ones with these characteristics.

The third statement in Proposition 3.2.1 provides a criterion to verify whether
the distributions of Nyum and Z; 4 only differ in their parameter values. All
to do is prove if a transformation of the distribution parameters changes the
probability-generating function Gium(t) to be the term Guum(1 4 pa(t — 1))".

The following example applies this criterion to the Poisson, binomial and neg-
ative binomial distribution. Using the example of the generalized Poisson dis-
tribution, a technique is shown how to prove that Nnum and Z; 4 are not in the
same distribution family (this fact can be gathered with help of Ambagaspitiya
and Balakrishnan [AB94], too). The logarithmic distribution does not satisfy
the criterion above, too.

3.2.2 Example. (a) Suppose, Nnum is binomially distributed with r trials and
success probability ¢ (r € IN, ¢ € (0,1)), then the corresponding probability-
generating function is (see Definition 2.4.2)

Hence, Proposition 3.2.1 yields
Gralt)=(1+gpa(t—1)" VteR.

Thus, Gy, 4 is the probability-generating function of a binomial distribution with
rl trials and success probability gpa. Due to the fact that a distribution is clearly
defined by its probability-generating function [Als05, p. 222], Z; 4 has to be bi-
nomially distributed, too, more precisely Z; 4 ~ Bin(rl, gpa).

(b) Suppose, Npum is Poisson distributed with mean A (A € Rxg), then the
corresponding probability-generating function is (see Definition 2.4.2)

Grum(t) =Y vieR.
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Hence, Proposition 3.2.1 yields
GZ,A(t) = e)‘lpA(t_l) Vvt € R.

Thus, Z;, 4 is Poisson distributed, too, more precisely Z; 4 ~ Poi(Alpa).

(c) Suppose, Npum is negative binomially distributed with exponent g and
mean p (o, 4 € Rxo), then the corresponding probability-generating function is
(see Definition 2.4.2)

0
_ 4 _etp otp
Gl]llll](t) - ( Q _ M(t _ 1) ) \v/t e ( " b " ) .

Hence, Proposition 3.2.1 yields

0= (g=mte=n) = (a=me=n)

for all t € (—%, %). Thus, Z; 4 is negative binomially distributed,

t00, more precisely Z; a4 ~ NBin(ol, ulpa).
(d) Suppose that Nnym is generalized Poisson distributed with parameters

0 and X (6 € Rxo, A € (0,1)), then the corresponding probability-generating
function is (see Definition 2.4.2)

Gnum(t) = 670(1+%W(7)\e_kt)) Vt € [—1, 1]

Hence, Proposition 3.2.1 yields

Gra(t) = e OlHAW(22e 2 Wema(t-1))  yy € [72;“ 1} .
9 A b

If Z; 4 was generalized Poisson distributed, too, then parameters 0 € R~ and
A* € [0,1) would exist such that
" . AF
Gua(t) = e (HR=W(=x ™))y g ),
In particular, due to W(0) = 0, it would hold

6" — —log(Gi.4(0)) = 61 (1 + %W(fxe** (1- pA))> (3.1)

On the other hand, if Z; 4 really was generalized Poisson distributed with pa-
rameters 6* and \* from above, it would be
0 0

E[Nnum} = m, ]E[ZZ,A] = ﬁ
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and 0 o
ey

These values inserted into the formulas in the second statement of Proposition
3.2.1 would yield

Var[Nnum] =

* PA
0" = ol . (3.2)
VI —pa) (1 =X)2+pa
=:f(\,pa)

The two expressions of #* in Equation (3.1) and Equation (3.2) above would
result in the relation

W (=3¢ (=) = FOum),

which is equivalent to
L= fupa) Asonma).
1—pa

1=

However, it can be shown that the right-hand side of the last equation exceeds
1 for every A € (0,1) and every pa € (0,1). Consequently, Z; 4 cannot be gener-
alized Poisson distributed.

(e) Suppose, the random variable X := Nnum + 1 is logarithmically distributed
with parameter ¢ (¢ € (0,1)), then the corresponding probability-generating
function is (see Definition 2.4.2)

Gx(t) = 18 =) Vte( L 1).

Twa

~ log(l—q)
By definition of a probability-generating function (see Definition 2.4.1), it then
must be
Gx(t) _ log(l—gt) i _1 1
Groum (£) :{ T Loy ifre (~3.0)u(03),
. t _ .
lim;—o =X~ = log(l‘iq>, ift=0.

If Z1,4 + 1 was logarithmically distributed, too, then a parameter ¢* € (0, 1)
would exist such that the probability-generating function of Z; 4 is

Gra(t) = tloli(;%qt)) if t € (—q%,O) U (oqi)
T ift =0.

log(1—g*)”

In particular, it would hold

g =1- exp(—#ﬁx(o)) , (3.3)
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and therefore
log(1—¢*) 1—g¢*

E[Z1.4] = —1=G1.4(0) (exp(#;(m) - 1) 1

(see Definition 2.4.2). This last relation is equivalent to

% Z G
¢ = G1.4(0) 10{%%) _

Together with Equation (3.3) above it would follow

1= a
_ __a
1 eXp( G’LA(O)) (34)
_ E[Z1, 4]+ G1,4(0) + 1 HZ1,4]+C1, 4(0)+1
= G1,4(0) E[Zia] + 1 lo Cral) .
However, Proposition 3.2.1 yields
—1 log(1 —q+
]E[ZLA] = — apa —pa and Gl,A(O) — Og( q QPA)

(1 —pa) log(1 —q)’

and with that it can be shown that the right-hand side of Equation (3.4) exceeds
1 for every ¢ € (0,1) and every pa € (0,1). Consequently, Z; 4 + 1 cannot be
logarithmically distributed.

log(1—¢q) 1—¢q

With regard to the statistical analysis in Chapter 4, let us generalize Propo-
sition 3.2.1. The next theorem provides the common distribution of the number
of SOLEs in several regions. It is easy to see that Proposition 3.2.1 is a special
case of it.

3.2.3 Theorem. Let bel € IN and let A1,...Aq € & be disjoint measurable sets
(d € N>s).

1. The common distribution of (ZZ,A17--~,ZZ,Ad) is given by

d
12"

]P)(Zl,Al :Zh-u,Zl,Ad = Zd) = (
k=1

oo 3 "
S (UERm) et e )

n=0

for all (z1,...,24) € No?.
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2. If it is P(Shev € Ui, Ax) = 1, then

I[D(Zl’Al :Zh'“le,Ad = Zd)

d (Zizl Zk>!
= (H PAﬂ) P(Nrﬁm =i Zk) EE=rE—
k=1 [Tiy 2!

for all (z1,...,24) € N9,
3. The probability-generating function of (Zya,,...,Z1,4,) s given by
l
Gl,Al...Ad (t17 o 7td) = Gnum (1 + ZZ:l PAy, (tk - 1))

for all (t1,...,ta) € Gi,a,...a, with domain

d
1+ ZpAk(tk - 1) € gnum } .

k=1

GiA,..Ay = {(th---,td) € R*

Proof. 1.: The calculation of the distribution of (Z; 4,,...,Zi a,) runs similar
to the one in Proposition 3.2.1. Again, suppose the number of SOLEs during [
kilometers is N\, = n (n € IN). Then each event lies either in one of the sets
Ay with probability pa, or in the set

Ad+1 ::S\(AIU...UAd)
with probability pa,,,. Hence, the distribution of (Zj a,,...,Z1,4,,,) given

Nz =n is multinomially distributed,

IP’(Zz,Al =21,y Ll Ag 1, = Zd41 ‘ Niim = n)
T pa d+1
H | Loy (Ek 1 Zk)
25!
k=1
for all (z1,...24+1) € No%t!. The remark

P(Z[7A1 = Z17"'7Zl,Ad = Zd) =

d41 #l_ —dt1
num Zk 1zk) (Nnum_ o= 1zk)

oo
E P(ZI,AI :Zl,...,Zl,AdJrl = Zd+1

2d41=0

finishes the proof of the first statement if it is kept in mind that it holds
d
Pagy =1 =205 pag
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2.: Here it holds ZZ:1PAk = 1. Thus, all addends in the first statement of
this theorem are equal to 0 except for n = 0.

3.: For (t1,...,tq) € R?, the definitions of N\, and Z1,4 (see Definition
3.1.4) ensure

*l
num

Nrﬁm] = H E[szltkk(sn]

i=1

l N; d d
[Tl ( S, +szktk) |
k=1 k=1

i=1j=1

d Zy, A,
B[ T, ™

Whenever s := (1 + Zzzl pay, (te — 1)) € Gnum, the expectation of the term
above exists:

d
E {H tf“‘k] =E
k=1

d
Z
E[Hw
k=1

Nrfim” = ]L[E[sNi] = Grum(s)"-
=1

3.3. (In-)dependence of Number of SOLEs in Disjoint
Ranges

Whether or not the numbers of SOLEs in two or more disjoint subsets of S
are statistically independent depends on the chosen distribution Fhym for sure.
Theorem 3.3.2 below shows that Z; 4, and Z; 4, (A1,42 € &, A1 N Az = 0,
pa,, DA, > 0) are statistically independent if and only if Npum is Poisson dis-
tributed.

Before verifying this, the next result deals with a weaker condition than statis-
tical independence: uncorrelatedness. Lemma 3.3.1 shows that Z; 4, and Z; 4,
are uncorrelated if and only if the index of dispersion of Npum is equal to 1.

3.3.1 Lemma. Let bel € IN and let A1, A2 € G be disjoint measurable sets. If
Nnum 15 tntegrable, then the covariance of Z; 4, and Z; a, ts given by

Cov[Zi,a,, Z1,45) = Lpa, pa, (Var[Nuum) — E[Noum] ).
Proof. The definition of a probability-generating function [UC11] ensures

2
0°Gi A, A,

li t1,t2) = E[Z1.4, Zia,].
tl,gﬂ/‘l 67518262 (1 2) [l’Al l’A2]
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However, the probability-generating function Gi 4, 4, is given in Theorem 3.2.3,
G4, 4, (t1,t2) = Guum (1 + pa, (b1 — 1) + pa, (t2 — 1))1-

With ¢y e, i= 1+ 3 5_, pa, (ts — 1), the derivative of G 4,4, with respect to
both variables is

PGia,a _
ng(tlvb) = l(l - 1) PALPA, Gnum(ctl,fz)l ? (ﬁ%(ctlatQ)Q

-1 d%®Gpum (
dt2

+ l PA{PA, Gnum(ctl,tg) Ctl,t2)~

Since well-known properties of probability-generating functions ensure

: _ iy 4Gnum —
11/1'(1} Gnum (t) - 17 th/I,I} dt (t) E[N“um] ’
. 2
}1/[2 %(t) = E[Nnum2] - E[Nnum]

[UC11], the sought-after derivative is

2
lim 78 Gi.a14,
t1,t2 1 6t16t2

= lpAlpAg (l E[Nnum]2 + Var[Nnum] - ]E[Nnum] ) .

E[Zi,a, Z1,4,) = (t1,t2)

The expectations of Z; 4, and Z; 4, from Proposition 3.2.1 yield the desired
result. O

In other words, the index of dispersion of Nyum controls the covariance of Z; 4,
and ZlyAz:

Cov[Zia,, Z14,) 20 Var[Nowm] = E[Naum] & D[Naum] = 1.

VIA

This confirms the intuition with regard to the influence of Z; 4, on Z; 4,. Sup-
pose, the variance of Npum is larger than its expectation. A high number of
SOLEs in A; during ! kilometers then indicates that the total number of events
Nyl is great. Hence, the number of SOLEs in A, will be high, too. On the
other hand, let the variance of Nyum be less than its expectation. A small vari-
ance means that realizations of N\ are frequently close together. Therefore,
an extreme number of SOLEs in A; hints at a small number of SOLEs in As.

Since uncorrelatedness is a necessary condition for statistical independence,
the index of dispersion of Nyum must be equal to 1 if Z; 4, and Z; 4, are inde-
pendent. However, similar to the general case, independence is not a consequence
of uncorrelatedness. As mentioned, Z; 4, and Z; 4, are statistically independent
only in the Poisson case.
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3.3.2 Theorem. Let be l € N and let A1, Az € & be disjoint measurable sets
with pa,,pa, > 0. Suppose Frum(0) < 1. Then the following statements are
equivalent:

(i) The random variables Z; a, and Z; a, are statistically independent.
(ii) The number of SOLEs per kilometer, Nnum, 48 Poisson distributed.

If the equivalent statements above hold, then also the random variables Zi a,, ...,
Zi,a, are statistically independent if As,...,Aq € & with AxN...NAg =0
(d € N>,).

Proof. (i) = (ii): Since the random variables Z; 4, and Z; 4, are statistically
independent, it holds

Z, Z 4
Gr,a,a,(t1,t2) :E[tll At g “‘2} :E[tl““‘l] ~E[t2’*“‘2] =G, (t1) - Gia,(t2)

for all (t1,t2) € (Gi,a; X Gi,45) N Gi 4,4, The probability-generating functions
are given in Proposition 3.2.1 and Theorem 3.2.3. It follows for the stated (¢1, ¢2)

2
Gnum(l + Zk 1pAk H num 1 +pAk( k — 1)) .

In particular, since it is [—1,1] C Gnum, it follows
Gnum (1 —T1 — -TQ) = Guum(l - xl) : Gnum(l - -T2) v(xlaxQ) S [07 1]2
Consequently, for any rational number * € QN (0,1) with m,n € IN it holds

Gnum(m) == CTvnum(1 - M) = (;num(1 - THTM) . Gnum(l - l)

n n n
1\n—m
... = Gnun)(l - 7)

n

= (C;uum(1 - l)”ﬂ)l_;

n

= (Gnum(l _ %)n,l)L%
=...= Gnum(())l—% .

Grnum (0) cannot be equal to 0, because as a probability-generating function Gnum
is continuous and Gnym (1) = 1. Thus, if Gnum(0) was equal to 0, it would be

1= Gnum(l) = lim Gl)um(%) = lim Gnum(o)% =0 5.

n—o00 n— oo

Hence, Ghum(0) is positive, and the continuity of Ghum ensures that even for all
real ¢ € [0, 1] the equation

Grum (t) = Gnum(o)l_t — o~ ogGnum(0)) (t-1)
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holds. But since it is 1 > Fnum(0) = Gnum(0), this is exactly the probability-
generating function of a Poisson distribution (see Definition 2.4.2). Due to the
fact that a distribution is well-defined by its probability-generating function on
[0,1] [Als05, 222], Nyum has to be Poisson.

(ii) = (i): Suppose that Nyum is Poisson distributed with mean A (A € Rxo).
Example 3.2.2 shows that Z; 4 is Poisson distributed with mean Alps. Together
with the results of Theorem 3.2.3 it follows

2
Al R
P(Zia, = 21) P(Zl,Ag =27) = H%e Mpay, — ]P(Zl,Al =21,41,4, = 22)

for all z1, z2 € INg, which is the definition of statistical independence. This result
can easily be generalized to more than two variates Z;,4,,...,2Z1,4,. O

3.4. Including the Maximum SOLE

Besides the total number of SOLEs, also the maximum SOLE will be of interest.
Since a SOLE is defined as an event with a severity above a threshold ugev,
the maximum SOLE just is the maximum of all events above uge,. Like the
total number of SOLES Nnym, also the maximum SOLE shall be scaled to one
kilometer.

3.4.1 Definition. Let Ni, Na,... and Si1,S52,... be the same statistically in-
dependent random variables as in Definition 3.1.4 (N; ~ Fuum, Si ~ Fyey for
all ¢ € IN). Under assumptions (Al)-(A4) in Assumption 3.1.3, the maximum
supra operating load event during one kilometer M., and, for all [ € IN,
the maximum supra operating load event during | kilometers M., are
the random variables defined by

Mo max {S1,. .+, SNpwm }s if Noum > 0,

o, if Noum = 0,

ML maX{Sl,...,SN:‘zim}, if Ny, >0,

Y 0, if N7Lo=o0.
Remember that assumptions (Al)-(A4) in Assumption 3.1.3 and the knowl-
edge of Fhum and Fie, are sufficient for specifying the distribution of Z; 4 (see
page 22). This can be transferred to the maximum SOLE. The probability-

generating function Gnum plays an important part again as can be seen in the
following proposition.
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3.4.2 Proposition. Let be | € N. The distribution of ML, is given by

o) n * l .
P(M:elv S t) _ Zn:O Fsev(t) P(Nmim = TL) = Gnum(Fsev(t)) 5 lft € RZO
0, if ¢ S ]R,<0.

Proof. Since M.l is nonnegative, the cumulative distribution function of M,
is equal to 0 on R<o. Furthermore, due to Ssev > Usev,

(ML < 1) = P(Nib = 0) = B(Noum = 0)' = Grum(0)' V1 € [0, user].

Keeping in mind that Fiev(t) = 0 for all ¢ € [0, usev], the proof is done for all
t € Reugey -
For all t € § (= Rsu,.,), the first equation is established by the obvious
equivalence
Mi, <t & Zie) =0

together with the result of Proposition 3.2.1 and the actuality
1—Mtoo) =1 — (1 = Flev(t)) = Fiev(2).

For the proof of the second equation, first note that Nl = Z; s, which yields
with the definition of a probability-generating function

Z Fsev(t)n ]P(N;:lllm = n) = Glys(FseV(t)) .
n=0

Due to ps = 1, Proposition 3.2.1 now states
GZ,S(Fsev(t)) = Gnum(l +]B(Fsev(t) - 1))l = Gnum(Fsev(t))l .
O

The following example shows how easy it is to fix the distribution of the
maximum SOLE during a given mileage when only the probability-generating
function of Nnum and the cumulative distribution function of Ssev are known.

3.4.3 Example. (a) Suppose, Npum is binomially distributed with r trials and
success probability ¢ (r € IN, ¢ € (0,1)). Then

ﬂ%h@@gt)=(1+q@;4o—1»”1mmu) vVt € R.
(b) Suppose, Nyum is Poisson distributed with mean A (A € Rxo). Then
P(M;JV <t) =MEOV g (1) VEeR.

(c) Suppose, Npum is negative binomially distributed with exponent g and
mean p (o, 4 € R>o). Then

ol
IP’(MS;’V < t) = (W) Ia.,(t)  VteR.
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More interesting than the single distribution of the maximum SOLE is the
simultaneous distribution of maximum SOLE and number of SOLEs per range.
Assume, the severity space S is divided into three disjoint intervals,

S = (Usev, t1] U (t1, 2] U (t2, 00),

where usev < t1 < t2 < co. The number of SOLEs per interval during [ kilome-
ters (I € IN) shall be

Zl,(usev,tll = 21, Zl»<t1,t2] = 22, Zl,(tzxoo) = Z3.

The maximum SOLE tmax shall be located between ¢1 and t2, tmax € (t1,t2).
Consequently, the third interval must be empty, z3 = 0, while at least one SOLE,
the maximum one, is observed within the second interval, zo > 1. Actually, the
z2—1 SOLEs which are located in (¢1, t2) next to the maximum SOLE lie between
tl and tmax,

2 (tgey,t1] = 215 Zi(t1 tmax] = 225 Zi,(tmax,00) = 0, Mgy = tmax.
Generally, one gets the following result.

3.4.4 Theorem. Let be l € N and let Ai,...,Aq € & be disjoint measurable
sets (d € N>2) such that there exist a € Ruuy.,, b € Ruq and ¢ € {0,...,d} (if
¢ =d, then b — o) with

c d
U Ak C (usev, a] and U Ay = (b, 0).
k=1 k=c+1

Suppose E denotes the event E := {Z; a, = z1,...,Z1,4. = zc} for an arbitrary
(21,...,2c) € No®. Then it holds for all z € N

IP>(J\4—s*elv S t: E7 Zl,(a,b] =z, ZZ,AC+1 - 07 R Zl,Ad = 0)
_ ]P)(E, Zl,(a,b] =z, Zl,(b,oo) = 0) :ﬂ-(b,oo)(t)v ifte R\ (a, b],
P(Ev Z1(at] = %5 L1 (t,00) = 0) , ift € (a,b)].

In addition, if Fsev is absolutely continuous and fsev 15 (almost everywhere) the
derivative of Fyey, then the common probability density function of M, and
(Z17A1 P ZlvAd) ]

%P(Ms*elv <t B, Ziay =% Ziaeg, =0, .o, Zia, = 0)

sev(?
= ZfT]() ]P(E, Zl,(a,t] =z, Zl,(t,oo) = 0) l(a,b](t) Voot € R.
a,t
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Proof. Due to {Zia.41=0,...,Z1,4, =0} = {Z} (4,0c) = 0}, the random vari-
ables which are equal to 0 can be combined with each other to one random
variable. The first result comes from the relation

{Ms*elv <t Ziab) = 2, Z1,(bo0) = 0}

0, ift<a
= {Zl,(a,t] =2z, Zi,(t,00) = 0} , ift € (a, b
{Zian) = 2 Zi(boo) =0}, ift >0

The rest of the theorem follows with Theorem 3.2.3, which states
z
P(E, Zita) = % Zi,(1,00) = 0) = (Z—b]]) P(E, Ziap) = 2 Zip0) =0) ,
a,

and the fact
%Ha,t] = % (Fsev(t) - Fsev(a) ) = fsev(t) .

Thus, the derivative with respect to t is
SP(E, Ziay) = 2 Zi(t,00) = 0)

z—1
= Zfsev(t) % ]P)(E, Zl,(a,b] = Z, Zl,(b,oo) = 0)

= # Jrev(t) P(E, Zi,(a,q) = 2, Zi,(t,00) = 0) -
Ra,t)

]
Ewmﬂkﬁﬁh&hP@WGULﬁhUMM)zlmTMWm3A&me
second statement from Theorem 3.2.3 yields together with the result of Theorem
3.4.4
%P(M;elv <t E, Zijap) =% Zi,ac+1=0,...,Z14, = 0)

=41 foev(t) P(E, Zi(a,1) = 2, Zi(t,00) = 0) Liayp)(t)

(3.5)
= Y2 fsev(t) P(Ey Zl,(a,t] =z — 17 Zl,(t,oo) - O) ]l(a,b](t)v

where

. P(Nilm = 2+ 35, 21) -
= d = E .
RO SR 10y o N Pl

Hence, the common probability of (Zi ay,...,Z1,4., Zijap)s Zi,Ac41,- -+, Z1,A,)
and MZ., can be interpreted in two ways (see Equation (3.5) above): either the
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maximum SOLE itself is counted in the interval (a,t] (~ Z; (a4 = 2) and a
correction factor collects the fact that in truth the location of the maximum
SOLE is known in detail (~ y1), or the maximum SOLE itself is not counted
in the interval (a,t] (~ Z (a,q = z — 1) and a correction factor collects the fact
that one event is not counted (~ y2). It is worth mentioning that y; depends on
Fiev and is independent of Fhum while y2 only depends on Frum and not on Fiey.
Depending on whether the severity or the number of SOLEs shall be analyzed,
the first or the second interpretation is preferred.

3.5. Selecting the Distribution of Number of SOLEs per
Kilometer

When looking for a convenient distribution for the number of SOLEs per kilome-
ter, Fhum, the Poisson distribution (see Definition 2.4.2) is an adequate choice.
This distribution was first introduced by the French mathematician Siméon D.
Poisson published in 1837 in his work Recherches sur la probabilité des jugements
en matiére criminelle et en matiére civile (Research on the Probability of Judg-
ments in Criminal and Civil Matters [Poi37]). According to Yang [YHAVO07] “the
Poisson model is the usual approach to analysis” when analyzing counts.

Prem C. Consul gives an outline of the derivation of the Poisson distribution
and characterizes it in his introduction to the first chapter of Generalized Poisson
Distributions [Con89]:

“The Poisson probability model has been used in a very wide variety
of situations to describe the behavior of living beings as well as the
patterns observed in different types of nonliving phenomena. The
Poisson distribution is generated by processes in which a large number
of cells, squares, leaves, petals, or intervals of time (e.g. seconds,
minutes, hours, days) are hit by a relatively small number of events
(births, deaths, blood cells, particles of nuclear decay, balls, etc.) such
that the occurrence or nonoccurrence of an event in that interval has
no effect on the further occurrences or nonoccurrences of events in
that interval and that the probability of two or more occurrences in
a short interval of time is almost zero; that is, a cell (or interval)
with lots of counts is as likely to get another count as a cell with
fewer counts or with no counts at all. This principle of randomness
implies that the individual organisms or events are scattered by chance
alone.”

Due to this characterization, the assumptions (A1)-(A4) in Assumption 3.1.3
make the Poisson distribution a reasonable approach for modeling SOLEs. The
only question is whether the concentration of SOLEs really is totally randomly
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distributed over the space available to them. However, the Poisson approach
has some mathematical advantages in SOLE context, e. g. the number of events
in an arbitrary subset during any mileage consequently is Poisson, too (see Ex-
ample 3.2.2), and the Poisson distribution is the unique distribution that makes
the number of SOLEs in disjoint ranges statistically independent (see Theorem
3.3.2). Figure 3.1 shows the Poisson distribution for three different values of the
mean parameter .

Figure 3.1.: Probability mass functions of Poisson distribution.
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3.5.1. The Index of Dispersion

Even if there are some mathematical advantages, the Poisson approach must be
verified. For this attempt, the quotient of variance and expectation, the so-called
index of dispersion,
Var [Nnum}

IE[]\]’num] ’

is a suitable test object, because a Poisson distribution is characterized by an
index of dispersion that is equal to 1 (see Definition 2.4.2). Given m independent
realizations ni,...,nm € No of Nyum with 377" n; > 0 (m € N), the ratio of
sample variance and sample mean,

2
ﬁ Z;n:1 (nj - % Dt ni)

i Z;nzl j 7

D[Nnum] =
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is an evident estimator of D[Npum|, because sample mean and sample variance
are unbiased and consistent estimators of the expectation and the variance of
a random variable, respectively [LC98, p.55]. Hence, according to Slutsky’s
Theorem [Slu25, Cra62, pp. 254-255], the estimator above is consistent, too. A
hypothesis test can be constructed from the fact that the term

Z;nl( ] lZle)

E Zj:l N;
is well-known to be approximately chi-squared distributed with (m — 1) degrees
of freedom if Ni,..., N, are statistically independent and identically Poisson

distributed random variables [Ben59, Hoe43, Sel65].

Now suppose, the observation does not consist of realizations of Npum but of
Nl with diverse values [ (see Section 2.2). Again, let Ny, Nz, ... be statisti-
cally independent random variables distributed according to Nnyum, and let be
li,...,l;m € N (i € N). Define

i:llk
N; = Z N; Vi e {l,...,m},
=140 e

then each Nj is as distributed as Nrﬁ{n. Especially, they are not identically
distributed as long as the [; are not all equal to each other. If only realizations
of the N; are available, then the sample mean from above with m = S e
can be calculated just as well, because

1 m m B

j=1 Zk 1% =1
However, the calculation of the sample variance is problematic, because in gen-
eral it is

m m 2 m m 2
1 ~ 1 ~
N; — — N; Ni— ——— N,
S (v-agm) +E (v gt 5s)

To fix this problem, the index of dispersion of N,u,m must not be expressed
by expectation and variance of the nonobservable random variable Nyum but by
Nzl Nxl2 etc. For this purpose, generalize the definition of Nj., in Defi-
nition 3.1.4 to the effect that the mileage [ is allowed to be a random variable
L: (2,2,B) — (N, 9),

L
l—L ~ Nnum _>N1t\%m ZNl
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L shall be statistically independent of all the N;. It can be interpreted as the
random variable the mileages l1,l2, ... are realizations of. It is worth trying to
replace the number of SOLEs per kilometer, Nnum, by the number of SOLEs
during L kilometers divided by the number of kilometers, N:IuLm/L. The following
lemma is the result of this attempt. In addition, it handles another approach,
which becomes interesting in connection to the maximum likelihood estimation
in case of a negative binomially distributed Nnum (see Section 4.3.2, especially
Theorem 4.3.7).

3.5.1 Lemma. Suppose, L is an integrable random variable from a probability
space (2, A, P) to the measurable space (IN,B), L: (Q,20,P) — (IN,B), which
is statistically independent of all other random wvariables. Then, the index of
dispersion of Nnum can be written as

T = T o .
[Noum] = W an [Noum] = E[N%Lm]

Proof. Generally, the expectation of Naim/L¢ with ¢ € R is

Nik
B[] =26 [ %

1]] =E[& $L, Bl Nowm| L] = B[] E[Noun]

The variance of Naum/L is obtained from its conditional variance given L,

Var[ o ’ L] Iz ZVar Nuum| L] = —Var[ Nuum) P-a.s.,

=1

because the law of total variance [Wei05, pp. 385-368] states
L]] + var [E[ 2pm
Finally, the expectation of (N,fuLm)Q/L is
Nitm)” Nitm)® N
E{( uin) ] :E{E{( uin) LH :E{LVar[

= Var[Noum] + E[L] E[Noum]>.

N*L

Var 2] — E[var

LH =E[1] Var[Nuum] -

el ] 325 ]

All these calculations ensure

Var[w,:%m] E[3] Var(Nown]  Var[Nuu] E[(Ngfm)a} 7]@N}§ZLT2
E[NTZL,H] E[1] E[Noum]  E[Naum] E[NTLm]

The index of dispersion D[Nnum] is exactly defined as the ratio of variance
Var[Nnum] and expectation E[Nnym]- O
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The indices of dispersion of Npum and Naum/L are nearly equal to each other.
Only the additional factor 1/r in the denominator is a necessary correction term.
Since the mileage and the total number of SOLEs during this mileage is part of
the collected data (see Section 2.2), the index of dispersion can be estimated in
the following way: let (n1,01),..., (nm,lm) € No X IN (m € IN) be the observable
realizations of (N,fuLm, L), then estimate the variance and expectations in Lemma
3.5.1 by sample variance and sample mean as described above (see page 37), so
that evident consistent estimators of D[Npum| are

Dy = Dy ((nj,l)1<j<m) = e T
(3.6)

3.5.2. Confidence Intervals of Sample Index of Dispersion

An estimator of D[Nnym] alone is not a complete instrument to decide whether
Npum could be Poisson distributed or not. The distribution or, at least, an
approximate distribution of this estimator is necessary to get confidence intervals
or to perform a hypothesis test. Since the data come from a large measurement
campaign, the sample size is very high. Therefore, it is sufficient to state the
approximate normal distribution the estimators Dy and D, above (see Equation
(3.6)) converge to in law.

3.5.2 Theorem. Let (Lj) jen and (Nij)s jen be statistically independent random
variables distributed according to Lj ~ L and N;j ~ Npum for all i,j € N, where
L is the same random variable as in Lemma 3.5.1. For all j € IN define

Then, for large values of m, the estimators lA)l and ﬁz of D[Nuum] are approzi-
mately normally distributed,

vm (151((1\% Li)i<j<m) — D[Nnum]) ~15 N(0, Gi0a”)

d

R for m — o
Vvm (DQ((ALjv Lj)lﬁjﬁm) - D[Nnum]) — N(07 Ti°d2)
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with
2 [L3] Ry [Nnum] 2 K3 [Nnum] Var[Nnum] Var[anlm]3
Tiod 172 E[Nnum]® T E Now]"
[f] num] [ num} [ num]
E[zz] Var[Naum]®
+2 17 2
E[2]° E[Nuun]
and

2, 1 R4 [Nnum] 2 K3 [Nnum] Var [Nnum] Var [Nnum] 3
=E [7] 2 = 3 + 1
]E[Nnum] ]E[Nnum] E[Nnum]
Var[Nnum]2
E[Nuum]”

with the third- and fourth-order cumulants ks and k4.

Proof. Define

<.
1
-
<

=
I
i
| —_
NgE
Ve
S|E
\
, 3|~
&=
v~
=
|
3|
NE
S

h‘g

>

so that D, = Vi/g, and Dy = V2/E,. Next, consider the function

N
Il
3=
NgE
|
3
E
=
&
|
S\H

f:Rso® = R: (z,y) —> v
For both i € {1,2} a result of Cramér [Cra62, pp. 366-367] provides the asymp-
totic normality of f(V;, E;) if m is large,

A ‘/1 a

D; = E = f(‘/HE’L) ~ N(Mivai)7
with mean

_ EVi

om-1)  E[E]

wi = 1 (BV] B[] )

O(m~—1)
and variance

oi* = | (8L (B E[E]))* Var[Vi] + (& (E[Vi] . E[E:)) Var[E)]

)

+2 BL(EIV].EIB) 8BV ELEY) Covlvi B |
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where [o(n,-1) and [y(,,~32) mean that only those parts of the corresponding

terms are considered which are of a smaller order than m~* and m~/? respec-
tively. Analyzing the partial derivatives yields

s | VarlVi] | E[Vi]*Var[E;] 2E[V;]Cov[V;, Ei]

REEE E[E]* E[E]®

g;

O(m73/2)

The calculations of the expectations, variances and covariances are quite com-

plex. They can be looked up in the appendix (see Lemma A.4). However, it
holds

E[E)] = E[7] E[Nnum],
E[E2] = E[Nuuwn] ,
E[W] = E[%] Var[Nnum] ,

1
]E[Vé] = Var[Nnum} - E Var[Nnum] ;

and

Var[By] = = (E[ 5] Var[Naum] + Var[£] E[Noum]?)

Var[B] = - E[£] Var[Noum]

Var[Vi] = % (E[25] kalNowm] + (3E[25] = E[£]*) Var[Noum]*) + O(m?) ,
Var[Va] = % (B[] 54 [ Nuum] + 2 Var[Nouw]?) + O(m™2) ,
and

Cov[Vi, Ei] = %(E[%] s [Noum] + Var [ £] Var[Noum] E[Noun] ) +O(m ),
Cov[Va, Ba] = - B[] ms[Nuam] + O(m™?).

So, it follows

2
2 Oiod 2 Tiod
01" = ——, o2 = and p; =
m m

Var[Nnum]
E[Nnum}

= ]D)[Nnum] Vi € {17 2}7

and therefore

bl & N(D[Nnum] ) giOsz) and .DQ & N(D[Nnum} s Tiod ),

which is just a transformation of the proposition. O
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The asymptotic variances cioq” and Tioa? look much alike, but because of

UL = S0 PR = 0
E[L] B[] Bl

the asymptotlc variance of D1, Giod?, is larger than the asymptotic variance of
Dz, Tiod2. In this sense, D is a better estimator than the intuitive estimator D;.

However, the variances ;04> and Tioq” depend on unknown distribution param-
eters. The estimation of them needs estimates of the first three (non-central)
moments of 1/z and of the first four cumulants of Npum (remember that ex-
pectation and variance are equal to the first and the second order cumulant
respectively, see Section 2.4.6).

Generally, if X = (X1,...,X,,) is a random vector consisting of statistically
independent and identically distributed random variables, the sample moments
ﬂn (X)a

1 m
= — Z vn € IN,
m :

are unbiased and consistent estimators of the (non-central) moments E[X"]
[Cra62, p.346]. On the other hand, the statistics ki, ..., k4 defined by

kl(X) = /ll(X)a

oo (X)) = mnz 7 (A2(X) = m(X)%),
Bs(X) = (=) (5(X) = 3i2(X) i (X) + 2 (X)°), 5

L a(X)? + 12 ia(X) fun(X)* — 6n1<x>4)

are unbiased and consistent estimators of the first four cumulants [Fis29, Cra62,
p-352] (Kenney and Keeping [KK65, pp.189-190] also give standard errors of
these so called k-statistics).

Since the variate Nnum is not observable, the cumulants of Npum must be
expressed in terms of N;L and L, first (sunllar to the index of dlsperswn itself,
see Section 3.5.1). For this purpose, let us use the variate Nnum/L, because
k1 [ Maum/L| L] = IE[NrTuLm/L| L] = E[Nyuw] is almost sure constant (see proof of
Lemma 3.5.1). Thus, it is straightforward to calculate the cumulants from their
conditional versions: homogeneity and additivity of the cumulants (see Section
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2.4.6) ensure

1
:| Z Rn [Nnum = ﬁ Rn [Nnum] Vn € {1, 2,3, 4},

L
o[ M

and so the law of total cumulants (see Section 2.4.6) yields
*L
Kn [%] = E[ﬁ] Kn[Nnum] Vn € {17 27 3}7
Ka [%] =E[+5] ka[Nuum] + 3 Var[ 1] Var[Noum]” .

Conversely, it must hold

* L
”n[ T n+L 12 Var[f]
Iin[Nnun)} = m SVar[ ] ]E[LlS} [ ]2 1{4}( ) Vn c {1,2,3, 4}

These expressions for the cumulants of N,um can replace the respective terms
in Gioa? and Tieq? as defined in Theorem 3.5.2. Then, the cumulants of fouLm/L
and the moments of /L can be estimated by the estimators fi,, and k» as defined
above. As a result, the terms

ko(K) 3 N .

oo B0 =3 U 0y ha(U) <>_+ﬂwaxw3

fa(K)? pn(U)? (K) fu(K)3 °

t>
Qf
%
=
>
=
=

d
s

. o Mn(K) ka(U) =3 BHS Ba(U) 2y() ha(U) o (U)?
et 7 mmm&n fu2(K) i (U)?

i (K)? (V)

are consistent estimators of gioa’ and Tioq> respectively, where K and U are

random vectors,
(1 1 _ N
K= (&, ., ¢&=) and U:= (3, ... F=),

Lqy?

consisting of the variates (L;);en and (N;) en from Theorem 3.5.2.

Finally, Theorem 3.5.2 pr0v1des approxlmate confidence intervals of D[Npum]
based on the estlmators D1, Gioa? and Dg, Fiod? . According to this theorem and

the consistency of G042, it holds

1—a= W}E’I’IOOP( q1— a/2 < 1/ (Dl num]) S Q1—a/2)

= lim B(Di - %jg’” < D[Noum] < Dy + 2291002

m—00
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if q1_a> denotes the (1 —%)100% quantile of the standard normal distribu-

tion (o € (0,1)). The same relation holds for Dy and Feq2. This yields the
approximate confidence intervals

s Giodqi-a2 2 Oiod qlfot/2:| { A TodQioa/z A Tiod Ql—a/2
7 Tiod q1—o/2 Tiod 1 —o/2

D, — D Dy — D
1 m,1+ Jm 2 \/E’QJF Jm

with confidence level (1 — o). Again, since Gioq” is larger than 7,42, the second
confidence interval is smaller than the first one.

3.5.3. Hypothesis Test for Poisson Approach

Theorem 3.5.2 provides the asymptotic distributions of Dy and 152, the estima-
tors of the index of dispersion of Nnum (see Equation (3.6) on page 40). Since the
variances of this asymptotic distributions, cieq? and Tieq?, are expressed in terms
of the variates Npum, it is easy to design a significance test concerning the null
hypothesis ‘Nyum is Poisson distributed’. For this purpose, the next corollary
provides expressions for the variances 004> and 7Tioq> in the Poisson case.

3.5.3 Corollary. Let the situation be as in Theorem 3.5.2. If Nnum ts Poisson
distributed, the variances of the limiting normal distributions are

2E[
Giod” = % =2+42CV[L]*  and  mea® =2
E[Z]
Proof. All the cumulants of a Poisson random variable are equal to the mean
[LC98, p. 30]. O

The last corollary provides that Tioq” is not only smaller than ojoq?, but it
does not depends on the mileages as long as Nnum is Poisson distributed. Under
the hypothesis that Nnum is Poisson distributed, the estimator

Ly m? 1 ()
m Jj=1 1 m Z;"'Zl l;

D = Ds((ny,15)1<j<m) = g

is, according to Theorem 3.5.2, (approximately) normally distributed with mean
1 and variance 2/m, because the index of dispersion D[Nyum] is equal to 1 and the
variance Tioq” is equal to 2 (see Definition 2.4.2 and Corollary 3.5.3). In other

words:
Jim P(=qi0p <3/3(D2=1) S@rap) =1-a,

where again g;_a/, is the (1 — %) 100 % quantile of the standard normal distri-
bution. All these facts result in the following significance test:
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Hypothesis test for Poisson approach

1. The observations (ni,l1),...,(Nm,lm) € INo X IN are realizations of
(Ngl%maL)'

2. Calculate the test statistic /2 (ﬁg — 1) based on the observation.

E D= 1)| > 0o

reject the null hypothesis that Nyum is Poisson distributed with signif-
icance level 1 — a.

3. If it is

3.5.4. Overdispersion

If the hypothesis of a Poisson distributed Nnum is rejected, an alternative is
needed. It is important to distinguish two cases: Var[Nnum] is significant larger
or smaller than E[Nnym].

If the variance of Nyum exceeds its expectation, Nyum is called to be overdis-
persed [1J07]. Many authors [IJ07, JZ05, YHAV07, LSWY02, LWI05, and
references therein| propose the generalized Poisson distribution or the negative
binomial distribution as an alternative to the Poisson distribution when dealing
with overdispersion. Both distributions are related to the Poisson model. They
are so-called Poisson mixture distributions [GY20, JZ05]. Poisson mixture
means the following: suppose, there are random variables Y and W such that
Y |W =w is a Poisson variate with mean w (w € Rxo). Then, the distribution of
Y is called to be a Poisson mixture distribution. If fir denotes the probability
density function of W, the distribution of Y is specified through

o0 oo n
P(Y =n) :/ PY =n|W =w) fw(w) dwz/ ef“’% w(w) dw
0 0 :
for all n € INp.

The generalized Poisson distribution as given in Definition 2.4.2 was first intro-
duced by Consul and Jain [CJ73] and studied extensively by Consul [Con89]. Its
benefit is that the generalized Poisson model not only deals with overdispersion
but with underdispersion, too. Consul [Con89, p. 3] declares that “the variance
of this generalized Poisson distribution model is greater than, equal to, or less
than the mean according to whether the second parameter, A, is positive, zero,
or negative, and both mean and variance tend to increase or decrease in value as
0 increases or decreases”. Here, in Definition 2.4.2, the generalized Poisson dis-
tribution is not used for negative values of A. Nelson [Nel75] gives some reasons
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Figure 3.2.: Probability mass functions of negative binomial distribution.
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for that. He indicates a cautious handling with negative values of A\, because the
distribution is truncated then and, more importantly, the generalized Poisson
model does not satisfy some properties of a distribution function, e.g., except
for a negligible proportion of choices for A € [—1,0) and 6, the probabilities do
not add up to 1.

The reason for disqualifying the generalized Poisson distribution in context of
overdispersion, too, is the fact that the distribution of the number of events per
any range and mileage, Z; 4, is not in the same family as the distribution of Nnuym
if Nnum is generalized Poisson distributed (see Example 3.2.2). In this case, Z; 4
is rather distributed according to a compound generalized Poisson distribution
as proposed by Ambagaspitiya and Balakrishnan [AB94]. But this distribution
family is very unwieldy in the sense that the probability mass function is not
expressible in closed form.

The situation with the negative binomial distribution is quite different. As
shown in Example 3.2.2, if Npum is negative binomial, then Z; 4 is negative bi-
nomial, too. In contrast to the generalized Poisson distribution, where Joe and
Zhu [JZ05] proofed the Poisson mixture property but could not find the mixing
distribution, Greenwood and Yules [GY20] show that the negative binomial dis-
tribution is a Poisson mixture where the mixing distribution of the mean is a
gamma distribution. More precisely, they suppose fi to be the probability den-
sity function of a gamma distribution with parameters’ ¢ and £ (o, € R>o0),

I (o, %), and they calculate (with Y|W =w ~ Poi(w) as defined above)

e [ e o e () )

for all n € INg. Hence, Y is negative binomially distributed.

!Greenwood and Yules [GY20] use a different parametrization
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3.5.5. Underdispersion

Underdispersion, where the variance is less than the expectation, is more unusual
than overdispersion. Also in the present situation, it is more expectable that the
whole population consists of several subpopulations, which increases the variance
and so the dispersion. Ridout and Besbeas [RB04] give a short overview of several
models for underdispersed count data and compare them to their exponentially
weighted Poisson model. They mention other weighted Poisson models (Poisson
polynomial distribution, power law weighted Poisson distribution), the double
Poisson distribution, the changing birth rate distribution and the COM-Poisson
distribution. All these distributions are suitable for modeling underdispersion.
However, these models become more and more complicated and difficult. Here,
the complexity would only increase as the counts are divided into subgroups (see
Proposition 3.2.1). In face of the fact that underdispersion is not expected, for
the sake of completeness a simple model for underdispersion shall be noticed
here, and that is the binomial model.

The binomial distribution is simple, the variance is always less than the ex-
pectation, Example 3.2.2 shows that Z; 4 inherits the binomial distribution from
Nnum, and the binomial distribution is related to the Poisson distribution since
the Poisson Limit Theorem [Als05, p.131] says that the Bin(r,g) distribution
approaches the Poi()) distribution if » approaches co and ¢ approaches 0 while
the term rq remains fixed at .

3.5.6. Binomial, Poisson and Negative Binomial Approach for
High Mileages

Let Zl]?i{l, Zl}?fff and Z}ﬁi“ be as distributed as Z;,4 (I € IN, A € &) under the con-
straint of Nnuym being binomially, Poisson and negative binomially distributed,
respectively. It is well-known that the binomial and the negative binomial dis-
tribution are very similar to the Poisson distribution if certain conditions hold.
The Poisson Limit Theorem [Als05, p. 131] says that

. r n r—n —A A"
lim q"(1—q) =e "~ Vn € WNo.

On the other hand, the negative binomial distribution tends to the Poisson
distribution if the exponent tends to co [FCW43],

(4 n n
mF(Q+n)( 0 ) ( 7 ) :e**% Vin € No.

li
ooy (o) \e+nu/) \o+upu

Bm— A

The question is whether the distributions of Zl]?iln, lei?f and Z}\Ei“ differ sig-

nificantly from each other if the mileage [ is high. If, for instance, le?ﬁf and
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Z}ﬁi“ became too similar to each other for large mileages, the negative bino-
mial distribution would not be an adequate model for overdispersion, because
the overdispersion of the data does not vanish for high mileages. The same
holds true for the binomial approach and underdispersion. Since the index of
dispersion of Z; 4 is independent of the mileage though,

D[Z1,] = 1+ pa (D[Naum] — 1)

(see Proposition 3.2.1), the binomial and the negative binomial distributions are
still appropriate approaches for modeling underdispersion and overdispersion,
respectively, even if the mileage [ is high.

However, the situation is different with the maximum SOLE MZ, . Let My,
ML, and Mgk, be random variables which are distributed according to Mz,
under the constraint of Nnym being binomially, Poisson and negative binomially
distributed, respectively, and suppose that there are series (a;)ieny € R0 and
(b1)ienw C R such that

P(Mg,éi;bl < t) l—o0 H()
for each continuity point of the non-degenerated cumulative distribution function
H. The Fisher-Tippett Theorem (see Theorem 2.4.3) provides that in this situ-
ation H must be the rescaled cumulative distribution function of the generalized
extreme value distribution with a specific parameter £. If the mileage is high,
the number of SOLEs is large, too, regardless of the variance of Nnum. Hence,
the behavior of MZ., is mostly determined by the distribution of the SOLEs,
Fiev. Therefore, it is expectable that (Méén—bz)/al and (Mﬁzéin—bz)/al converge in
distribution to the same generalized extreme value distribution.

The following theorem shows that, in fact, the distributions of M3}, and Mk,
can be approximated by the distribution of My, if the mileage [ is high.

3.5.4 Theorem. Let be l,7 € IN, ¢ € (0,1) and A, o, 4 € R>o. Suppose, Mg,
ML, and Mk, are random variables with the following distributions:

o ML, is as distributed as M2, under the constraint Nyum ~ Bin(r, q),
o Myl is as distributed as M7, under the constraint Noum ~ Poi(\),
o Mihin is as distributed as M, under the constraint Nyum ~ NBin(g, pt).

Then it holds:
1. If X =rq, then

OS]P’(M;f,i gt) f]P’(Mgﬁn gt) < vt € R.

1
rle
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2. If A\ = p, then
0< P(Mli}éiu < t) - IP’(MSf)i < t) < i Vvt € R.

3. If p=rq, then
*1 *1 1 1 1
0< ]P’(MNBin < t) - ]P’(MBin < t) < <7 n 7) 2 VteR.
r o) le
Proof. Let us have a look at the functions f: [0,1] — R and ¢g: R>o — R
defined by
ef'rlz _ erl log(lfz)7 ifx e 0’ 1
fla) = { o

—ollog(l+z) _  —olx

and g(x):=¢e e

—r if x = 1.

li f(z) ="' = f(1), g(0)=0= lim g(e), ©2log(1+2) VeERos
x €T —r o0
it follows that both f and g are nonnegative and continuous, and it follows that
there are points xo € [0,1], yo € R>0o such that

f(@o) = Jnax f(@) and  g(yo) = e g9(x).

For all z in the domains of f and g respectively, the following two equivalences
hold:

I:ﬂ($) = 0 = r=1-— erl(log(lfz)ﬁ»z)]’
[ﬂ(m) =0 & g=¢ oledlto)=a) _ 1].

This implies

1 erl(log(l—xowxo)) e "m0 if g € [0, 1
f(l‘o) = {( oo [ ) = Xo e_mco,

e ifoog=1

—olyo

g(yo) = (e*@l(log(Hyo)*yo) _ 1) e o _ Yo e

—rlx

The maximizer of the continuous function x +— x e is %, which can be verified

by discovering its derivative z — (1 — rlz)e™ """,

All in all, both f and g are nonnegative and do not exceed (rle) ™" and (ple)™*
respectively. Eventually, consequences of Proposition 3.4.2 and Example 3.4.3
are

P(Mh < t) = P(Mih <) = f(a(l = Fuew(t)) Trs () VEER
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if A =rq, and
P(Min <t) = P(M3l <t) = g(E(1 = Fuu(®)) Ty () VEER

if A = p. The third statement follows from the first two results if it is chosen
A=p=rq. O

With the results of Theorem 3.5.4 it is evident that both (Aflgin_bl)/al and
(Mf:]]lBin_bl)/al converge in distribution to the same generalized extreme value dis-
tribution as (Mghi~bt)/a; does. Of course, the exact extreme value parameter ¢
of the limiting distribution and the correct selection of the series (a;);en and
(b1)1en depend on the distribution Fsey of the SOLEs.

As an example, let the shifted SOLE (Ssev — usev) be generalized Pareto dis-
tributed,

Fsev(t) = F(;par(g’/g)(t — usev) Vt € R,

where Fapar(e,5) is the cumulative distribution function of the generalized Pareto
distribution with shape ¢ and scale 8 (£ € R, 8 € Rxo, motivation for this
example see Section 3.6). For each [ € IN define

& .
Usev"r/@(/\l)Tlv 1f5#07

ar==pBA)* and b =
L= AN : {%m+ﬂbgML if ¢ =0,

where ) is the expectation value of Nnym. With these definitions it holds

1
(a+en) €

Fiev(ait + bi) = Fapar(e,p)(ait + by — Usev) = 1= R &0

if £ =0.

o
1- VAR

With help of Example 3.4.3 this yields

il
]P)(A/IPgi_bl < t) — M (Fsev(art+b)—1) Tg., (art + by)

1

=e Mgy, (@t + bi) + Fapve) (t) Trs, (at +b)
— M 1[ _M,c,)(t) + Femve) (t) Irs., (1)
ay

cl

l—o0

FGEV(&)(t) VYt € R,

where

AD~¢-1 .
oo [P e,
—log(Al), if&=0.

Eventually, Theorem 3.5.4 provides

1 MEL b
Famvie) (1) = = < P(&#l < t) < Feevie(t) YVt € Rxg
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and

wl
Mg

- 1
Fane) () < P( M50 < 1) < Fae) () + G ViERzq

Consequently, with regard to the maximum SOLE, Nyum can be assumed to be
Poisson distributed if [ is so large that (rle)™" and (ole)™' are negligible small,
where r and g are the number of trials and the exponent of a possible alternative
binomial and negative binomial distribution, respectively.

3.5.7. Conclusion

The distribution of Nyum will be selected in the following way: A priori, Npym is
assumed to be Poisson distributed, Npum ~ Poi(\). According to the hypothesis
test in Section 3.5.3, evaluate the estimator D (see Equation (3.6) on page 40)
and take a decision as follows:

’M% (ﬁg — 1)‘ < Qoo ~ Nyum remains Poisson distributed,
,/% (ﬁg — 1) < —Qi—a/2 ~ Npum is underdispersed,

\/ 5 (bg — 1) > Qa2 ~ Npum is overdispersed,

where ¢;_./, denotes the (1 — %) 100 % quantile of the standard normal dis-
tribution (a € (0,1)). If Nyum is identified to be underdispersed, it shall be
binomially distributed, Nnum ~ Bin(r, q). Otherwise, if Nnum is identified to be
overdispersed, choose a negative binomial distribution, Nnym ~ NBin(pg, ).

There are three factual reasons to prefer the estimator 152 to Dl (see Equation
(3.6) on page 40):

1. The asymptotic variance of Dy is smaller than the asymptotic variance of
D, (see Theorem 3.5.2).

2. In contrast to ﬁl, under the null hypothesis the asymptotic distribution
of D5 is independent of the distribution of the mileage L (see Corollary
3.5.3).

3. If the negative binomial distribution is chosen due to the validity of the
relation /7% (DQ — 1) > q1_a/2, then the maximum likelihood estimators
of the distribution parameters exist (see Theorem 4.3.7).
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3.6. Selecting the Distribution of Severity of SOLEs

The selection of a convenient model for the severity of a SOLE is motivated by
the Pickands—Balkema—-de Haan Theorem 2.4.4. By definition, a SOLE Sgey is
a random variable in a peaks-over-threshold model. The codomain of Ssev, S,
consists of all real values above the severity threshold usev (see Definition 3.1.1).
Since the threshold wusey marks events with very large severities, the Pickands—
Balkema—de Haan Theorem is applicable to the distribution of Sge,. For this
reason the SOLE Ssey, or rather the shifted one, Ssev — Usev, is chosen to be
generalized Pareto distributed.

Actually, the generalized Pareto distribution consists of three different types
of distributions. The types are characterized by £ € R>o, £ = 0 and £ € R<o.
This classification is based on the connection to the generalized extreme value
distribution which goes back to the Pickands—Balkema—de Haan Theorem. The
generalized extreme value distribution consists of a Fréchet type (£ € Rxo), a
Gumbel type (£ = 0) and a Weibull type (§ € R<o) (see Section 2.4.7).

De Haan and Ferreira [HF06, p.19] present a criterion to check whether a
distribution is in the Weibull domain of attraction. According to that, a cumu-
lative distribution function F' is in the domain of attraction of the extreme value
distribution GEV () with £ € R« if and only if

. 1—F(zp —tx)
lim ————=
N0 1 — F(zp —t)
where zp = sup{z € R|F(z) < 1}. This means that Fs, cannot be in the
Weibull domain of attraction if

P(Ssev > 1) >0  VteR.

In fact, any load that occur in traffic and has an impact on the vehicle and its
components is bounded from above, at last from the total energy of the universe.
However, the load magnitudes which are counted here come from maneuvers that
(mostly) must not damage the car or its components. The situation is similar
to a plant in a high greenhouse: The size of the plant is bounded from above
by the rooftop of the greenhouse. Actually, the rooftop is far higher than the
biggest plant in this greenhouse ever could be. So, it can be assumed that there
are no external barriers for the plant growth.

Like the plant in the large greenhouse, the loads in this experiment do not come
up to their upper border. P(Ssev > t) shall be positive for any border ¢ € R.
Hence, Fyev cannot be in the Weibull domain of attraction, and a negative £ can
be excluded.

Summarized, the cumulative distribution function of the SOLE Sge is chosen
to be

1
TFp < 00 and =z ¢ Vze&Rso,

1
1-— (1 £t — Ugey ) € ife>0
Fsev(t) = FGPar({,B) (t_usev) = IL]RZUsev (t) 1—’— ﬁ( Use ) , 1 § s
1 — e B(t-umes) ife—o.
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Figure 3.3.: Probability density functions of generalized Pareto distribution.
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for all ¢ € R, where Fgpar(e,3) is the cumulative distribution function of the
generalized Pareto distribution with nonnegative shape ¢ and (positive) scale
B (£ € R>o, 8 € Rso). Figure 3.3 shows some probability density functions

dFgpar(¢,8)
dat

of the generalized Pareto distribution.



4. Parameter Estimation

In order to use the parametric model presented in Chapter 3, the
values of the model parameters must be quantified. Using the max-
imum likelihood method these parameters shall be estimated based
on data as described in Chapter 2. Section 4.1 recapitulates the
fundamental definitions from Chapter 3 and prepares them for this
chapter. Section 4.2 creates the mathematical framework for this
chapter. It introduces two statistical experiments on the basis: the
counting model, which excludes the observation of the maximum
SOLEs, and the counting-maximum model, which also takes account
the maximum SOLEs. In addition, it calculates the corresponding
likelihood functions and the Fisher information. In Section 4.3 the
parameter estimation of the parameters concerning the number of
SOLEs is done, while Section 4.4 presents the parameter estimation
of the parameters concerning the severity of a SOLE in the counting
model. Finally, Section 4.5 estimates the severity parameters in the
counting-maximum model.

4.1. Preliminary

According to the experimental design described in Section 2.2, in this chapter
m shall be the number of vehicles providing data as mentioned (m € IN). Each
of these vehicles has its own partitioning of the detection range S = R, ,

Aj1 = (Usev, ti1],  Aja = (tjnstye], ..., Aja = (tja—1,00)

with class limits ugey = tjo < tj1 < ... < tj4-1 < tjq = oo for all j € N<y,.
In the following, not only the absolute load magnitude but the load relative to
the severity threshold usev is required. Therefore, define for every j € IN<,, the
relative class limits

Sjk =tjk — Usev Vk€{0,...,d—1} and Sjd = 00.
The data consists of the observation

l 211 te Z1d T1
lz Z921 v 22d T2

lm Zm1 *** Zmd Tm
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where, for all j € IN<,,, and k € IN<g, [; is the mileage of vehicle j, z; is number
of SOLEs observed within the interval Aji = (t;x—1,t %] by vehicle j, and z; is
the maximum SOLE observed by vehicle j.

To be able to analyze these data, let us recall the basic random variables
defined in Definition 3.1.1, Definition 3.1.2, Definition 3.1.4 and Definition 3.4.1:

e supra operating load event (SOLE) Ssey with codomain & = R, and
cumulative distribution function Fsey (usev € Rx0),

e number of SOLEs per kilometer Npym with cumulative distribution func-
tion Fhym,

e number of SOLEs during [ kilometers Ny, and number of SOLEs in range
A during ! kilometers Z; 4 (I € N, A C S measurable),

e maximum SOLE per kilometer Mg, and maximum SOLE during [ kilo-
meters ML, (I € IN).

In this terminology, z;x is a realization of the random variable Z;; 4, and x; is

a realization of Ms*eli The observations of distinct vehicles are assumed to be
independent of each other. However, as seen in Theorem 3.3.2, the number of
SOLEs in one class is not in general independent of the number of SOLEs in
another range. For this reason, define the random vectors® Zy(1yy -y Ly(m) S
being statistically independent and distributed as follows:

Zyy) = (Zv(j)l 1rs ZV<j)d) ~ (leﬂAjlv' - ’leAjd) Vj € N,

The observation of vehicle j, (zj1,-..,2;j4), can be interpreted as realization of
Zy() (4 € N<m).
In the same way define the random variables! M.y, ..., My(m) as being sta-

tistically independent and distributed according to the maximum SOLE during
the corresponding mileage,

sl .
Mv(j) ~ Mses VJ € ]NSma

so that the observation z; is a realization of M,y (j € {1,...,m}). In addition,
it shall hold that (M,(;), Zv(;)) ~ (Meed, Zi 505+ - » Z1;.a,,) for all j € Ney,.
Finally, the total number of observed SOLEs per vehicle! shall be

d
*1 .
NV(J) = Z ZV(j>k ~ Nnum V] € ]Ngm
k=1

!The notation v(j) indicates wehicle j: Z.(;), My(;) and N,(;) are observations con-
cerning vehicle j.
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4.2. Statistical Experiment

The experiment on the basis can be described by two statistical models depend-
ing on whether the maximum values are part of the observation. The model that
only take account the counts of the SOLEs is called counting model, while
the model that also includes the maximum values shall be named counting-
maximum model.

4.2.1. Counting Model

The first model only take account of the counts of SOLEs, z = (zjk)1<j<m -

1<k<d
Since z is a realization of the random matrix (Z,;)) 1<;<m> the formal statistical
experiment (according to Section 2.4.2) is o

Ec = (Nomm’ Po™ 4, (Pﬂ((zv(j))léjém < )>196®).
The likelihood function of this statistical experiment is denoted by Lc, i.e.
Lo(@:2) =B (N {Zvis) = (21,0 za)}) W €O
{c shall be the corresponding log-likelihood function,
Lo (¥ z) = log(Lc(¥; 2)) V9 € O.

The parameter space © consists of the parameters that specify the distributions
of the number of SOLEs per kilometer, ©,,,,, and of the severity of the SOLEsS,
@sev;

O = Onum X Osgev.

According to Section 3.6, the severity of a SOLE is assumed to be general-
ized Pareto distributed with nonnegative shape and positive scale. Hence, the
parameter space Ogey is set to be

Ogey == RZO X R>0.

The structure of Onum depends on the chosen distribution of Nnym. According
to Section 3.5, possible models for Nnym are the binomial, the Poisson and the
negative binomial distribution. In the Poisson case the parameter is allowed to
be positive and real-valued, in the negative binomial case both the exponent and
the mean are positive and real-valued. In the general binomial case the number of
trials is a natural number and the probability of success lies within the interval
(0,1). However, the numerical results (see Section 5.7) provide a very small
value for the observed number of SOLEs per kilometer, E[Nnum] < 1. This fact
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is consistent with the assumption that SOLEs are accompanied by extreme high
load magnitudes, and thus they are very rare. If Nyum is binomially distributed
with r trials and success probability ¢ (r € IN, ¢ € (0,1)), the expectation of
Npum 18

rq = E[Nnum] < 1.
So, the higher the value of r, the smaller is the value of ¢. If ¢ is too low, the
index of dispersion of Npum,

Var[Noum] _ rq(1 —q)

D[Nnum] = E[Nnum] - rq =1 q,
becomes (almost) equal to one. Consequently, Nnum can just as well be assumed
to be Poisson distributed. Therefore, the value of r should be rather low to be
able to distinguish between the binomial and the Poisson approach. Moreover,
the estimation of the trial parameter is not elementary. Olkin, Petkau and Zidek
[OPZ81] point out that both the moment method estimator and the maximum
likelihood estimator of r are not robust. The construction and evaluation of a
more robust estimator is laborious anyway. In consideration of the fact that the
binomial model only is a theoretical model (underdispersion is not expected, see
Section 3.5.5), the search for an adequate estimator of r is disregarded. Instead,
r shall be fixed as being as low as possible, which means » = 1. The binomial
distribution with only one trial is also called Bernoulli distribution [JKKO05].
Eventually, the parameter space of the distribution that specifies the number of
SOLEs per kilometer is

(0,1), if Nyum is Bernoulli,
Onum = { R>o, if Nnum is Poisson,

R>0 X R0, if Nnum is negative binomial.
All together, the parameter space is given by

(0,1) x (Rx0 x Ro0), if Nyum is Bernoulli,
O = Onum X Ogey = { R X (Rzo X ]R>0), if Npum is Poisson,
(lR>o X ]R>0) X (]Rzo X IR>0), if Nnum is neg. binomial.

Unless otherwise specified, an arbitrary element of © is denoted by 9. Each
¥ € O is put together of an element from ©nym and an element from Oge,. Again,
unless otherwise specified, the elements of ©,,, are named v, and the elements
of Ogev are denoted by ¢. Furthermore, any ¢ € Ogey consists of the shape &
and the scale 8 of the generalized Pareto distribution, and any v € ©,um stands
for the mean parameter p of the distribution of Nnym and, if Npum is negative
binomially distributed, for the exponent g, too. Summarized, any parameter
¥ € O is build up as follows:

9= () = {(u,(w)), if Nowm ~ Bin(1, ), Naum ~ Poi(p),

((2:10),(€.8)), if Nuum ~ NBin(g, ). (1)
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4.2.2. Counting-Maximum Model

This model also includes the observed maximum SOLEs = = (z;)1<;j<m. Here,
the statistical experiment is

Eout = ((]Nod x8)™, (Bo?©6)", (Bo((Zutys Mu)r<izm € - ))ﬁ€@>

with the same parameter space © as in the counting model above. Hence, the
likelihood function Lcyv of this model is

Lo (¥ 2,7) = g B (ﬂ}ll {Myy <5, Zy) = (251, .,z]-d)})
for all ¥ € ©. The corresponding log-likelihood function is denoted by fcu,

Lom (9 z, ) = log(Lem (95 2, x)) Vi € ©.

4.2.3. Log-Likelihood Functions

Both Section 3.5 and Section 3.6 establish reasonable approaches for the dis-
tribution of the total number of SOLEs, Fyum, and for the distribution of the
severity of any SOLE, Fse,. However, the parameters of these introduced distri-
butions must be estimated based on data. The maximum likelihood method is
an appropriate technique for this purpose. As mentioned in section 2.4.4, this
method manages the circumstance that the data are interval censored, that the
numbers of observed events in distinct ranges are not identically distributed and
probably not statistically independent.

As the name suggests, the maximum likelihood method needs the (log-)like-
lihood function of the relevant statistical experiment. The following proposi-
tion identifies the log-likelihood functions of the counting model, ¢c, and of the
counting-maximum model, fcy. Of particular note is that the parameters of
Foum and Fgey can be segregated.

4.2.1 Proposition. Suppose, (z,x) is a realization of (Zv(j), Mv(j))1<j<m’

z = (zjk) 1<i<m € Ny™*¢ and z=(2j)1<j<m € ({0} URsu., )™

Let k1, ..., km be the classes containing the mazimum SOLESs x1,...,ZTm,

d
k=Y kla,(z;) Vi€ N
k=1
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Then, for all parameters ¥ = (,<) € Onum X Osey, the log-likelihood functions of
the counting model, £c, and of the counting-mazimum model, {on, are specified
through

fc(ﬁ Z) —‘gnum( )+€Sev( (4 )+C( )
Con (052, ) = boum (V; 2) + Loca (s; 2, 2) + D(2),

where
Znum(y; Z) = Z 10g (]Pﬁ (Nnum - Zk 1 Z]k))
j=1
m d
lie(s32) =D > zjnlog(pay,) »
j=1k=1
kj—1
L5or (s 2,2) = Z Z zji 1og(pa;, ) + (zjk; — 1)10g(Htj,kj—lvzj])
1<j<m k=1
j:(k;>0)

+log (42 (2,)) |,

m
Zlog( Gomd). pe= 06+ (o)
i=
and, according to Definition 3.1.1,
Paj, = Frev(tjr) = Frev(tjh-1) and Rty —1m5) = Fiev(z5) — Faev(tjn;—1) -
Proof. Since the random vectors Z(1),..., Zy(q) are statistically independent,
the log-likelihood function {¢ of the counting model (see Section 4.2.1) looks like

L (9; 2) = log(Lc (9; 2) Zlog By (Z1y.n,0 = 2i1s- -y 2y, = 25d) )

for all ¥ € ©. The rest follows directly from the special structure of the proba-
bility term, which can be looked up in Theorem 3.2.3.

The random vectors (Zv(1>, Mv(l))7 A (Zv(m>, Mv<m)) are statistically inde-
pendent, too, and so the logarithm of the likelihood function Ly of the counting-
maximum model (see Section 4.2.2) is

Lo (9; 2, x2) = log(Lem (95 2, x))
= Zlog(dz Pg( sew < T, le,Ajl = Zjl?"'vzlj’Ajd :Zjd)>

for all ¥ € ©. The results of Theorem 3.4.4 and Theorem 3.2.3 finish the proof.
O
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The result of the last proposition shows that the parameters v and ¢ can be
estimated separately from each other. The maximum likelihood estimator of v
is the maximizer of ¢hum(-;2) in both the counting model and the counting-
maximum model. On the other hand, just look for the maximizer of £, (-;2)
or Egev( -3 z,z) and the maximum likelihood estimator of ¢ is found.

4.2.4. Fisher Information of the Counting Model

Section 2.4.3 introduces the Fisher information of a statistical experiment and
illustrates the link to the variances of estimators. Since the distributions of some
estimators cannot be identified exactly, the Fisher information is an appropriate
tool to approximate the variance of at least asymptotically efficient estimators.

I shall denote the Fisher information matrix in the counting model £¢. Ac-
cording to the conventional notation of the parameters ¢ € © in Section 4.2.1
(see Equation (4.1) on page 58), with Z = (ZV(J'))1§j§m the Fisher information
is defined by

Ey ZTEQQZT;QI%Z) Ey %L’QZTE’I'QWJ) Ey Z#zgl%gw;m Ey ZTEQQ%%@Z)
Ic(ﬂ) _ Egy £7zi?fl(ﬁ;z) Ey iiw:z) Ey &ziw;z) Eg £72572(0;2)
By | BE B (95 8)|  Ey|GE FLWiD)|  Ey|HE FE@D|  Ey|GE FE (9 2)
ey [5G BC 02| By %ﬂ”}#mm 29| 558 &BC w0 2)|  uy| B BE (05 2)

if Nyum is negative binomially distributed?. Otherwise, just omit the first line
and the first row. The following theorem introduces the Fisher information in
detail. Take also note of Remark 4.2.3 following the theorem.

4.2.2 Theorem. For all p € [0,1], z,y € R0, the term Jy(x,y) shall denote
the (regularized) incomplete beta function [AS65, p. 263] evaluated at p,x,y,

Pt =gt e
[t —t)v=1 dt
Suppose, for all i € {1,2}, xz,t € R>o, the term p;(x,t) means

']P(‘rv y) =

10g1—|—1}t 1+=)—1 s 1f1)t>0,
( ) zlt
ifxt——(),

1
pi(z,t) = Ny (i) + Ly (2) - {f
2
and it shall be
aijk (&, B) = ik (1 + %éﬁ;kﬂ) @i(%, Sjk) — 8jk—1 (1 + % 8jk> Wi(%a Sj,k—l)

(1 §o0t) ~(1+ Sos0)

bjk(f, ﬁ) = (51+§'9_jk)_21(5+§'9_j,k—1)_2 , ifE>0,
(eESjk _eESj,k—l)/g‘{ if€=0,
2at £ = 0 -Z means the right partial derivative

¢
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and

m oo n—1 2 lj n
- 1 r(gzj+n)( 0 )( " )
C(@M)-—ZZ( QJ”Z_) nl T(ol;) \o+nu o+p
j=1n=1 \z=0 J
< Jn(z+1, gl)>

iR

=0
m o Ju (z+41,0l;) 2
b (?%m“”"g(@“)) |

The Fisher information matriz in the counting model Ec is

_ Inum(y) 0
Ic(ﬁ)—( 0 Isev(u,ﬁ,ﬂ)) wee.

where
Z dZ an(6,6)° a1jk(§, B) azjk(§, B)
Isev H &, 5
J=1k=1 ﬁ,ﬂ) a1 (€, B) azjx(€, B) azjx (€, 8)?
and
mol. . )
P if Noum ~ Bin(1, p),
Inum(l/) = Z;nzl s ’ if Nnum ~ POI(H),
c(o, 1) — nEjialy 0
’ o(o+u) . .
0 espyy [+ M Nown ~ NBinfe, ).
p(o+p)

Proof. e calculation of Ey [(%f(ﬁ; Z))2]
Whether Nyum is Bin(1, ), Poi(p) or NBin(p, 1) distributed, Proposition 4.2.1
and Lemma 4.3.1 yield

_ aenum H 3 Nv<]) -
G0 2) = X (v Z) = Vars[Nnum] Z( 1 lj>'

Jj=1

This means that

— (1l _
B[ 500 2)] = mz(ﬁ"])"
and hence

Vary [Z?L Nv(y‘)] ey

Jj=1

Vary [Nnum]2 - Varg [Nnum] ’

Eﬁ[(%?(ﬁ; Z)ﬂ = Vary | 2m 0. 2)] =
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e calculation of Ey [(‘%C (0 Z)) ]
In case of Nyum ~ NBin(p, p1), again, Proposition 4.2.1 and Lemma 4.3.1 provide

G5 (9; Z) = Pgam (o, u; Z)

m (M1 1 Noo.
3 X e () - o (B2 )
= +l eTh o+ M

=0

According to this, the sought-after expectation is
2
B, (% (0 2))%] = Bo [ %2 (93 2)] "+ Vary [ 224 2)
U 2
<Z< |: V(J) o7 zij| +lj10g(g+gu))>
j=1 J
Ny vy 1 1 ()
Z <Varq9 |:Za; } + Varﬂ[ P D

Nyijy—1 1 Ny (5
—zz«:ow[ P ).

The (regularized) incomplete beta function from above satisfies

ZP@(NV(”:TL):lfjﬁ(qul,glj) Vx € No

n=0

[AS65, p. 945]. Hence, the expectation of the random sum is

oo n—1 oS}
Nygiy—1 Pﬁ v —n N, >x)
E zim 1m} (J) ()
0{2,0 wE| =22 v ; Q+l
> . az—l—lgl)
7;) .

and the variance of this term is

2 2
Ny(iy—1 a 1 Ny(jy—1
Vary [ZI:(OJ) ff%] ]E19|:<Z =5 Qf%) :l —Ey {Zm:(é) ﬁllil
J J J
oo n—1 2 oo J ( 1. ol; 2
1 w (z+1,0 J)
— _ By (N, iy =n) — W—x
Z(ZQ+<) (N =n) (Z T E

=0
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The other variance term obviously is

(14 e |
varo [ 32| = MZQ(JF u)j) N Q(:ﬁ Ok

Finally, the covariance term is also equal to #l/e(o+u), because on the one hand

co n—1 )

Ey [Z V() T 1Nv<n} Z Z n By (N, Q+a> =n

n=1x=0
- ]P’ﬂ(Nvm:n)
n= Op,l J
= J

and on the other hand

Eo [Nu(j)] Eo {Z MO ]*ul ZZ B ij:>—n)
l

n=1x=0

— ul; Z 2 om0 (NV(])_n)’

ot

which means

oo —_ P (N . :n)

1 N, ( ,ul~) 9V (5)

(COVﬁ[E IV(“ L, vw} = ! - .
Q+J o+np Q+HZZ Q+E

=0 n=0

All what remains to be done is to verify that the double sum on the right-hand
side is equal to !/o. For this purpose, define

) = lzi<1_l)w vz € No.

o+ ply ) By (Nyj) = )

7 n=0
Obviously, it is f(0) = 1/, and, provided that f(zo) = 1/o for an zg € INy,

f(zo+1) = f(wo)

Bo(Noy = @) (0+ ) L1 (1 as—l—l)
z+1 - :
By (Nyjy =z + 1) (g+ %1) o+, 1

_ (e+p)=+1) | whi—(+1) 1

op(olj +z+1) * plelj +a+1) o
So, in fact, it holds f = 1/,, and this leads to

oo

E:Zf(x)]%( V(J)_:C ZZ( EQJFE
1

=0 z=0n=0 3
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e calculation of Ey [%(19; 7Z) %(19' Z)]
When calculating the expectation of (a/c (9 Z)) above, it emerged that the

expectation of 8;;5(19, Z) vanishes. This means

By [5(,;;5(19; Z) 52 (v; Z)] Cow[mC (9 2), 5 (9; Z)}
= > co [, TR - 2]
. lj

m
14 Z vm 1 Ny v ()
,u ((COVg |: 9+ﬁ > ot :| — Vary [ o+u ])

When calculating the expectation of (%(19; Z))2 above, both the covariance

term and the variance term are turned out to be equal to #lj/e(o+p). Hence,
Ey [a"c (9; Z) % (9; Z)]
. oL 2
e calculation of Ey [(8—5(19; Z)) }

The partial derivative of £¢ with respect to £ is according to Proposition 4.2.1
given by

a¢ - apAk
e 0:2) = St 2) = 353 2, B

j=1k= PAgi
Remember that the intervals Aj; span the whole severity space S (see Section
4.1), and so the probabilities pa;, add up to one, 22:1 paj, = lforall j € Nep.
With this fact and the expectation value of Z,;), (see Proposition 3.2.1) it is
easy to see that the expectation of azc £ (U; Z) vanishes,

m d m d m
Ey |:B£C (9; Z] ZZ ul; ggijk :/Jz Z le (%1:0.
j=1 k=1

o
Hence, the expectation of (‘Z;g(ﬁ; Z)) is equal to the variance of 2¢ (0;Z2),

QJ‘Q3

Eﬁ{(%g(ﬁ Z)) } :Vam[@g;g(ﬂ; Z)]

G Pa; 9 2 pa
:ZZ <Vam{ v (5) e 82/ } +2 Z (Cow{ N f,A & Zti)s af,Aji”}> .

j=1k=1 i=k+1

Proposition 3.2.1 and Lemma 3.3.1 provide expressions for the variance term,

F) 2

ra, Zepaj,

Vary [Zv(m o ] = (8; Jk) (ulj Pagy + 1 pagy” (Vars [Noum] —u)),
ik



66 4. Parameter Estimation

and for the covariance term,

agiji
PAj;

7ZV])1

PA

8
Covy |:Zv(])k :| = g%ijk %iji lj (Var19 [Nnum] - :u)v

respectively. Hence, with the relation 22:1 a%ijk = 0 it follows

E, [(%cw; z>)2] S s @

j=1k=1 PAG

The last expression can be transformed into a more convenient form without a
derivation. For that purpose, remember that

a%ijk 52.( sev(tjk:)stev(tj,k’—l)) - 52.(1 Fsev( J,k—l)) 885 (1 Fsev( ))a

where Fje, is the cumulative probability function of a shifted generalized Pareto
distribution (see Section 3.6),

_1 _1
1£t.—)5 (1 )g,'f>0,
1—Fsev(tjk): ( j_t,_B(Jk U) 1., * S]k 1 §
e BUiRTW — o7 Bk if ¢ =0.

The derivative of this term with respect to £ can be found in the appendix (see
Lemma A.1),

0 ’ Sik £ o
875(1 - Fsev(tjk)) ( Fsev( )) ﬁ2 T gﬁsyk (B’SJk) .
fik

Rk

Since fjq = 0 for all j € IN<,,, with this notation it holds

=N skt by = fiwhin)® | (fra-1 hya-1)®

DAy, Jik—1— fir fia-1

-
,_.

—~
QD
m

s
=
<
B
\/
&.
P—‘

with
Bk — hipq = a1k (€, B)
! PR (B Esik) (BAEsjr-1)’
1 1 _ bﬂk(é.:ﬁ)

fie  fir—1 (B+Esin)? (B+Esjn-1)?
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where a;;, (€, 8) and b;x(€, ) are defined in the proposition of this theorem.
Eventually, one gets

m d pA m

s ()] o3 B8 Raner
j=1 k=

1 PA;k j=1 k=1 ’

e calculation of Ey [(%(19; Z))2]:
The calculation of the expectation of (MC (9 Z)) works very similar to the

calculation of the expectatlon of (aec (9; Z))? above. All that needs to be done
is change 7€ to % in the calculations. This results in changing 1 to 2 and,
eventually, changing a1,%(&, 8) to az;x (€, B).

o calculation of Ey [%(ﬂ' Z) %(19' Z)]
Also here, the calculatlon works very similar to the calculation of the expectation
of (6[0 (19 Z)) With this strategy one gets

Es [(%?(19; Z))Q}

Ms

ZM
k=1

j=1 = PAji
m d—1
Y Z ay(& B) azjr (€, )
=1 e ]k é ﬂ)
o calculation of E, [“C (9; Z) e ( ]

When calculating the expectation of (MC (% Z))2 above, it turns out that the

expectation of %ﬁ(ﬁ, Z) vanishes. Hence,

Ey [%—(19 7) % (; Z)] = Covy [‘L(ﬂ 7), %e (9, Z)]

) 9E
m d
ot

By definition, N, ;) is the sum of the random variables Z(;,, ..., Zs(j),. Since
the variances and covariances of the Z,(;), are known (see Proposition 3.2.1 and
Lemma 3.3.1), for a fixed k the covariance of N, ;) and Z,;), is

op
6
€

Paj, Covy [Nv(j) ) ZV(J‘)IJ
Varﬂ [Nnum] '

]k

Covy [N 3)s V(J)k ZCO‘W v (G)is (J)k] :lijjkvarﬁ[Nnum]-

Consequently, it holds

m d 0 m d m
oePase Covo [Noiy), Zeiy,] -y _
Z Z 7 Vary [;\fnum}] o= Z lj Z %ijk B : lj %1 =0

j=1k=1 PA;k
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e calculation of Ey [aal;f(ﬁ; Z) 88‘%5(19; Z)]:
Just change the operator a% to a% in the calculation of Ey [%‘j(ﬁ; Z) Bal;g(ﬂ; Z)]
above.

e calculation of Ey [%(19; Z) %(19; Z)]:

When calculating the expectation of (65;5(19; Z))2 above, it emerged that the
ae

expectation of 8—?(19; Z) is equal to 0. This provides the equality of

Eo [ %295 2) 58 (9 2)| = Covo |58 (; 2), % (9; 2)

i d N, 1 9 P. N, 9 P.

_E :E : v Tt o vEPAL | v(5) . oePAGy

- ((COVﬁ |: z=0 Q+ﬁ ’ ZV(])k PA :| (COVﬂ |: o+p ZV(J)k: PA j, .
j=1k=1

When calculating the expectation of %(ﬂ; Z) %(19; Z) above, it can be seen
that the covariance of N, ;) and Z;), is equal to I; pa;, Vars[Noum]. Therefore,
the second covariance expression vanishes,

d o d
Ny¢; pa l; Vary[Nouym] O
ZCOV@[ QJF(Q: Zy (i) ZAjkjk:| =4 %ZPAM =0.
k=1 k=1

o+ p
Also the first covariance terms add up to 0. To establish this, remember that
Zu(5), given N,(;y is binomially distributed with N, ;) trials and success proba-
bility pa,, (see proof of Proposition 3.2.1). Therefore
Eo[Zu(iy] = Eo [Eo [ Zoiiyi | Nop)]] = pajuEo [Nog)]
and
Noiy =1 Zeiy | _ Ny =1 Eo[ Zegiy [Mvep] | _ Ny =1 Nygj)
o [0 ™ 2 | o [ Bl |y [ R |
All this results in

ol
PEPA K

d d
Nyiy—1 Ny(iy—1 ad
§ : v(3) 1 . _ v(d) 1 . E
Fovo { N Ze(idn PAj ] =Covo { e=0 o+’ NV(J)] o€ P
k=1 7 7 k=1

which is equal to 0.

e calculation of Ey [%‘%(19; Z) 8@,%3(19; Z)]3

Very similar to the evaluation of the expectation of 88%(19; Z) 88[%‘5(19; Z), also
here the sought-after expectation value is 0. ]
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The calculation of the Fisher information matrix in the last theorem turns
out that the parameter group concerning the number of SOLEs, v = ((), u), is
orthogonal to the parameter group concerning the severity of a SOLE, ¢ = (¢, 8),
i.e. the respective entries of the Fisher information matrix are 0 [CR87]. This
is consistent with the fact that v and ¢ can be estimated separately as shown in
Proposition 4.2.1.

Besides, in the negative binomial case, the mean p and the exponent o are
orthogonal, too. Consequently, if (9, /i) is an asymptotically efficient estimator
of (o, 1) in the sense of Section 2.4.3, then ¢ and [i are asymptotically indepen-
dent, because jointly normally distributed and uncorrelated random variables
are statistically independent [Als05, p. 141].

The following remark gives an idea of how to simplify the term c(p, ) in the
last theorem.

4.2.3 Remark. Numerical calculations support the assumption that the follow-

ing relation holds:

1
log(1 — p +Z Zixy =0 Vpe(0,1), Yy Roo,  (4.2)
=0

where J,(z 4 1,y) denotes the (regularized) incomplete beta function evaluated

at p, 4+ 1 and y (see Theorem 4.2.2). If this relation is true, the term c(p, 1) in
Theorem 4.2.2 can be written as

m oo n—1 2 lj n
B Llol;+n) (0 \*7 ([ n
c(o, p —;;(Z f) n!FJ(glj) <g+u) (9+u)
—log(1—|—%)2ilj2~

j=1

In addition, one may use the relation

n—1 1 n—1 1
2ovE et (wlels +n) — viely)

with digamma function v, ¢(z) = % log(T'(x)) [AS65, p. 258|.
At least for all y € IN, Equation (4.2) can be verified by dint of the relation
—1 4
S rt)e s
n

Z y+o 72 +mn=0

)
[eS) z+y y—1 z+ x+y—n(1_ )n
Il e B i
r+vy n Tty

n=1

Yy
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for all p € (0,1) and y € IN [AS65, p.944]. By comparison of the coefficients of
the p® it can be shown that

o y—1 x+y—n n y—1l o
rTy (1-p) p
S Sl 1 IN.
E E < > ;Zl . Vp € (0,1), Vy €

rz=0n=1 Zﬂ+y

Therefore, it follows for all p € (0,1) and y € IN that

o]

oz +1,y) p* p”
Z y+x az:—l-y—i_Z Z ~log(1=p),

x=0 x=1

where the last equation sign holds since > > —P"/z is a series expansion of
log(1 — p) [AS65, p. 68].

4.3. Estimating the Number of SOLEs per Kilometer

In Section 4.2.3 it is argued that the distribution of the number of SOLEs per
kilometer can be estimated without considering their severities. According to
Proposition 4.2.1, the maximum likelihood estimator of the parameter of Frum,
v, is the maximizer of the function

Lnum ( Zlog( 19( num = Zk 1 Zyk))

In case of a binomial, Poisson and negative binomially distributed Npum, the
variate Npym is binomial, Poisson and negative binomial, too,

Npum ~ Bin(1, 1), Poi(p), NBin(g, i)
= Nii ~Bin(ly, 1), Poi(ul;), NBin(ol;, ul;),

because N;lll;n is just the sum of [; statistically independent random variables
which are all distributed according to Nnum (see Definition 3.1.4). In these three

cases it is easy to write out the function fnym. The next lemma collects the
particular versions of £,ym.

4.3.1 Lemma. Let 2 = (z;;)1 € No™*? be a realization of (Z

1<j<m )
LSism v )1<j<m”

Apply the shortcuts

d m m
n; = E Zjk, M= E n; and l:= E l;.
k=1 j=1

j=1
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1. If Nnum is Bernoulli distributed with success probability p (u € (0,1)), then

Loum (13 2 Zlog<( )) +nlog(p) + (I —n)log(l — p),

and therefore
1 n
o 2.
oz = I—p (u

2. If Nyum is Poisson distributed with mean p (1 € Rxo), then

Coum (15 2) = —pul + nlog(p +Zlog( s ) 7

and therefore

g (i) = - L

3. If Npum s negative binomially distributed with exponent o and mean u
(0,10 € R>o), then

I'(olj+n;
Coum (05 15 2 Zl (nﬁf Jgf;)wl log(¢)+nlog(u)—(el+n)log(e + p),

and therefore

s 58 o) 5 ()

:le(z/)(glj +ny) — ?/J(Qlj)) +110g(g+u) - ﬁ (% B l)

n
azfm.m(g’% 2) = Q—iu <f_l>

with digamma function ¥, ¥(z) = <= log(I'(z)), [AS65, p. 258].

Proof. Just substitute the probability mass functions of binomial, Poisson and
negative binomial distribution as given in Definition 2.4.2 into the definition of
lnum from Theorem 4.2.1.

In case of the negative binomial distribution consider that [AS65, p. 258]

nj—1

P(ol; +nj) = ¥(olj) Vj € Ney,.

O

In the following two sections 4.3.1 and 4.3.2 let us concretize form and char-
acteristics of the maximum likelihood estimators of 1 and p.
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4.3.1. Estimating the Mean p of the Number of SOLEs per
Kilometer

Remember, the number of SOLEs per kilomter N,um is assumed to be Bernoulli,
Poisson or negative binomially distributed (see Section 3.5 and Section 4.2.1),
Nuum ~ Bin(1, ), Poi(p), NBin(p, ), with u, 0 € R0, except in the binomial
case where p € (0,1). In all three cases the parametrization is chosen such that u
denotes the expectation of Nnym. The intuition suggests that the total number
of observed SOLEs divided by the total number of kilometers is an adequate
estimator of the mean number of possible events per kilometer. The following
theorem confirms this intuition.
4.3.2 Theorem. Let z = (zjx)1<j<m € No™*? be a realization of (ZV(J'))1< ,<
1<k<d <j<m
with z #Z 0. Suppose, Npum 1s either Bernoulli, Poisson or negative binomially
distributed with unknown mean u, more precisely

Nuum ~ Bin(1, 1) or Nuum ~ Poi(u) or Nuum ~ NBin(p, p).

Then, the mazimum likelihood estimator i, of p based on z exists in case of the
Poisson and negative binomial distribution, and it exists in case of the binomial
distribution if and only if 337, 1; > 37T, S zik. If the mazimum likelihood
estimator of u based on z 6msts, it 18 given by

m d
. Zj:l D=1 Zik
fim (2) = s o
j=1"%
Proof. Since Lemma 4.3.1 holds, the maximum likelihood estimator of p must
satisfy the following equivalent equations:

m m d
et Zk 1%k Z -0 o fim, = j=1 D k1 Zik
Z;n:l L

j=1
Furthermore, the sign of the derivative of /,,m with respect to the mean p
changes from positive to negative at this point. Hence, f[i,, as given in the
proposition of this theorem must be the maximum likelihood estimator of .

If the number of observed SOLEs, > ™", Zi:l Zjk, exceeds the number of
kilometers, ZTzl lj, the equation above does not have a solution satisfying
fim € (0,1). Hence, in this situation there does not exist a maximum likeli-
hood estimator in the binomial case. O

The last Theorem 4.3.1 reveals the possibility that the maximum likelihood
estimator of p does not exist if Nyum is Bernoulli distributed. However, this
is only a theoretical problem. In Section 4.2.1 it is argued that the Bernoulli
approach is chosen, because the mean number of SOLEs per kilometer is expected
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to be always by many orders of magnitude below 1. Practically, the number of
observed SOLEs will not exceed the number of kilometers. Section 5.7 gives a
quantitative confirmation of this assumption.

Since the structure of the maximum likelihood estimator fi,, of p is quite sim-
ple, it is easy to verify some characteristics of it. The next theorem provides that
[im 1s a consistent, efficient and uniformly minimum-variance unbiased estimator.

4.3.3 Theorem. Let the situation be as in Theorem 4.3.2 with the conventional
notation of the parameters according to Section 4.2.1 (see Equation (4.1) on page
58) and Z = (Z ;) then it holds:

1<j<m?

1. fim is an unbiased estimator of p,

Eglim(Z))=p VI €O.

2. The variance of im(Z) is given by

— Varﬂ[Nnum} _ H(l —+ wy [,L)
Z;’nzl l] ;y;l l]

Varg[fim (Z)] V9 €O,

where
—]., if Npum ~ Blll(]., l’L)7

wy = <0, if Nnum ~ Poi(u),
%, if Nyum ~ NBin(o, p1).

3. [im 1S @ consistent estimator of L,
,&m(Z)Lu form — o0 V9 € O.
4. fim 1s an uniformly minimum-variance unbiased estimator (UMVUE) of
1, 1. e. it is unbiased and for any other unbiased estimator i of u it holds
Vary[fim(Z)] < Vary[i(Z)] VY € ©.
5. [im is an efficient estimator of p, i. e. it is unbiased and it achieves equality

on the information inequality (see Section 4.2.4) in the reduced model where
all parameters are kept constant but the mean .

Proof. 1./2.: For all j € N<,,, the sum Ny = S Zy(5), 1s distributed

according to the total number of events during [; kilometers, N,y ~ N:é{n.
Since the observations of different vehicles are mutually statistically independent,
it follows

m d Bin (Z;nzl Uy /LL) ’ if Nogm ~ Bln(L Au)a
SN Zuan ~ {Poi (#2711 if Noum ~ Poi(11),

=1 k=1 . m m . .

/ NBln(g ijl Liy ijl lj) , if Npum ~ NBin(p, u).
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Hence,
m d m
Ey[iim(2)] Eﬁ[ j=1 2 Zv(j)’“} 12l
9 [Um = ™m = ™ = M,
Zj:l 2 Zj:l L
and
Vare [, Sy Zusn]
Vary[jim(Z)] = - 2] el wo )

(E;n:l lj)2 COXhb

3.: Chebyshev’s inequality [UC11] in combination with the result of the second
statement in this theorem ensures that for all € > 0 it holds

o Varglin(Z)] _ p+wop) mosee,

2 25 m
€ EZj:llJ

4.: With the notation n; = Zizl zji for all j € IN<,, and the statistical
independence of the N,(;y one gets

By (|am(Z) — u| > ¢)

Py (m;r;l {Nogy) = nj}) =TI ® (Neis) = )
j=1

— B(V) eQ(u) T(ny,..snum) h(nl, e i, (Q)),

where T'(n1,...,nm) = >_7" n; and
(1— p)=imls, log(ﬁ) , if Foum ~ Bin(1, ),
B(v) = *E”Zlm QW) = log(u), if Foum ~ Poi(p),
(ﬁ) =t log(ﬁ) , if Foum ~ NBin(o, 1),
I (), if Foum ~ Bin(1, ),
h(n, ... nm, (0)) = { [Ty 2r s if Foym ~ Poi(y),

I, % if Foym ~ NBin(o, p1).
As can be seen in Section 4.2.4, even if Nnum is assumed to be negative binomially
distributed, ;+ and p are orthogonal, and so the parameters can be estimated
separately [CR87|. Therefore, ¢ can be treated as known and constant. Hence,
the underlying family of distributions is a one-dimensional exponential family,
which ensures that T is a complete and sufficient statistic [LC98, pp.39-42].
With the chosen notation, fin,(Z) is a function of T,

R 1
/Lm(Z) = mil T((Zizl Zv(j)k)1<j<m> ’

j=1"%
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and fim(Z) is indeed an UMVUE of p [LC98, p. 88].

5.: Theorem 4.2.2 provides that the Fisher information with regard to the
parameter p is

But the term on the right-hand side is exactly the inverse of the variance of [i,,
as can be seen in the second statement of this theorem. O

In other words, the last theorem teaches that the maximum likelihood esti-
mator [i,, estimates the true mean p correctly on average, that the variance of
[im 18 inversely proportional to the total mileage, that ji., tends to the correct
mean g in probability, and that there is no other unbiased estimator with an
uniformly smaller variance. In this sense [i,, is an optimal estimator.

For quantifying the accuracy of estimate by f[i,,, a confidence interval of u
based on fi,, is needed. An interval is called confidence interval of param-
eter p with level (1 —a) (a € (0,1)) if it contains the real value p with
probability (1 — «) [UC11]. Since the sample size m is rather large, it is suffi-
cient to calculate an approximate confidence interval. As can be seen in the proof
of the next theorem, the central limit theorem [LC98, p. 58] ensures that fi., is
approximately normally distributed. This fact yields an approximate confidence
interval.

4.3.4 Theorem. Let the situation be as in Theorem 4.3.2 with the conventional
notation of the parameters according to Section 4.2.1 (see Equation (4.1) on
page 58) and Z = (Zv(j))l<j<m' For a given a € (0,1), let gi_ay be the
(1 - %) 100 % quantile of the standard normal distribution. Then, for all 9 € ©
and a € (0,1), the mazimum likelihood estimator [im of u satisfies

lim Py (mm(z) — ] < 1o ¢ Enl) O (DinB) ) 1 —q,

m—o0 j=1"%

where
_1> if Nuum ~ Bln(17 /'L)7

’ijm = O, if Nnum ~ POl(M),
1 lf Nnum ~ NBIn(Q? ﬂ)?

om’

and om denotes the mazimum likelihood estimator of o (see Theorem 4.8.7).
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Proof. For the following triangular array construction

Ni1 Nio Nlll
Na1 Nag ... Noy  Noj41 ... Nogiti,
Nm1i Nm2 ... lel N’m,l1+1 Nm,z.;nzl 7

with statistically independent random variables (NNj;);:cn, which are all dis-
tributed according t0 Npum, the Central Limit Theorem holds [Als05, p. 194],

m

Ny oy
Zizjfl " Npi — Eg [Ziz]fl ’ le}
m o
\/Varﬂ [Zi’fl ’ Nmi]

Moreover, Theorem 4.3.2 verifies that

5 N(0,1) for m — oco.

m mol
ity Sy T

m )
j=1 lj j=1 L

and therefore it holds

lim Py( —qyap < LB Blbn@B] < g, ) =1-a.
o 19( qi—a/2 > Varylfim (Z)] = Q2

Theorem 4.3.3 yields

. . 1+
Eolim(Z)] = and  Varg[pn(2)] = L 20)
Zj:l L
Theorem 4.3.3 and the consistency of g, (see Section 4.3.2) ensure that both

fim(Z) and pm(Z) tend in probability to the real parameters p and g respectively,
which causes [Als05, p. 170]

pl +wo ) F or m — 0o
\/ﬂm(m(lmm(zmm(z»—” form = e

With all these facts and Slutsky’s Theorem [Slu25, Cra62, pp. 254-255] one gets

; _ Am (Z)—p pl4wy p) w |l =1-—
Jm By | —g1—az < \/MHW o \/ﬁm<zm+wm<zmm<zn Sq-g | =l-o
ey

This is just a transcription of the proposition. O
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The (approximate) confidence interval of p introduced in Theorem 4.3.4 only
depends on the estimates fi,, and, in case of the negative binomial distribution,
Om, and on the total mileage Z 1 lj. The interval becomes smaller if the mileage
increases. Since the accuracy of estlmate of 1 can be quantified by the length
of its confidence interval, this fact generates the obvious question how long the
experiment must run so the confidence interval becomes sufficient small.

In the preliminary stage of the experiment this question cannot be answered,
because, in the end, the number of observed SOLEs is responsible for the length
of the confidence interval. To realize this define the actual version of the approx-
imate confidence interval from Theorem 4.3.4,

Cula, 2) = |:ﬂm(z) — Qe \//lm(z) (1 —I—gm(z) fim (2)) ’

j=1 ¥

fim (2) + 1oy \/ &) “;if”l” ,;m(;,«))] . (43)

where z = (2j1) 1<j<m is a realization of Z = (Zy(j))1<j<m. Since Cp(a,z) is
1<k<d -

centered around fi,,(z) and the tolerable interval length should depend on the
magnitude of u, it make sense to express the length of C,(«, z) by the relative
deviation from the estimate fi,(2). In other words, find a § € R~ such that

Cul,2) = [(1=6) fum(2), (1+6) fim(2)].
The next proposition shows how to find such a §.

4.3.5 Proposition. Let the situation be as in Theorem 4.3.2 and Theorem 4.3.4,
and let be o, 6 € (0,1). Then the following statements are equivalent:

(i) The radius of Cu(a,z), the actual approzimate confidence interval of u
(see Equation (4.3) on page 77), is at most 1006 % of the estimated value

ﬂm(’z)}
Cue,2) € [(1=8) fim(2), (1+0) fim(2)].

(ii) The bound & is chosen large enough, 1. e.

> o 1 Wi (2) .
0 = Q- /2 \/Z;nzl Z%:l Zjk + ;‘nzl lj

( 5 )2> mz(z)7
q1—a/2 j:llj

(iii) It holds
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and the total number of observed SOLEs is large enough, i. e.

( ) _ ()
q1-oy2 il

(iv) The total number of kilometers satisfies the inequality

m

220 (g +oni0) (%5)

j=1

This proposition still holds if all ‘>’ and ‘C’ are replaced by ‘=

Proof. The following equivalences are a consequence of the definitions of fin,(2)
and Cy(a, z) (see Theorem 4.3.2 and Equation (4.3) on page 77). They still hold
if all ‘<’ and ‘C’ are replaced by ‘="

Cu(a,2) € [(1=8) fom(2), (1+6) fim(2)]

& Gioap \/ﬂm(Z) g +:;U:m(2) fin(2) < 6fim(2)

j=1 ¥

m -1
Q1—a/2)2 1 Wi (%) >
& < l; = — + =m .
( 1 ) 1+ Wm (2) fim( Z ( i1 22:1 Zjk Zj:1 lj

J=1

The first line equates to statement (1), the last line is a simple transformation
of statements (i1), (4i3) and (iv). O

The fourth statement in the last proposition ostensibly answers the question
concerning a sufficient and necessary observation time. However, since fim(2)
equals the quotient of total number of events and total mileage (see Theorem
4.3.2), the inequation in the fourth statement of Proposition 4.3.5 means

= Z;n1l' A q1—a/2\2
Sos (it reee) (45)

The total mileage is found on both sides, and in the Poisson case, where W, (z) =
0, the total mileage can be canceled on both sides. The necessary mileage cannot
be determined in this way.

At least, the necessary number of SOLEs that must be observed is given
in the third statement of Proposition 4.3.5. If Npum is Bernoulli or Poisson
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distributed, it is sufficient to observe (91-a/2/5)> SOLEs, because in this case it
is Wwm(z) € {—1,0}, and so

m d q 1
ZZZ ( 1- a/z) >
(&) - &

If Npum is Poisson distributed, this is even a necessary number of events. The
next step is to collect some data and estimate roughly the mean number of
SOLEs per kilometer. This allows to forecast the sufficient mileage for observing
about (41-a/2/5)% events.

Let us construct a typical example to illustrate the previous procedure.

4.3.6 Example. Let Nnym be Poisson distributed, Npym ~ Poi(u). Choose
a =0.05 and § = 0.1 so that

1117a/2)2 (%.975)2
= ~ 384.1.
( 1) 0.1

The symbol “~” means that the values are rounded. This symbol is used in the
same way throughout this example. Proposition 4.3.5 provides that at least 385
SOLEs must be observed,

so the radius of the actual approximate confidence interval with confidence level
0.95 is less than ten percent of the estimated value fim (2),

C(0.05,2) C [O.Qﬂm(z), 1.1 ﬂm(z)].

In order to assess how long the experiment must run so 385 SOLEs can be
observed, one needs an estimate of the number of SOLEs per kilometer. Suppose,
the experiment runs since a while, and the estimated value for p is

fim (2) = 21077,

Then, again Proposition 4.3.5 indicates that the interval Cy(c, z) is as small as
desired if the observation period is at least 192072.9 kilometers,

ilj 2 (ql’“/?)2 =500 - (M)z ~192072.9.
j=1

1 0.1
If, instead, Npum is negative binomially distributed, Nnym ~ NBin(p, 1), one
additionally needs a rough estimate of the exponent p, because Wm (2) = Y/om (2).
Suppose, this estimate equals the estimate of p,

om(z) =210 = fim(2).
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Then a sufficient mileage is 384 145.9 kilometers

j;lj & (ﬂml(z) + @ml(z)) (%}a/z)Q = 1000 - (%)2 ~ 384145.9.

Because, in the end, the total number of observed SOLEs determines the
dimensions of the confidence interval, the necessary mileage obviously depends
on the number of expectable events per kilometer: the greater pu, the smaller is
the necessary mileage. This can also be seen in Proposition 4.3.5 and Example
4.3.6.

However, the variance of Nyum greatly influences the magnitude of the neces-
sary mileage, too. If, according to Proposition 4.3.5, 1Pel and 138" denote the
necessary mileages in cases of the Poisson and negative binomial distribution,
respectively,

wm o () me = () ()

and if N2% ~ Poi(y) and NNE™ ~ NBin(g, 1), then it holds

NBin ~ V. erl\ll?é]n
ln;c' =1+ lfnz(z) and LP] =14+ ﬁ
lngé Om (Z) Vary [an?rln] 4

This shows that the necessary mileage increases linearly with the (estimated)
variance of Nnpum-

4.3.2. Estimating the Exponent o of the Number of SOLEs per
Kilometer

Let the number of SOLEs per kilometer be negative binomially distributed,
Nuum ~ NBin(p, 1), with exponent ¢ and mean p (g, 4 € Rso). The estimate of
1 is discussed in Section 4.3.1 already. Here, the maximum likelihood estimator
of o shall be found.

Anscombe [Ans50] presumed that for I; = ... = [, = 1 the maximum likeli-
hood estimator of g exists if and only if the (biased) sample variance is larger
than the sample mean,

1 — 1o Vo
mZ(nj—mZm) >EZTLJ‘,
Jj=1 i=1 Jj=1

where n1,...,n,, are statistically independent realizations of Nnym. This con-
dition is in line with the fact that a negative binomially distributed variate is
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always overdispersed, i.e. the variance is larger than the expectation (see Defi-
nition 2.4.2). Aragon et al. [AEE92] tried to proof Anscombe’s conjecture, but
according to Wang [Wan96| their proof is partly wrong. Wang [Wan96] points
to Levin and Reeds [LR77] for an overlooked proof of Anscombe’s conjecture.
The following theorem provides a similar condition when the mileages [; vary.

4.3.7 Theorem. Let z = (zji)
with z Z 0. Apply the shortcuts

mxd ; ; .
aggkggd € INo be a realization of (ZV(J))lgjgm

d

nj ::szk, nzzzm:n]- and l:zzm:lj.
j=1

k=1 j=1

Suppose, Nnum is negative binomially distributed, Npum ~ NBin(o, ). Then, the
mazimum likelithood estimator (om, fim) of (0, 1) based on z exists if and only if

X TR

Moreover, if the mazimum likelihood estimator exists, Om is the unique solution
of both of the following equivalent equations:

(\4‘3

m m Tj—

S b (el +ny)—w(ely)) = log(1+ %) & - llog(l +2),
j=1 j=1 &=0
where v is the digamma function, ¥(z) = <= log(I'(z)), [AS65, p.258]. fim is
given by

. n

fim (2) = T

Proof. The formula for fi,,, is provided by Theorem 4.3.2, and the maximum
likelihood estimator ., based on z is the solution of the equation

(see Proposition 4.2.1). This derivative is given in Lemma 4.3.1,

oL Olnum (

Dﬁs

0, fim (2 i (w(oly +ny) —¢(ely)) — “Og(l + ﬁ)




82 4. Parameter Estimation

With the reparametrization n = % and the shortcuts a; = # (j € N<,y,) the
r <
derivative of £num looks like

m mn;—1
9num 5 n
st o L35 L (i 2,) )

j=1 =0

=:H(n)

It remains to be shown that H as function with respect to 1 has a root if and
only if the term (37 n;°/i; —n°/1) is larger than Y27 | n;/1;, that this root is
unique if it exists, and that H changes its sign from posmve to negative at this
root.

In the standard case where l; = ... = [,, = 1 and, therefore, a1 = ... = am =1
it has already been shown that H(n) has one or no root on Rso [Wan96, LR77].
It can be expected that even for general factors a; € R>o H has at most one
root.

To decide whether H has a root or not, Aragén et al. [AEE92| use the
reparametrization r = % Here, this reparametrization leads to the definition

g 1+x o —log(1+4 27)

- - log(1+ &7
+r <’ITL mo _ g( m )> Vr € R>o,
+xaj -

S\H

S\H

Ty

m ‘s
=1

where mg is the number of observations with n; = 0. Due to this definition it
holds

T

1
h(ry=H(%) = 7 Lg;m (2, im (2); 2) Vr € Rso.

Hence, if ro is a root of h on R0, then om(z) = 7.
On the one hand, h(r) tends to oo if r approaches oo, because

m nj—1 m n;—1
1
1 = —— >0
w3 S
and, according to ’'Hépital’s Rule [For04, p.171],
log(l+ &
lim M — lim L

=00 ' r—o00 M + nr
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On the other hand, due to the structure of the derivatives of h,

SIyy -
J 1 o (1 + za;r) m + nr
2 1 &Y ' 2a;T n?
d2n j
7(7” _ +
a2 (1) m ]z:; ;) (1+ gmjr)3 (m + nr)
it holds
h(0)=0 and  22(0)=0
and

1 — n? l " n " nj n
:m;”f‘("j”“ﬁwzmz(;z ;T z)

Hence, if (Z * i i;—n?/1) is larger (less) than >0ty /iy, then it is dTQ h0)<0
(d2 (0) > 0). In this case, h is strictly concave (convex) near 0 [For04, p.166].

dr2

Moreover, the properties 2(0) = 0, 92(0) = 0 and lim,_, h(r) = oo provide in
this situation that there are ¢, € R~¢ such that

h(r) <0 (h(r) >0) Vre(0,e) and h(r) >0 Vr € (6,00).

As a consequence h as function on R must have an odd (even) number of
roots. But, as found above, h has at most one root. Thus, if (Z;”:l n3®f1; =2 1)
is larger than > 7", 7i/i;, h and therefore H both have a unique root on R0,
and if (Z 5% /1i; — /1) is less than >_7<1 "i/1;, h and H both have no root on
Ro. For contlnulty reasons h and H cannot have a root if (ijl i*fi; = n°))
is equal to D77 | /1.

The necessary and sufficient condition in Theorem 4.3.7 for the existence of
the maximum likelihood estimator of ¢ reminds of Do, the estimator of the index
of dispersion,

Dy = Ds((ny, lj)1<j<m) =

(see Section 3.5.1, Equation (3.6)). Theorem 4.3.7 provides that ¢, exists if and
only if (D2 — 1) is positive. As described in Section 3.5.7, Nyum is only assumed
to be negative binomially distributed if

D2 - 1 \/ (h /2,
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where q;_a/» denotes the (1 - %) 100 % quantile of the standard normal distri-
bution (a € (0,1)). Since q;_a/, is positive for any o € (0,1), (Ds — 1) must
be positive then. Summarized, if Nyum is chosen to be negative binomially dis-
tributed according to the hypothesis test in Section 3.5.3, then the maximum
likelihood estimator (9m, fim) of (o, u) exists.

The maximum likelihood estimator 9,, cannot be unbiased, because Wang
[Wan96] verified that an unbiased estimator of ¢ does not exist (his simple proof
even works for arbitrary mileages). Anscombe [Ans50] even found (in case of
li = ... =l = 1) that 9., does not have a proper distribution, because with
positive probability the sample mean is larger than the sample variance. Also
here, with positive probability the maximum likelihood estimator of ¢ does not
exist. As mentioned above, g, exists if and only if ﬁg exceeds 1. Theorem 3.5.2
provides that f)g is approximately normally distributed with mean D[Npum]| and
variance Tioq>. Hence, the probability that §,, does not exist approximately is

Tlod2

1 —Vmey ~1a? d
~ — [S] x
V2T J o ’

where ¢y = @Nnuml=1)/7 ;. Since the index of dispersion D[Nyum| is larger than
1 in the negative binomial case, the probability that ¢, does not exist tends
to zero for m — oo. If someone is interested in the speed of convergence, he
must calculate the constant cy. According to Anscombe [Ans50] the first four
cumulants of a negative binomially distributed variate are

2
Hl[Nnum} =K, "@2[Nnum} =K (1 * %) ) 53[Nnum] =H (1 + %) (1 + ?lu)

6p | 64°
o [ 4

By(D2 <1) =P (/727 (D2 = D[Noum] ) < —V/imc)

Hence, numerator and denominator of cy are

(D[ Noum] — 1) = %, Tiod = \/]E[;] (3 42y %) +2 (1+ “)2 (4.4)

o o )
due to Theorem 3.5.2.

It is well-known (if I; = ... = [, = 1) that the maximum likelihood es-
timator of (p, ) is asymptotically efficient [Hal41l, Ans50, Law87, SZ06], i.e.
(0m, fim) is asymptotically jointly normally distributed with mean (g, ) and
the inverse of the Fisher information matrix as covariance matrix (see Section
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2.4.3). Generally, this is true for all maximum likelihood estimators if some regu-
larity conditions hold [LC98, pp.449/463]. Even if the random variables are not
identically distributed, in many situations the maximum likelihood estimator is
asymptotically efficient (consider particularly the results of Inagaki [Ina73], also
see Bradley [BG62] and Hoaley [Hoa7l]; examples for inconsistent maximum
likelihood estimators see Crowder [Cro86]). Therefore and with a reference to
the numerical results in section 5.3.2, it can be assumed that even here (om, fim)
is asymptotically efficient. Theorem 4.2.2 provides under the assumption of Re-
mark 4.2.3 that the inverse of the Fisher information matrix concerning ¢ and
is

) 097m2 0
Inum(@a /‘l’)7 = 0 “(1+%) ’
;"=1 lj
where
m m m !
oum® = D017 B [B(aly, Notin) | ~tog (14 2) 02 = A S )
» P ) ~ ole+ 1) =

T +mn

h: Rso” = Rso: (x,y)'—><z - ) = (Y= +y) —v(@)"

n=0

The fact that fi,, is asymptotically normally distributed with mean p and vari-
ance H(H%)/E;ﬂ:l i; is already known from Theorem 4.3.3 and Theorem 4.3.4.
The asymptotic efficiency of 4, yields with Z = (Z,(;))1<j<m

l—a= lim By (*qlfa/z < em(Z)—e < qlfa/z)

m— oo &Q,"L(Z)

= "}iinoopﬂ (@m(z) - (ATg,m(Z) q1—a/2 <o< @m(z) + 5’@,m(Z) Q1—a/2) )

where qi_ay, is the (1 — ) 100 % quantile of the standard normal distribution
and G,,m(Z) equates gp,m = 1/0o,m? with pu and g replaced by the estimators
fim(Z) and 9, (Z) respectively. Eventually, if z is a realization of Z, an approx-
imate actual confidence interval of ¢ with confidence level (1 — a) (a € (0,1))
is

Cole,2) = [0m(2) = G0 (2) @1y 0m(2) + O (2) @1pa) (4.5)

It also should be noted that the entries of the anti-diagonal of the inverse
Fisher information matrix above are all equal to 0. Since this is the asymp-
totic covariance matrix of (om, fim), 0m and [in, are asymptotically independent,
because jointly normally distributed and uncorrelated random variables are sta-
tistically independent [Als05, p. 141].

Section 4.3.1 discusses the question how long the experiment must run so the
confidence interval of y is smaller than a default value (see Proposition 4.3.5 and
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Example 4.3.6). It is argued that rough estimates of fi,, and §,, are needed to
answer this question. Concerning p, it is even more difficult to find an answer.
However, since the (approximate) variance of g, ag,m2, surely increases if the
mileages increase, it must hold

2 l -t
2 9 *lg _ 2 a3 _ M
Opum® < (mlo Ey [h(elo. Nii%) ] — mio®log (1 + %) g(g+u)> ’

where lo := min{l; |1 < j < m}. This results in the following basic transforma-
tions:

91 —a/2\2

(o2
5 2(1 2. 5 <o V| _; 2100 14 Bm \ T loAm
om(2) (’0 Erﬂm[h(gmlo’Nﬂum)} lo log(H @m,) ém(éerﬂm))

Pl (e’

& Colay2) € [(1=8)am(2), (1+0) 0m(2)]

(4.6)

m >

= 1>

Consequently, Equation (4.6) above yields a sufficient sample size of vehicles
each with mileage lp so that the radius of C,(c, z) is at most 1005 % of the
estimated value O, .

4.3.8 Example. Let the situation be as in Example 4.3.6, i.e.
a=0.05  §=0.1, om(2) =2-107% = fin(2).

Based on these values, the evaluation of Equation (4.6) on page 86 yields

lhfa/z 2
4

N 2 ~
om(2)? <102 Es,, [h(@mloaN:lll?n)} - 10210g(1 + Zm> - @M?ﬁ?m))

m

m >

_f996912.5, ifly =1,
T 13782.8,  if lo = 1000.

This means that both a sample size of 996913 vehicles each with mileage 1
and a sample size of 3783 vehicles each with mileage 1000 are sufficient for
Co(0.05,2) C [0.90m(2), 1.1 6m(2)].
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4.4. Estimating the Severity of a SOLE in the Counting
Model

Section 3.6 provides that an arbitrary SOLE Sge, is assumed to have a shifted
generalized Pareto distribution with positive shape,

1—(1+%(t—usev)> %, if € >0,

FseV(t) = FseV(téfvﬁ) = IhR>usev (t) : 1,
1—e By if € =0

for all £ € R. The parameters £ and 3 shall be estimated based on the counts
z = (z]k)1<]<m as described in Section 4.1 and Section 4.2.1. According to

Proposmon 4 2 1, the maximum likelihood estimator of ¢ = (£, 3) is the maxi-
mizer of

m d
sev § Z Zzzjk log PAJk Zzzﬂclog sev tjk) Fsev(tj,kfl)) .
j=1k=1

j=1k=1

Before looking for a maximum likelihood estimator of ¢ in Section 4.4.2, the
following Section 4.4.1 gives some conditions in which such an estimator does
not exist. In doing so, it is not taken into account that Fie, is chosen to be the
cumulative distribution function of a shifted generalized Pareto distribution but
Theorem 4.4.1 holds for arbitrary severity distributions. Finally, Section 4.4.4
covers the case when the class limits are equidistant, i.e. the class lengths are
all equal to each other,

tik —tjk—1 = tje+1 — tik Vj € Ny, Yk € Neg_o.

It is shown that a class length can be found which optimizes the accuracy of
parameter estimate.

4.4.1. When does the Maximum Likelihood Estimator of (¢, 5)
not Exist

Regardless of whether Sgey is shifted generalized Pareto distributed, there are
situations where the maximum likelihood estimator of the parameters of Fiey
does not exist. If, for instance, the observation reveals only events in the lowest
class, one may believe that the severity of any SOLE lies almost sure within the
lowest class. However, an absolutely continuous and strictly increasing cumula-
tive distribution function gives positive probabilities to all classes. Depending
on the structure of Fiey, it may happen that the likelihood function does not
have a maximum. Kulldorff [Kul61] verifies this fact in case of the exponential
distribution and the normal distribution. The following theorem proves this and
some other facts in general.
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4.4.1 Theorem. Let z = (z;1) 1gj<m € INo"™** be a realization of (Z ]))1<J<m

1. Suppose Fseyv has the followmg characteristics:
o Feev(t;s) <1 Vt € R, Vs € Ogey,

e sup Feev(t;6) =1 Vt € Reugey -
SEOgey

If zj, = 0 for all j € N<y, and k € {2,...,d}, then ¢ — £5,(s;2) is
identically zero or does not have a marimum. Thus, in this case, there
does not exist a mazimum likelihood estimator of ¢ based on z.

2. Suppose Fsev has the following characteristics:
L4 Fsev(t; §) >0 Vt € R>useva v§ S GSev,
e inf Fgey(t;6) =0 vt € R.

SEOgev
Ifzjr, = 0 for all j € N<,, and k € W<q_1, then the function ¢ — Lo, (s; 2)
is identically zero or does not have a mazimum. Thus, in this case, there
does not exist a mazimum likelihood estimator of ¢ based on z.
3. Suppose Fsev has the following characteristics:
e Fiev(5;6) < Fyev(t; <) Vs € Osev, Vs,t € R>y,.., with s <,
e for all a € [0,1] there is a sequence (Sn)nen C Osev such that
lim Fiev(t;on) =a Vi € Rsugey -

n—o0
Suppose it is d € IN>3 and the class limits are chosen such that

max tj; < min ¢;q-1.
1<j<m 1<j<m

If zjr = 0 for all j € N<p, and k € {2,...,d — 1}, then the function
S Escev(g; z) is identically zero or does not have a mazimum. Thus, in
this case, there does not exist a maximum likelihood estimator of < based
on z.

Proof. 1.: If 2 =0, then ¢S, (-; z) = 0. Otherwise, it holds

escev §, szl 10g Fsev( j15S )) <0 V¢ € Ogey.

j=1
Define tmin := min{t¢;1|1 < j7 < m}, then it can be shown that the supremum of
€., (- z) vanishes,

0> sup dev(C;Z)Z sup 1Og( sev mnu szl

SCEOsev SEOgev
m
:log( sup Fsev min; ) E =

SEOgev
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Thus, €5, (-;z) does not have a maximum.
2.: If 2 =0, then £S5, (-;2) = 0. Otherwise, it holds

Egev §, szd log - sev(tj d— 17§)) <0 Vs € @sev-

However, the supremum of Zsev( -3 z) is equal to 0, because with the notation
tmax = max{t;q—1]1 < j < m}itis

0> sup Egev(g; z) > log(l — 1nf Fiev(tmax; S ) Zz]d =0.

SEOsev $€Osev

Thus, €5, (-;z) does not have a maximum.

3.: Without loss of generality, let there be j,i € IN<,, such that z;; > 0 and
zia > 0, because otherwise the situation is described by the first or the second
statement of this theorem.

Define ¢t* := max{t;1|1 < j7 < m}, then for all ¢ € O, it holds

m

ln(s32) =Y (Zjl log(Fsev(tj155)) + zjalog(1 — Fsev(tj,dq;c)))
j=1
< log(Fsev(t";5)) Z zj1 +log(1 — Feev(t;5)) Z Zjds

j=1
because the assumptions of this statement include
Fsev(tj1§ §) < Fsev(t*; ‘;) and Fsev(tj,dflg §) > Fsev(t*§ §) V] S IN§m~

The continuous function z — alog(z) + blog(l — z) on (0,1) (a,b € Rso) be-
comes its global maximum at x = _%3, which can be verified by discovering its

(¢ — (a+1b)). This implies

derivative x —

11—z

m

Yty z >
fhanlsiz) < os (s B0 Zzﬂ Hlog( S ) Do s e € Oun
j=1

But the existence of a sequence (¢p)nenw C Ogey With

m
"zl
lim Fsev(t§ gn) = mZ:J L

- % vie R
ns00 i 1(2]1 4 Z]d) >Usev

ensures
. C . _ j=17%j1 j=1%jd
nh_)rr;ofsev(gn, 2) = log(zm (231+Z7d)) Zzal + 10g<zm (zﬂ+z7d)) szd

Thus, the maximum of £5,( -;z) does not exist. O
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In Section 4.4.2, more precisely in Theorem 4.4.4, it is shown that the general-
ized Pareto distribution satisfies all the conditions mentioned in the last theorem.
Moreover, in the situation of the third statement of Theorem 4.4.1 it even holds
‘if and only if” as long as Ssev is (shifted) generalized Pareto distributed.

4.4.2. Maximum Likelihood Estimation of (¢, 3)

The common way to find a maximum likelihood estimator is looking for roots
of the derivative(s) of the log-likelihood function. Since the function ¢S, shall
be maximized, the gradient of £, is needed. It is important to note that the
gradient, which is given in the next lemma, is not directly related to the class
limits ¢;5, but, as it is Escev, it depends on the relative class limits s;i = tjx — Usev
as defined in Section 4.1.

4.4.2 Lemma. Let z = (zj1) 1<i<m € o™ be a realization of (Z(j))1<j<m-
<k<d

Define for allt € R>..., and :): a € Rxg

1
E(p € .
Fiu(t) =1 — Faey(t) = (11+ st “SeV)) , >0,
e*y(tfusev)’ if¢€=0,
(log(l+za) (1+ %) —1), ifza>0,
, if za =0,

wi(z, a) = N2y (4) 4+ Lg1y () - {

N 8=

(i € {1,2}). Then the gradient® of £5.(-;2) is

grad (£, (6, 8:2) ) = (2525 (6 8:2), 2557 (6,8:2)) = (A (€,Bi2), Aa€, Bi2)

with

m d—1 . .
Ai(€, B; = > %( 7’“) Sk Zj,kt1 B Zjk
e (L 32 4 £Bsjp, 1 — Feev(tyn1) Foev(tjn=1) _ 4
J=1k=1 Flov (t5k) Foey (t5k)
d—1 (£ <. Sjk—1 (£ <. Sjk
_ i .. ‘/’1(5"9%’“—1) BTTEBs 1 901(13’5]’“) BT ER
- i | _ oy (i) Fo (s _
J=1k=1 Foev(tj,6—1) Flov (tjk)

m
Sj,d—1
+ Zjd <pi(é,sj,d_1) -,
; s B2 +&Bsja—1

Bat €=0 a% means the right partial derivative
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Proof. The definition of £, in Proposition 4.2.1 implies

a¢C m 4 %pA'k

C J

e (6 B2 =D ek

pa,, denotes the probability that a SOLE falls into the interval A, = (t;,x—1, %],
PAjL = Rty —1.tjn] = Fsev(tjk) - Fsev(tj,k—l) = Fs*ev(tj,k—l) - F:ev(tjk)'

(see Definition 3.1.1). For all j € IN<,,, the coefficient of z;; in the derivative of
S, is

kol

8 8
5 o (4 5 9 Foev (85, —1) 5E Feev (tik)
aigijd ¢ Sev( J,dfl) an c’Tgijk _ oot 1) B Fro(b)
- . - F* (tig) FX (tje—1)
DA, Fs*ev(tj,d—l) PA 1— sevilik sevilj.k -1
’ ’ Fiey (65,6 —1) Foy (tk)

for all k € N<q_1 (for k = d consider that Fy,(t;4) = 0). The (right) derivative
of F,, can be read out in the appendix (see Lemma A.1).

The derivative of ¢S, with respect to 8 can be verified in the exact same
way. O

The partial derivatives of £, with respect to £ and 8 differ only in the terms
1 and @2 defined in the last lemma. While w2 = 1, p1(-,a) is, for any fixed
a € R0, continuous, positive, strictly decreasing and strictly convex, and it
holds

lim ¢1(z,a) = 4 and lim ¢1(z,a) =0
z—0 2 T—00

(see lemma A.2 in the appendix; moreover, it can be conjectured that all the
derivative terms (71)"8(;—";1( -,a) are positive, strictly decreasing, strictly con-
vex, and they tend to 0 if z approaches o).

By means of the gradient of £, a maximum likelihood estimator of (&, 3) can
be found. Every common root of the partial derivatives of £, is a candidate.
But questions raised are: 1. is there a common root, and 2. are there more than
one common root. The next proposition gives answers to these questions under
the condition that not all medium classes are empty (otherwise, the maximum
likelihood estimator does not exist, see Theorem 4.4.1 and Theorem 4.4.4).

4.4.3 Proposition. Let be d € N>3. For any j € N<,,, and k € {2,...,d — 1}
define the function

Bik: R0 = Rxo: &+— ( 2k )§+171
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. . . _ . . mxd
Given a realization z = (z;i) ﬁgjkgs,g € No™*% of (ZV(j))1§jgm such that there

is at least one (jo, ko) € N<y, X {2,...,d — 1} with zjyx, > 0, it holds:
1. For every & € R>q there ezist unique roots 5°(§), 8% (€) € R>o such that

Olis (¢ BOUEY. o) — oy (¢ B*(£): o) —
o€ (57:8 (5),2)—0 and W(gvﬁ (£)7z) _07
and both derivatives as function with respect to B change their sign from
positive to negative at the particular root.

2. If the upper classes are empty, 4. e. there is a b € {2,...,d — 1} such that

zjk = 0 for all j € N<,,, and k € {b+1,...,d}, then the root B*(§) of
oS,

557 (&, 5 2) is bounded from above in the following way:

B(€) < max B(€) < max AR o pax g

T ST log()
If the lower classes are empty, i.e. there is an a € {2,...,d — 1} such
that zj, = 0 for all j € N<,, and k € WN<,_1, then the root 3*(€) of

c
B[SEV

557 (€, -5 2) is bounded from below in the following way:

log< ik )

*E) > ; * > i T \F%ko1/ ; R
A€z min - fi(§) > min - — > min sje
1 a<k<d—1 Sjk—1 Sjk

3. Egev(-;z) has got at most one stationary point, i.e. there is at most one
point (€0, o) € Osev satisfying

grad ((5. (£, fo; =) ) = 0.
If such a stationary point exists, it is the global mazimizer of Escev( 3 2).

Proof. 1.: At first, let us have a look at the partial derivatives of £S5, as given
in Lemma 4.4.2. More precisely, analyze any single addend of this derivatives.
For this purpose, define for i € {1,2}

sev (tik) o Fooo(tje—1) 1 ’
Flev(tjk-1) Foev (k)
where j € N<,, and k € {2,...,d — 1} (see Lemma 4.4.2 for the definitions of
w; and Fg,). A transposition of S; yields

Si(£7/37j7 k)

(£ 5. 149
(€ <. Sik ‘pl(ﬂ’sﬁkfl) Sjk—1 B+Esjk €T .
B @z<ﬁ753k) BP+BEsn %(%’sjk) Sik B+E€s;p1 1, if¢>0,
T FL (k-1 0i(0,85 k1) 851 L(sir—s:r .

Foov (t5k) 1 W % 65(5”c sik=1) _ 1, if £ =0.

£ Sjk—1 £ Sik
901'(3’51«’“—1) B2 BEs; k1 W(E’Sﬂ"“) B2+ BEs;n
Si(&, 8,7, k) = fo = J
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Because of sj; > s;x—1 and @2 = 1 it is equivalent

1
_ _Brespe e
52(5767j7k):0 = Sik = (ﬁ+€sjyk—1) ’ lf€>0’
Sjk—1 e (n—sin-1) e —o

where 37 is the function defined in the proposition. This means that S2(¢, -, j, k)
has a unique root for any fixed £ € R>o, j € N<,, and k € {2,...,d — 1}.

The same applies to S1(§, -, j, k). Due to ¢1(0,a) = § for any a € Ry, it is
equivalent

2
S$1(0,8,5,k) =0 < (337’6) =ep (ko) o 6:%%(0)-

Sjk—1

Furthermore, in case of £ > 0 the functions
1+xs
IOg(H“j,;—l)
ot (z S5 )
log | 2:k=1 ) 4 Jog( ZRT50k)
g( S]%k‘*'l ) & e1(zssjk—1)
are needed, because now it is equivalent

149
@1(%,@%) 85k _( 1+ S5 )5

Njk: R>0—)R>0: T —

Sl(gvﬁ7j7k):0 e

P1 (%a sj,kfl) Skt e
PN ) (é) =¢
Nik\ 3
€
& B=— .
njkl(g)

The inverse function n;kl of ;. exists, because n;k(z) 20 0, njk(z) 2= oo,
and the numerator of 7, is positive and strictly increasing while both addends
in the denominator are positive and strictly decreasing.

All this implies that S1(,-, 7, k) and S2(&, -, 7, k) each have got a unique root
for any fixed £ € R>o, j € N<,, and k € {2,...,d — 1}. Furthermore, due to

lim

(£ . 149 1
%(6753”“‘1) Sj,lf—l ( B+ &sjik >5 T <3J7k) C s 0,
B—0 LPi(%,Sjk) Sjk

B+ Esjk—1 8j,k—1

the sign of S;(&, -, 7, k) must change from positive to negative at the unique root.
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In addition to this, with sp := max{s;j4—1|1 < j < m} the term
BSi(&, B, J, k)
(5]
is strictly decreasing as function with respect to 8. Hence, also the sums

m d—
mie i =5 o RIS

as functions with respect to 8 each have a unique root and are strictly decreasing
(¢ € {1,2}). Together with the terms

- if € >0
(5’811) Sj1 (1+5s; )%—17 ' '

Qi€ B 2) = Zzﬂ L e ,
Sp( )ﬁ+£sJ1 T if € =0,

( s Sj,d— 1) .
Pi¢, 57 szd B Sj,d—1

Pi (g 80) B+&sja’

the partial derivatives of £, are

1 é,So
)= W(Tl(&ﬁ;@ +Qu(€, B 2) + i€, Bi2),

~(T2(6,8:2) + @a(€,8:2) + Pa(€,5:2))

aeC
e (6,82

“V(ﬁ Biz) =3

(see Lemma 4.4.2). Since the terms @Q; as functions with respect to 8 are strictly
decreasing and tend to 0 for 8 — 0 (or they are identically zero), while the terms
P; are strictly decreasing and tend to 0 for 8 — oo (or they are identically zero),

C
the derivatives 2%: as (€5 2) and 2 “" (&, 2) each have got a unique root, and
their signs change from positive to negamve at these roots.

2.: Again, have a look at the addends S;(, 3,7, k) of the partial derivatives
of ¢S, as defined in the proof of the first statement of this proposition. If there
isabe{2...,d—1} such that 377", ZZ:bH zjr = 0, the partial derivative of
5., with respect to 3 is (see Lemma, 4.4.2)

m Sjl
Sev f ﬂ7 Z <ZZ]7€ SZ f ﬂm]a )_Zjl W)

j=1 \k=2 F (tj1)
b

ZZ JkSQ 5 57]7 )

j=1k=2

3
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In the proof of the first statement above the term (7 (§) is identified to be the
unique root of S2(&, -, j, k). Consequently, it must be

6 (5) S max /Bjk(g)

1<j<m
2<k<b

because if 3 is larger than the greatest single root 57 (£), all terms S2(¢, 8, 7, k)
are negative already. The (7, (&) can be rewritten as

1—exp('$+1 log(5 . 1))
exp(éJrl log(ssi’“l)) -1

and results from the appendix (see Lemma A.3) ensure that

Bik(§) = Esjk

log(s ) Sik — Sj
B;k(é-) € 1 e 11 ) EL aik )1 c [Sj,k—l,sjk]-

Sjk—1  Sjk lOg(

Sjkl

If there is an a € {2,...,d — 1} such that 27", ¢”1 2k = 0, the argumen-
tation is the same, because here the partial derivative of £5, with respect to 8
is (see Lemma 4.4.2)

(6,82 = (Zz]ksz (€. 8,3, )+zjd52fg;3;d_1>

Jj=1

IS

—1

Z ZJkS2 § B:J? )

j=1

e
Il

a

3.: The proof of this part is in line with Orme and Ruud [OR02] adapted to
the special situation here. First of all, define for each £ € R>( the function

f§ Rso — R: ﬂ'_>€sev(€75§z)'

The first statement of this proposition indicates that for each £ € R>¢ there is
a unique point 8*(£) € R satisfying

e (87 (€)) = 2oz (¢, 87(€);2) = 0.

The first statement also yields that the sign of fe¢ changes from positive to neg-
ative at 8% (£). Hence, 5*(§) is not only the unique stationary point of fe, but
it also is a maximizer of f; and therefore a global maximizer.

Now, have a look at

g:Rxo = R: &— fe(B7(8)) = Jnax fe(B).
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The Implicit Function Theorem [For99, pp.68-71] ensures that & — [7(&) is
continuously differentiable. Thus, the first derivative? of g is

49 (¢) = Lezs (¢, 87 (€): 2) + L (6) UE(87(€)) = 222 (€, 87 (€); 2)-

Hence, £ is a root of the derivative of ¢ if and only if (¢, 5" (§)) is a stationary
point of £5,(-;z). Consequently, it holds

{(6.8) € Oueuerad (¢, 8:2)) =0} = {(6,8) € Oun|8=5"(8). () =0} .
The only thing remaining to be done is to show that has got at most one
root.
For this goal, keep in mind that
a %log(l—i—éa)—ﬁ% if€>0
@1(%,a> . _Jz 8 € prrepa '
B* +¢£Ba % i if £€=0.
Hence, with the definition
m d—1 log(1+ 585 k— 1) log(1+ s]k)
5 67 ZZZ 1— sev(tjk') N sev(tj,k-—l) _
J=tk=1 Fiew(tj6-1) P (1)
m
+ Z Zjd log(l + %Sj,d71)

j=1

the partial derivative of Zscev with respect to & is

B Bis) — 26, 8,2) Ve B € Ro,

“” (& B;2) = ¢

52
and therefore

=)= L (e, 8°(6);2) V&, B € Roo

e
Let & be a root of g—g. If &0 € R0, the definitions of 5*(£o) and h ensure

s“ (§O7ﬁ (&0);2) = 0 = h(&, B (&0); 2).

C C
The terms 812;;“ (or rather (2 agsg") and h are very similar to each other. They
only differ in the terms

Sjk

—_— and log(1+ sk)
1+ S]k J

*at &€ = 0 this means the right derivative
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. Sjk
While 22—

functions with respect to z). And

is strictly decreasing, log(1 + xs;) is strictly increasing (both as

1:-”“_ decreases even faster than —"LE=1_,
TS5k +rs; k-1
while log(1 4 xs;x) increases faster than log(l + xsjk—1). A variation of &o,
o — &o + dE, increases ﬁf(%o),
So_ _So+d§
B*(&) ~ B*(€o +dg)’

because 87(£) is decreasing as function with respect to & (all the 87 (£) are
decreasing, see Lemma A.3 in the appendix). But it still keeps by definition

Olees (0 + d&, 57 (60 + d€); 2) =0

At the same time, the different behavior of ?7’“ and log(l + %sjk)
+ 57 (kg7 Sk f0)
must lead to

h(& +d&, B (o + d€); 2) < 0.

The fact k(& — d€, B*(§o — d€); z) > 0 can be verified in the same way.

All this means that the sign of j—g changes from positive to negative at all its
positive roots. For continuity reasons this is even true if £, = 0. In other words,
it holds ,

Pae) <0 vee {xeRzolj—Z(x) :o}.5

Hence, every stationary point of g automatically is a maximizer of g and the
maximum is an isolated one. Assume that g has more than one stationary point
and & and &2 are two of them. Then, due to the Theorem of Maximum and
Minimum for Continuous Functions (sometimes Weierstrass’ Theorem) [For04,
p. 106] there is a &3 € (&1,&2) such that g(&3) < g(&) for all £ € [€1,&2]. This &3
must satisfy

() =0 and  LE(&) >0,

But it has been shown, that such a &3 does not exist.
All in all, g have at most one stationary point, and therefore £, only have at
most one stationary point. This point (£o, 8% (€o)) satisfies (if it exists)

e (80,87 (€0); 2) = g(€0) > g(€) = loon (€, B7(€);2) > eu (€, B; 2)

for all £ € R>0 \ {&} and 8 € Ro. Consequently, (£o,8"(£0)) is the unique
stationary point and the maximizer of €5, (-;2). O

The results of the last proposition are just a small step away from the state-
ment that the maximum likelihood estimator of (¢,3) exists (i.e. there is a

Sat €=0 d% means the right derivative
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unique global maximizer of £5,) if there is at least one nonempty medium class.
If someone has found a stationary point of ¢S, Proposition 4.4.3 ensures that
this is the maximum likelihood estimator. On the other hand, if there is no
stationary point, £5, still has a unique maximizer. This is the statement of the
following theorem.

4.4.4 Theorem. Let z = (z;i)1
1
where d € IN>3.

j<m € INg™*? be a realization of (ZV(i))1<j<m

1. If there is a (jo, ko) € N<m x {2,...,d — 1} such that zjor, > 0, then the
mazimum likelihood estimator of (€, 8) based on z exists.

2. If either 37, Sz =0 or > 471 2k = 0, then the mazimum
likelthood estlmator of (&, 8) based on z does not exist, since the likelihood
function as function with respect to (§,8) does not have a mazimum.

3. Suppose, the class limits are chosen such that

max tj1 < min tj4-1.
1<j<m 1<j<m

If 370 yzjk = 0, then the mazimum likelihood estimator of (€, )
based on z does not exist, since the likelihood function as function with
respect to (&, 8) does not have a mazimum.

Proof. 1.: Suppose (€0, Bo) is a stationary point of 5, (-;2) with & € Rso,
i.e. it holds grad( S (&0, Bo; )) = 0. The third statement in Proposition 4.4.3
provides that this stationary point is unique and that it must be the maximum
likelihood estimator of (&, 3).

Suppose, éscev(-;z) does not have any stationary point in Rso?. For all
(€0, B0) € (Rx0 x {0,00}) U ({00} x Rx0) U ({oo} x {oo}) it holds according to
Lemma A.1l in the appendix

. C
lim fg.,(¢,8;2) = lim E E zjklog pA]k = —00.
£€—¢&o £—&o

B—Bo ﬁ"BOJ 1 k=1

This means that £5, (- ; z) approaches —co on the boundary of its domain. Hence,
So(-; 2) must have a maximum. A maximizer cannot be an element of R0, be-
cause there are no stationary points. Instead, it must be an element of {0} X Rso.
The function £5,(0,-;2) has a unique maximizer 5*(0) (see first statement of
Proposition 4.4.3). It follows that (0, 3%(0)) is the maximum likelihood estima-
tor based on z.

2./8.: The proof is established if it can be shown that the shifted generalized
Pareto distribution satisfies all the conditions in Theorem 4.4.1.
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A glance at the shifted generalized Pareto distribution at the beginning of this
Section 4.4 reveals that Fgey is strictly increasing and

Foeu(t;€,8) <1 VteR and Foev(t;€,8) >0 Vi € Ry, -

Moreover, Lemma A.1 in the appendix helps to verify that for any a € (0,1) it
holds

lim Fieo(t;€,a°) =1—a  Vt € Rou,,
£— o0
and

lim Fiey(t;€,8) =1 Vi€ Rsy,.,  and lim Fiey(t:€,8) =0 VteR.
B—0 B—ro0

O

Proposition 4.4.3 provides not only the existence of a maximum likelihood
estimator (see Theorem 4.4.4), but it also supplies a way to localize it. Partic-
ularly, it gives a criterion when to choose the exponential model (§ = 0) or the
Pareto model (£ € Rxo). The next corollary states this criterion.

4.4.5 Corollary. Let the situation be as in Proposition 4.4.3 with the roots B°(&)
and B*(€) from there. Suppose, (Em, Bm) is the mazimum likelihood estimator of
(&, B) based on z. If Em(z) > 0, then, for all § € R>o, it is equivalent

ESén(z) & BOZAO.
Moreover, it is fm(z) =0 if and only if 5°(0) < 8%(0).

Proof. If £, (z) > 0, the maximum likelihood estimator (£ (2), fm (2)) is a root
of the gradient of £5,(-;z) and therefore

B°(€m(2)) = Bm(2) = B (€m(2))-

The rest of the proof needs the function g which is defined in the proof of the
third statement of Proposition 4.4.3,

g: IR'>0 — R: 5’_>£sev(£ B (5) )_ IélaX Zsev(g 57 )
The chain rule from differential calculus [For99, p. 48] yields the derivatives of g,

U (g) = Vees (¢, 57(6);.2) + U (6) Loz (€,57(6); 2) = 2= (€, 57(6)s 2),
Pa6) = Dl (6,679 2) + 95(6) Dl (6,57(6); 2).
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In the proof of the third statement of Proposition 4.4.3 it is argued that

Furthermore, from the first statement of Proposition 4.4.3 it follows

aZEC ~ ~

55 (Em(2), B°(€m(2)); 2) < 0.

All together it is
6220 ~ ~
o~ S (gm(z)vﬁo(gm(z))§z) o
B (Em(2)) > — oo - = 982 (£ (2)).
o Ol (bm(2), o (Em(2));2)

The last equality comes from the Implicit Function Theorem [For99, pp. 68-71].
Summarized, it holds

* 0 L o/l d * 0 L osf
B () = B Em(z) =0 and g (8" (En(z) = B°(m(2))) > 0.

Hence, there is an ¢ such that for all € € [€,,(2) — €, &m(2) + €] it is equivalent
ESén() & PO

Since €5, has no other stationary points (see Proposition 4.4.3), £ = ém(z) is the
only value which satisfies 8°(¢) = 8*(£). Furthermore, the functions 8° and 3*
are continuous due to the Implicit Function Theorem [For99, pp.68-71]. Hence,
the equivalence must hold for all £ € Rxo.

It has been proven that 8°(0) > 8*(0) if &.(2) > 0. Conversely, if 3°(0)
is greater than (*(0), the first statement in Proposition 4.4.3 provides that

C
Bg%(o, 8%(0); 2) is positive. This implies the existence of an ¢ € R with

the property
gscev(a7 ﬁ*(0)7 Z) > escev(oﬂ /8*(0)7 Z) -

Hence, it cannot be &, (z) = 0 if £°(0) > 3*(0). O

This corollary supplies a concrete algorithm for the calculation of the max-
imum likelihood estimator of (¢, 3): first, compute the roots 3°(0), 3*(0) and
compare them with each other. If 5°(0) < 8*(0), the maximum likelihood esti-
mator is found, (£, Bm) = (0, 8*(0)). Otherwise, take a £ € Rxo large enough

c
aésev

such that 8°(§) < B87(£) or, equivalently, === (¢, 8%(£); 2) < 0. Then, it must be

ém € (0,¢). Now, a simple bisection method can approx the actual maximum
likelihood estimator &,, up to the desired precision. Section 5.5 works out this
procedure in detail.
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4.4.3. Confidence Intervals

When observing uncensored, statistically independent and generalized Pareto
distributed variates, the maximum likelihood estimators of £ and (8 are consis-
tent and asymptotically efficient as long as £ € ]R>7% [Smi84, HWS87]. Also
here, where only the counts per class can be observed, the numerical results in
Section 5.5.2 suggest for £ € R~ that (ém,Bm) is asymptotically efficient, i.e.
the maximum likelihood estimator (ém,Bm) is asymptotically jointly normally
distributed with mean (¢, 8) and the inverse of the Fisher information matrix as
covariance matrix (see Section 2.4.3). Due to Theorem 4.2.2; the inverse of the
Fisher information matrix concerning £ and S is

IseV(lh&ﬁ)_l
id 1 az;jk (€, B)? —a1k(&, B) az;k (&, B)
3:1 k=1 bjk ’B) —a1jk(&, B) a2k (€, B) a1k (€, 8)2

with a;jr, bjx as defined there and

- Qijk f ﬁ = al]k B)a‘2jk(€76) ’
H(ZNZ:M§5> <2M§: (€ B) >

i=1 \j=1 k=1 k=1

Thus, asymptotic efficiency means that §m is asymptotically N({,ngmQ) dis-
tributed and f3,, is asymptotically N(3, oz, m2) distributed, where

_ S 26 8)°
P = Eﬁ ?;lkl bin(€.B)
. s — aljk €7ﬁ)2
%oim” 1= mﬁﬂ ;l]k < bik(&,8)

With Z = (Zv(j))lgjgm this leads to

: 5m(Z) 13 —

i B (—a1eps < 20055 S as) =1,
: Bm (2)-8 —

n}% ]P)ﬂ (_ql—a/2 S 55, mzz) < ql—a/Z) =1~ «,

where q;_./, is the (1 - %) 100 % quantile of the standard normal distribution,

and 6z . (Z) equates oz, = \/0¢,m? while ffgm(Z) equates op,m = \/0p,m 2 with
p, € and B replaced by the estimators i, (Z), &m(Z) and B, (Z) respectively.
Eventually, if z is a realization of Z, the intervals

Ce(a,z) = [5m(2) — Gt (2) Q1—ayas Em(2) + Gem(2) Q1fa/2}7

A . (4.7)
Cpla,z) = [Bm(Z) = 68,m(2) qi—as2, Bm(2) + G8,m(2) ql—a/‘Z]
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are approximate actual confidence intervals of & and S with confidence level
(1-a) (ae(0,1)).

If it is € = 0, the term Em(2)=8)/5, . = ém(Z)/s. . cannot be asymptotically
standard normally distributed, because ém is bounded below by 0. Since the
anti-diagonal of the Fisher information matrix is nonzero, the boundedness of
fm also affects the distribution of Bm(Z). The following heuristic approach shall
yield approximate confidence intervals of £ and f in case of £ = 0.

For this purpose, assume for a while that also negative shape parameters are
allowed. Due to the asymptotic efficiency, the maximum likelihood estimator of
¢ is asymptotically normally distributed with mean £ = 0. Consequently, the
true parameter £ = 0 is underestimated and overestimated each with probability
1/2 if the sample size m is large. Every realization z of (Z,(;))i1<j<m which
causes an underestimation of £ = 0 in the entire generalized Pareto model yields
ém(z) = 0 in the counting model £¢. Hence, for those realizations the cumulative
distribution function of ém is

@gf(t) = IL]RZO(t) Vvt € R.

Basically, ¢ is simply known and f3 is the only unknown parameter. Thus, for
those realizations [,, is asymptotically normally distributed with mean 8 and
variance 7g .2, where 73,,,% equates the inverse of the Fisher information con-
cerning [,

) 1 1

- TS d—1 az;,(€.5)°
Lrev (.6, B)0s - o 1, ST 2l

8,m

(see Theorem 4.2.2). Hence, the cumulative distribution function of Bon is

t 1 _%( z—B8 )2

Ds_(t ::/ —e Bm /) dx vt € R.
s-(t) I -

On the other hand, a realization z of (Z,(;))1<;j<m which causes an overesti-

mation of £ = 0 in the entire generalized Pareto model yields &,,(z) > 0 in the

counting model Ec. For all these realizations, &, is asymptotically truncated
normally distributed with lower bound 0,

( ) max{t,0} 1 7%( = )2
Doy (t) = 2/ ——— e %m /) dx vt € R.
0 Oe,mV2m

Since the anti-diagonal of the inverse Fisher information matrix ey (1, €, 8) "

has negative entries, &m and f,, are negative correlated for large sample sizes.
As a consequence, (B, (z) tends to underestimate the true scale parameter 3,
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because &, (z) overestimates the true shape &€ = 0. Therefore, it is worse trying
to assume that f,, is truncated normally distributed with upper bound 3. So,
it has the cumulative distribution function

min{t,3} 1 71( x— )2
¢5+(t) = 2/ m (S 2\ 8,m dz vVt € R.

Near the true scale 5 the approximation of the distribution of Bm through ®54
is expected to be bad, because Bm is not really bounded from above. However,
the results presented in Section 5.5.3 offer that this approach yields an adequate
approximation of the extreme quantiles.

Eventually, the approximate cumulative distribution functions ®¢ of ém and
P of Bm are

1 t t 1 _= 2
(I)g(t) — q)ff(t) + (I)§+(t) _ ]RZO( ) e 2 (ag),,n) dz,

2 Oe,m V2T J _ o
2 2
-/ Iy @ ~3(52) 05 2(52) g
—oo \ OB,m V2T T8,mV 2T ’

If @gl denotes the inverse of ®¢: R>0 — R>1/2, and @El denotes the inverse of
®g3, then it holds

P '(1—a)=0emqi-a and @5' (1-%)=B+Tsmq-a VYae (0,0.5],

where q1_q is the (1—a) 100 % quantile of the standard normal distribution. All
in all, the intervals

CB(e0.2) = [0, dem(z) 1o,
CB(e,2) = [3(3) bn(2) + Fpum(z) 1]

can be taken as approximate actual confidence intervals of § and 8 with confi-
dence level (1 — a) if &, is estimated to be &, = 0 (a € (0,0.5]), where @gl,
6¢,m (2), 68,m(2) and 75 m(2) equate @5, 0¢,m(2), 08,m(2) and 75,m(2), respec-

(4.9)

tively, with p, & and f replaced by the estimators fim(z), &m(z) and Bm(2),
respectively.

4.4.4. Equidistant Class Limits and Optimal Class Length

The BMW Group’s study which provides the data for distribution fitting (see
Section 2.1) is based on an experimental design with classes of equal length.
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Accordingly, there is a A € R such that
A=t —tjr-—1 Vj € Ny, VK € N<g_1.

A is simply called class length. In this situation the class limits can be expressed
as

tik = Usev + kA Vj e IN§m7 Vk € ]Ngdfl-
This choice of class limits reveals an advantage when deciding whether the expo-
nential model (¢ = 0) or the Pareto model (£ € Rxo) should be used. Corollary
4.4.5 provides that the maximum likelihood estimator &, is equal to 0 if and

C
only if the root of Z ng (0,-;2) does not exceed the root of S;" (0,-52). In
the counting model with equldlstant class limits these roots can be calculated

analytically. The root of 2 se" (0, -; z) was also found by Kulldorff [Kul61, p. 28].

4.4.6 Lemma. Let z = (ij)1<j<7n € No™*? be a realization of (Z(;))1<j<m
<k<d

such that 377" 412k > 0 and it S, zjx > 0. If the class lengths are
all equal to A (A € R>o), the points

A _ A

1 1+ POy 1ZZ_}(2’€—1)21‘1¢ ’ fo= 1 14+ M
og ™ s (- 1)z, og 2 L d L (k—1)zj

Bo =

C C
are the unique Toots of Se" (0,-52) and 2 SE" (0,-; 2) respectively, i. e.

“”( ,B052) =0 and "V( ,Bo;2) =0,

and both derivatives as function with respect to B change their sign from positive
to negative at the particular root.

Proof. 1f it is chosen £ = 0 and ¢ = usev +kA for all j € IN<,, and k € N<4_1,
then

1- Fsev(tjk) 1-— Fsev(usev + kA) —1A .
— =e B N<,,,Vk € N<g_;.
1-— Fsev(tj,kfl) 1-— Fsev(usev + (k - 1)A) ¢ VJ € = < sd-t

Hence, the partial derivatives of €5, given in Lemma 4.4.2 can be rewritten as

sev( 2B )_2522<Zzﬂ“< kel)A,e f >+z]-d(d1)2)

j=1

A (S (),
2/32(63[‘*1) j=1 k=2
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and

< A m d—1 E_ k
Bgsgv (0757 Z) = ﬁz <Z Zik < e—llA — A B 1) +Z]d(d* 1))
m d 1
€ - j=1k=2

Thus, the derivatives both have each a unique root and they chance their sign

from positiv to negative at the particular root.
O

It is not difficult to compare the roots 33 and 35 from Lemma 4.4.6 with
each other and to apply Corollary 4.4.5 thereafter. The result of this forms the
following corollary.

4.4.7 Corollary. Suppose it is d € IN>3. Let the situation be as in Lemma 4.4.6
with the roots By and By from there, then the following statements are equivalent:

C (¢}
(i) The root of af;sg" (0,-;2) is not greater than the root of 32%(0, 5 2),
Bo < Bo-
(i) It holds
C11 A Cl,d—1 Y2
(i oo ma) |0 ] =0
Cd—1,1 ... Cd—1,d—1 Yd

where

vk =z and cp o= (1-2k+K)k  VEkk € Neg 1.
j=1

(iii) The mazimum likelihood estimator (Em, Bm) of (€, 3) based on z is given by
(m(2), Bm(2)) = (0,55).
Proof. (i) < (ii): From the definitions of 5 and 83 in Lemma 4.4.6 it follows

that the condition 37 < B3 is equivalent to the two equivalent relations

d—1 d—1

Z;%(?k - 1)yk > Z;} Yk N Bk — 2k 41
A1 12 = N1 g < 0= Z Z (k" =2k + 1) Yk Ypr 1.
k=1 Yk'+1 k=1 Yk +1 b1k —1

=
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The right-hand side of the last inequality is nothing else than the result of the
matrix product in the second statement.

(iii) & (i): I 327, S71 25k = 0, it is always
A A
>
tog (1 4+ =) los(1+ )

On the other hand, due to Theorem 4.4.4, the maximum likelihood estimator
does not exist.

Otherwise, the maximum likelihood estimator exists (see Theorem 4.4.4). Ev-
erything else follows from Corollary 4.4.5. O

Bo = = fo-

This corollary yields some interesting conclusions. Suppose, for instance, that
only the two lowest classes are filled, i.e. 377", S, 2k = 0, then the matrix
product in the second statement of corollary 4.4.7 is

Consequently, in this situation the maximum likelihood method always prefers
the exponential model, (ém(z), Bm(z)) = (0,85). If only one single class is filled,
Led L, Sz = >_io1 Zjko foran ko € {2,...,d—1}, the exponential model
is preferred, too, because then the matrix product in the second statement of
corollary 4.4.7 is

m 2
(Z ij0> Choko—1 = —ko(ko — 1) <Z ng0>
j=1

In both situations there is not enough information about the shape of Fgey, and
so the shape parameter £ is estimated to be 0.

2

Besides the possibility of calculating the roots of the partial derivatives of
¢S, analytically, a second advantage with regard to equidistant class limits is
the existence of some kind of optimal class length. In this context, optimality
means that the accuracy of estimate can be optimized by choosing a certain
class length. Suppose, the chosen class length is extremely high, A — oo, then,
with probability tending to one, any SOLE will be observed in the lowest class,
(tusev, Usev + A]. On the other hand, in case of A — 0, only the highest class,
(usev + (d — 1)A, 00), has the chance to get filled. In both cases there is not
enough information to estimate (£,3) (see Theorem 4.4.4). This fact is also
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reflected by the Fisher information matrix concerning & and 3, Isev (1, &, 3) (see
Theorem 4.2.2), because with equidistant class limits it holds

hrn Leev(11,€, B) MZI( >:0.

Indeed, each entry of the 2 x 2 matrix Ilsev(p,&,8) as function with respect to
A grows up until a unique maximum is achieved and decreases to 0 again as A
approaches co. As long as d € IN>3, the determinant of Lev(p, &, 8) as function
with respect to A,

det( Lsev (1, €, 5))

. il' ’ ﬁd71a¢1k , ‘Eallk B) a21x(§, B) ’
“\rEY ) b «(€,5)

=1

(aijk,bjr as defined in Theorem 4.2.2), behaves the same way.

This behavior together with the asymptotic efficiency of the maximum likeli-
hood estimator of (£, 8) brings about a plausible definition of an optimal class
length. Based on the principle of D-optimality from theory of experimental
design [AD92, Puk06], the optimal class length shall be the maximizer of the
determinant of the concerning Fisher information matrix. Since the confidence
intervals of £ and /3 are derived from the inverse of the Fisher information matrix,
maximizing the determinant means minimizing the volume of the (asymptotic)
confidence region.

4.4.8 Definition. In the counting model with equidistant class limits the op-
timal class length Agp¢ is the class length which maximizes the determinant
of Isev(, &, B) from Theorem 4.2.2.

As an example, let us calculate the optimal class length in the particular
case that £ = 0. For this purpose, the following corollary brings the matrix
Isev (11, &, B) into an easily viewable structure.

4.4.9 Corollary. Define for n € {1,2,3} the polynomials R, and the terms Qn
by

Ri(z):=1—2%",

Ro(w) =3+ 52— (d—3) "+ (d—3) 2",
Rg(a:)’:i%—%x—i-ixz—(d— )Qazd 'y (d —4d+1)x —(d— )2 AR
Qn(x) =z (= log(x)) ™" (1 — 2) """ Ry (x),
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108
If the class lengths are all equal to A, the matric Isev(i, &, B)

for all z € (0,1).
from Theorem 4.2.2 reads for £ =0 as follows

3oy [ 7
sev(p, 0,8) = 7
(1,0,8) = %Qz(e*%A) E%Ql(e’%A)

j=1

Thus, the determinant of Lsev(p, 0, B)
12 _1
det(Isev(N‘7oaﬂ)) = ( Ejﬂ - ]> QO(e éA) s

where, for all x € (0,1),

Qo(x) = z° log(z)
2d—2

(1 2)"° Ro(x),
12297 4 2d* —4d)z® ' — (d— 1)’z + =

Ro(l‘) =1- (d—
Proof. If sji, = tjr —usev = kA for all j € N<,,, and k € N<4_1, the terms a;;,
b;r in Theorem 4.2.2 satisty
1 4 —1A\ LA
al]k(ovﬂ):(k7§)A ) ank(Oaﬁ):A7 bjk((]?B):B (lie B )eﬁ )
and therefore
— aij (0 ahgk(() B _ N8R < 1 4 i—h (ef%A)k
B) ﬂ‘l (1 — eiiA) k:l

k=1
for all 4, h € {1,2}. For all a € {1, 2,3}, the relation

d—1

a— R (.’K)

o Lyetpe  TheaT) o R

( 2) (I—a)® z € R>o

can easily be verified via mathematical induction on d (d € IN>»)

The determinant of Ise,(p, 0, B) is
™ 5\ .
det (Lev (1,0, 8) ) = (LLX:JB_IJ> (Q1Q3 — Q2%) (e_EA).

R>(x)? for all z € R finishes the proof.

The fact that z Ro(z) = R1(z)Rs(z)—
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All the R, from Corollary 4.4.9 satisfy R,(1) =0 (n € {0,...,3}). Moreover,
I’Hoépital’s Rule [For04, p. 171] helps to verify

na
1 ny\ "2
lim ™ (—log(z))"* = <lim Og(:ﬁ)l ) = (lim 2 x";> =0 Vni,n2 €N,
N0 . N0 N1

Therefore, the @, from Corollary 4.4.9 (n € {0, ..., 3}) have the characteristics

ll{%Qn(x) =0, l11/1111 Qn(z)=0 and Qn(z) >0 Vze(0,1),

and so they each must have a maximizer. In fact, each Q, has got a unique
maximizer which shall be denoted by Ag,n (the polynomials R, depend on the
number of classes d). The Ag, can be found by calculating the derivatives of

the Qny
% B 3 6 6 %(fﬂ)
& (2) = Qo(x) (m + 2 log(2) it Eo(x) ’

1 1+n 1+4n g
Qn — - da
ac(#) = Qn(@) <x + x log(z) + 1—=x + R, (

X

(<}

)> vn € {1,2,3},

)

because the maximizers ]\d,n are the unique roots of these derivatives. The @,
are positive on (0,1), and so the maximizers satisfy the equation(s)

1+1+n+1[{0}(n)+1+n+1{0}(n) z Bn ()
log(x) 1.1 (1+2-103(n)) Rn(z)

z=Ag,n

Since ]\d,o is the maximizer of Qo, the optimal class length in the sense of

1 ~
Definition 4.4.8 must satisfy e~ #°** = A, o (see Corollary 4.4.9) or, equivalently,

Aopt = —log (/N\d,o) s.

Particularly, Aopt is a linear function with respect to the parameter 5. Inciden-
tally, this is true even if £ > 0. This follows from the fact that det(lsev(u, &, B8)),
or rather 5% det(Isey (i, &, ), does not really depend on S and A but on the
quotient A/g. Section 5.5.4 expounds this in detail. In addition, it presents some
numerical results for the optimal class length. The results endorse some partic-
ular results of Kulldorff [Kul61, pp. 34-36] with regard to optimal grouping.

It is not surprising that the optimal class length depends on the values of
the parameters £ and 5. The parameters determine the range where most of the
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SOLEs will lie, and the class length is optimal if the classes are just large enough
to cover this range evenly. Consequently, the design of the experiment can be
optimized only if a rough estimate of £ and S is available in preparation of the
data collection. In addition, it is conceivable that the class length is optimized
iteratively over the course of the experiment.

4.5. Estimating the Severity of a SOLE in the
Counting-Maximum Model

Similar to the situation at the beginning of Section 4.4, also here Fi., denotes
the cumulative distribution function of a shifted generalized Pareto distribution.
But this time the parameters £ and § shall be estimated based on the counts
and on the maximum SOLEs as described in Section 4.1 and Section 4.2.2. In
big parts the counting-maximum model can be traced back to a related counting
model. In this way, the results from Section 4.4 can be used here. In this context,
related means the following:

Suppose, (z,z) is a realization of (Zv(j), Mvm)

1<j<m’
2= (zjk)1g5<m € Ne™ and 2= (2;)1<jm € ({0} UR>u.,)™,
and ki, ...,k are the classes that contain the maximum SOLEs,

d
kj= kla,(z;)  Vj€Np.
k=1

Without loss of generality it is * € Rs,,.,”, because the observations without

any SOLE do not influence the likelihood function (see Proposition 4.2.1). A

glance at the log-likelihood function ¢! in Proposition 4.2.1 as well as the

discussion in connection with Theorem 3.4.4 induce to define new class limits

tjn, ifke{0,...,k; —1},
tik == < xj, ifk= kj, and Sk = ijk — Usev,
oo, ifk=k;+1,

which leads to the new partitioning
le = (usev,fjl], B]'Q = (Ejl,ijg], ey Bj,kj+1 = (fj,kj,oo) VJ S INSm.

Notice that the number of classes has been changed. For a fixed j € N<,, the
new number of classes is k; + 1. Particularly, if z; € (¢;,q—1,00), the detection
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range S is even divided into k; +1 = d+ 1 classes. However, define for any given
Y= (yjr) 1i<m € No™***! the function (S, (-;y) by
1<k<

<d+1
m kj+1
0G0 (&B5y) =D > yjnlog(ps,, )
ImL R (4.10)
m kj+1 ’
:Z Yj klog( sev( ]k) Fsev(ij,kfl)) 5
j=1 k=1
and modify the counts z in two different ways by defining z := (E]‘k;) 1<i<m and
<k<d+1
Z = (Zjk) 1<j<m Wwith
1<k<d+1
Zjk, iflﬂE]NSkj_l,
_ ij—L lfk:kj7
Zjk = .
1, itk=k;+1,
0, itke{k;+2,...,d+1},
Zik, if ke INgkj—h
2jk: = 9§ Zjk — 1, if k= kj,
0, itke{k;+1,...,d+1}.

Based on all these modifications the following fact can be noted.

4.5.1 Lemma. In the previously described situation it holds for all (&, 8) € Osev

sev(f B;z,x) = €5, (€, B; 2 +Zlog(16f§]:]))

= sev £ ﬁ: Zlog 5"'&8]’6 )

j=1
Proof. The definitions in the run-up of this lemma and the results of Proposition
4.2.1 ensure

J

m ks
sev(£ B; 2, CL’ ZZ klOg DBy, +ZlOg Sev (mj))
Jj=1

j=1k=1

=15, (€, 5;2) + Zlog(di%(xj)) :

j=1
The derivative of Fgey is
3 _1§j
1 S+ _ H _
Ares iy = ) B (1+ (t=w) ., if€>0( _ 1= Fe() e Ron
1
B

a e ﬁ(t “) ifeE=0 _ﬂ+§(t_u)
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Due to 51, = fjkj — Usey = &j — Usey, bhis means
log (%= () = log (1 — Frev (£11,)) — log(B8 + &5in;)
= lOg(ij,kj+1) - 10g(ﬁ + Egjkj) )
and the lemma holds. O

The functions ¢S, (defined in Proposition 4.2.1) and ¢S, are in principle the
same. The only difference is that £S5, is based on observations with a constant
number of classes (d), while £§,, is based on observations with different numbers
of classes (k1+1,...,kn+1). However, in principle the partial derivatives of £5.,

can be looked up in Lemma 4.4.2 (just change the summation ZZ;} to Z:le)

In the counting-model the maximum likelihood estimator of (&, 3) does not
exist if the lowest or the highest classes are empty (see Theorem 4.4.4). In
the counting-maximum model the maximum likelihood estimator of (£, 8) exists
as long as at least one SOLE has been observed. This is the statement of
the following theorem. The associated proof verifies the existence of a global
maximum. The verification of the uniqueness of this maximum would be too
much to be discussed here. Instead, it should be pointed out that the uniqueness
of the global maximum is shown for the counting model (see Proposition 4.4.3
and Theorem 4.4.4) and the similarity of £S., and £ (see Lemma 4.5.1) ensures
that also in the counting-maximum model the global maximum is unique.

4.5.2 Theorem. Let the situation be as defined in the beginning of this section,
then the mazimum likelihood estimator (&m, Bm) of (&, 5) based on (z,x) exists.
Moreover, it holds

ﬂm(Z,I) < 121]%);1 Tj — Usev-

Proof. Lemma 4.5.1 provides that
oM S 1= Fyer(x; u B
boev (£, 83 2,) < Zlog<Wj(k;)> <= log(B+&5n,)
Jj=1 =1

because €S, is not positive. On the one hand, 'Hopital’s Rule [For04, p.171]
helps to verify

1 — Fyeu(t)

1' VA
Bli&) ﬁ + E(t - usev)
1 _14¢€
lim B¢ (B +€(t — usev))” € if £ >0,
= /B_)O —1 =
lim —2——+ = lim L if¢€=0,

B—T—oo e(t—usev)B™1 T 5 1T (t—ugey) e(t—usev) ST
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for all ¢ € R>u,.,. On the other hand, log(8 + £5;x,) tends to oo if 3 or £ tend
to co. Hence, for all (€0, o) € (Rxo x {0,00}) U ({00} x Rx0) U ({00} x {o0})
it follows
Zg\‘/,[ (5’ /8, 2, J:) (&,8)—(€0,P0) —00.

This means that Zg’;l\‘/,[( -;z,x) approaches —oo on the boundary of its domain.
Consequently, ES%VJ( -;z,x) has got a global maximum. As mentioned in the run-
up of this theorem, the uniqueness of this maximum can be derived from the
uniqueness of the maximum in the counting model.

To verify the upper boundary for 3,,, have a look at the partial derivative of
KQV[

sev)

sev (&, B;2,) a%(é,ﬁ;2)+z%log<%)
j=1 :

8@ L~ - Ejkj 7/3
58 (&,8;2) + ; 7ﬁ2 n §ﬂ§jkj .

With fo == max{3;x; | 1 < j <m} = max{z; — usev | 1 < j < m} it follows

(é Bo; z,x) < Loaex (5 Bo;Z) V€€ Rso.

Due to the similarity of ¢S, and ¢S, Proposition 4.4.3 also holds for ¢S if
the varying numbers of classes (k; + 1)1<j<m supersede the constant number d.
Since it is Zjk,+41 = 0 for all j € 1N<m by definition, the second statement of

Proposition 4.4.3 provides that 2 “V (&, Bo; 2) is negative if there is a j € N<,,
such that Z;, > 0 for a k € {2,. k: }. On the other hand if only the lowest

class is filled, ZJ 1 Zk flz Zj = 0, Lemma 4.4.2 yields that 2 se" (&, Bo; £) is not
positive. All in all, it must be

S“" (& Bo;z,2) <0 V¢ € Rxo.

In the proof of Proposition 4.4.3 it is verified that B S“ (5 B; %) is decreasing
(as function with respect to 3). Due to

9 (Ejkj —5> _ Sk (E+ 1)
OB \B+En; ) (,3+§§jkj)2

the terms Gjx; —/3>/(B+§§jkj) are strictly decreasing, too. Consequently, it must
hold

Sev (£ ﬁwz -T) 0 Vf S RZO, Vﬂ [S R>30.

CXVI
Since fBm(z, ) is aroot of 2 Se" (ém(z,2),-; z, @), it cannot be greater than Bo. [
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It should be noted that searching for the maximum likelihood estimators
€m(z,2) and Bm(z,2) works in the same way as in the counting model. Corol-
lary 4.4.5 can be formulated for the counting-maximum model as well. Thus,

compute the roots 5°(0) of SEV( ,;2,x) and 8%(0) of Se"( ,v; %, x), first. If
£8°(0) < B*(0), the maximum likelihood estimator is (ﬁm,ﬁm) = (0,57(0)). Oth-

CM
erwise, take a § € R+ large enough such that the root of 2 se" (& -5 2,x) exceeds

the root of 2 Se" (&, -5 2,x). Then, it must be fm 0,8), and a simple bisection

method can approx the real maximum likelihood estimator &, up to the desired
precision. Section 5.6 works out this procedure in detail.

In the counting model the estimation of confidence intervals of ¢ and [ uses
the Fisher information from Theorem 4.2.2 due to the asymptotic efficiency of
the maximum likelihood estimators (see intervals (4.7) on page 101). Since
the calculation of the Fisher information of the counting-maximum model is
still pending, the observed Fisher information shall be used instead. The
entries of this matrix are minus the second partial derivatives of the log-likelihood
function ¢cv. Since the parameters concerning the number of SOLEs, v € Onym,
and the parameters ¢ = (&, 3) € Osev can be estimated separately, it is sufficient
to look at the observed Fisher information matrix concerning £ and 3 defined by

agzev (&, B;2,) agaﬁv (&, B;2,)
aﬁsaeg (5 /372 3}') QBSSV (5 Baz 33)

Toev(z, ) = —

£=Em (z,)
B=Bm(z,z)
Under some regularity conditions the expectation of the observed Fisher infor-
mation is equal to the Fisher information matrix [LC98, p.116]. Efron and
Hinkley [EH78] even found that sometimes the observed Fisher information is
more suitable for estimating the variance of estimators.

With standard rules from linear algebra the observed Fisher information ma-
trix can be inverted,

1 1 - BBSQSV (5 57 z ZB) 63;565‘, (£767272)
Isev(zax) di
et( sev(Zyx)) 55%? (E ﬁyz CC) - 8;26\, (E /8,27 CC) EZém,(z,fc)

B=Bm (z,z)

Now, the calculation of actual (approximate) confidence intervals works in the
same way as in the counting model (see calculation of the intervals (4.7) on page
101 and the intervals (4.9) on page 103) with the observed Fisher information
matrlx Tsev instead of the Fisher information matrix Ilsey. Having said that, if
£m is estimated to be Em € R0, the actual (approximate) confidence 1ntervals
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of £ and (3 with confidence level 1 — « (o € (0,1)) are
05(a7 2, .T) = [ém(Z, 33) - &fv’m(‘% 1’) q1—a/2, ém(z, x) + 6§,m(z, 33) Q1—(¥/2:| )

Cﬁ(Ol,Z,fL’) = [Bm(z,x) - &ﬁ,m(z7x) d1—a/2, Bm(z,x) + &ﬂam(z7x) q170/2i|7
(4.11)

respectively, where, this time,

: 2 (e (z0), Bn(2,2); 2,2)
Gem (2, 2) = — Aot (T (2.2)) ;
e aaisze" (ém(zw),ﬁm(z, x);2,T) 7

det(Zsev (2, 2))

and, again, q;_a/. is the (1 — %) 100 % quantile of the standard normal distri-

bution. If ém = 0, the actual (approximate) confidence intervals of £ and 8 with
confidence level 1 — a (a € (0,0.5]) are

(a, z,2) == [O, Gem (2, ) q1— 0]7
(4.12)
(0 z0) = [@ 1(% + Bonl2,) + Fm(2,2) @1-a
respectively, where
. 1
T8,m(z,2) = — 5 ,

S (2, 0), B (2,25 2,)

and ﬁ)gl is the inverse of ®3 as defined in Equation (4.8) on page 103 with the
terms 6g,m (2, ) and 73,m (2, z) from this section here (instead of o3, and 73,m
respectively).

The variance terms ¢ m (2, ), 63,m(2,2) and 73,m(z, ) can be calculated ex-
plicitly. In order to use a compact notation, define 6; and 62 as 6; := £ and
0> == . Then, with the notation of Lemma 4.5.1 one gets

4—i—h

c’?ehi’}? (& Bz 2) = aehag 5 Bz +Zm Vi, h € {1,2}.

Due to the definition of ¢S, in Equation (4.10) on page 111, the second partial
derivatives of (S, are

m kj+1 B
Behf‘;(; (g 57 v Z Z E 89 ik
k=1

DB,

= 00,
m ki1 _o o 2

_ Z . 90,00, PBix 20, PBjx 26, PBjk

- J _

=1 k=1 PBj PBj DBy

S
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and therefore

m kj+1 8? 9 i)
_ 50,00, PBjx B0, PBjx 36, PBjk
sev _ h h i
aehae (& B; 2, ) —Z Zjk -
P PBjk PBj PBj
m —= i—h
Sik
IR
+>
(5 + fsjkj)

Finally, Lemma A.1l in the appendix provides the partial derivatives of the prob-
1
ability terms pp,, = (1+ § §sik-1) € —(1+ sjk) ¢ for k € Ny,

) (€ 5. Sj,k—1 (€& 5. Sjk
26, PBjr 9"@(:&75%’“*1) BFEBs 1 9"!(&?‘99’“) BTFEBs; 1

* 7 5 T ’
DB, _ P k) Fev(jk—1) _
! 1 Fro(tjr—1) Fay(tin) 1
_ 2 _ 2
82 ) 5. __Sjk=1 ) 5. __Sjk
90,00, PBix Pni(€, B, 55.0—1) (52+§5§j,k71> oni (€, B,51) (B2+§ﬁ§jk)
- x (T - * (T )
DB, _ e Ghk) Foov@je—1) _

/ LR ) gy

and for k = k; + 1,

)
26, PBjrj+1 _(§ ) Sjk;
PBj kj+1 B B2 +£stk
e P 3 2
905,00, 155,k j+1 _ jkj
————— = oni(&, B, 5k, (7, )
PBjk;11 l( T ]) B2 +§stkj '

where Fio, =1 — Fge, and @;, ¢p; as defined in Lemma A.1 (i, h € {1,2}).



5. Implementation and Results

This chapter presents some numerical results concerning the theoret-
ical model from Chapter 3 and Chapter 4. All the defined quantities
from the previous chapters are presumed to be known. Section 5.1
describes how to generate random samples drawn from the distribu-
tions of number of SOLEs and maximum SOLEs. Section 5.2 explores
the hypothesis test for Poisson approach from Section 3.5.3. The ap-
proximation of the distribution of the test statistic under the null
hypothesis and the power of the test are analyzed. The subsequent
three sections introduce algorithms for the calculation of the maxi-
mum likelihood estimators. Moreover, the maximum likelihood esti-
mators of exponent g of the number of SOLEs per kilometer (Section
5.3), mean g of the number of SOLEs per kilometer (Section 5.4),
and shape ¢ and scale 8 of the severity of SOLEs in the counting
model (Section 5.5) and in the counting-maximum model (Section
5.6) are analyzed by means of Monte Carlo simulations. Finally, a
dataset from the BMW study is evaluated based on the results from
this thesis.

5.1. Generating Random Samples

If the distributions of the number of events per kilometer and the severity
of a single event, Fhym and Fgey, are known, it is possible to generate ran-
dom samples drawn from the random variables Z; 4 and M., (see Definition
3.1.4 and Definition 3.4.1), and from the random vectors (Z; 4,,...,Z;,4,) and
(]\4:9}‘,7 ZUAys s Zl,Ad)7 where e IN, A€ S, d e NZQ, Aiq,...,Aq € G disjoint.
The direct approach for this is in line with the experimental design described
in Section 2.2. At first, [ random numbers ni,...,n; drawn from Fp,, must
be generated. Then, n = Eizl n; is the randomly generated total number of
SOLEs during [ kilometers. Next, n random severities z1, ..., Z, are drawn from
Fsev. Now, just count all z; that lay within the set A, and a random realization
of Z;, 4 is found. Furthermore, the maximum z := max{z1,...,z»} is a random
realization of ML, .

This procedure is quite simple, but it is very costly, too. In order to get one
realization of (M, Zi a,,...,Z1,4,) on the average | E[Nyum] random numbers
must be generated. If [ is large, this can be very time-consuming.
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However, there are much faster algorithms for generating random samples.
The methods described in the following subsections make use of the immediate
distributions of Z; 4 and ML,

5.1.1. Samples from Z; 4

According to Section 3.5, let Fyum be the cumulative distribution function of
either the binomial, the Poisson or the negative binomial distribution. If Nnum
is binomially, Poisson or negative binomially distributed, Z; 4 is in the same
distribution family (see Example 3.2.2). Many common mathematical tools in-
clude functions for generating (pseudo-)random samples drawn from these three
distributions (e.g. MATLAB, R, SPSS STATISTICS). Some of the basic meth-
ods which are used by these tools can be found in [Dev86, AD82a, KS88]. For
example, when generating negative binomial random samples, it can be taken
advantage of the fact that the negative binomial distribution is a gamma-Poisson
mixture distribution (see Section 3.5.4) — provided that one is able to generate
Poisson and gamma samples (with help of Ahrens and Dieter [AD82a, AD82b],
for example).

5.1.2. Samples from (Z; 4,,..., 7 4,)

Theorem 3.3.2 provides that the variates Zj a,,...,Z1,4, are statistically in-
dependent if Nnum is Poisson distributed. In this case, just realize the Z; a,
separately by dint of the methods cited above in Section 5.1.1. If, for all
k € IN<g, 2z is the drawn realization of Z; 4,, then (z1,...,24) is a realiza-
tion of (ZZ,A17 ey Zl7Ad)'

If Npum is negative binomially distributed, Npum ~ NBin(p, ), first, take a
gamma distributed random variable W, W ~ I'(o, &), and generate a realization
w from it (with help of Ahrens and Dieter [AD82b], for example). The gamma-
Poisson mixture property of the negative binomial distribution (see Section 3.5.4)
ensures that the variates Z; 4, given W = w are Poisson distributed,

Zl,Ak|W:w ~ POi(plpAk) Vk € IN§d~

From here on, the situation is exactly the same as in case of a Poisson distributed
Nnum, which is described above.

Finally, let Nnum be binomially distributed, Nnum ~ Bin(r, ¢). Divide the unit
interval [0,1) up into d + 1 subintervals,

d+1

[0’ 1) = U [6k—1v 5k)
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with 0o == 0, dg+1 = 1 and = ¢ Zle pa; for all k& € IN<gq. Generate rl
realizations y1, . . .,y of a uniform distribution on [0, 1). If z; means the number
of realizations which lay within the interval [0x—1, 0x),

Tl

2k = Z l[5k—115k)(y") Vk € ]Ngd,

n=1

then (z1,...,zq) is a realization of (Z; 4,,...,Z1,4,)-

5.1.3. Samples from A/

sev
The inverse transform sampling [Fis96, p. 149] is a basic technique for gen-
erating (pseudo-) random numbers drawn from a distribution with known cu-
mulative distribution function F'. The method is based upon the property that
F~Y(U) is distributed according to F if U is a uniformly distributed random
variable on (0,1) with cumulative distribution function z 1 1y(z) and F~' is
the quantile function of F,

F7':0,1) 5 R: o —inf{t e R|F(t)>x}.

The cumulative probability function of the maximum SOLE during ! kilome-
ters (I € IN) is needed to specify the quantile function of M, ,

FXfls*Jv: 0,1) > R: z+—> inf{t € ]R’]P(M;lv < t) > x}
The selfsame function is given in Proposition 3.4.2,

P(M:elv < t) = Gnum(Fsev(t))l Il-]R.ZO (t) vt € R.

Since Gnhum denotes a probability-generating function, it is strictly increasing
and continuous on [0,1]. Thus, it is possible to define the inverse function of
GDUID)

Gt [Grum (0),1] = [0,1]: Grum () — £.

Furthermore, Fi.. shall be the quantile function of Fye.,
Fiv: (0,1) = 8: z+—— inf{t € R| Feey(t) > x}.

This gives the quantile function of M,

1
Fiia

sev

(&) = {o, if 2 € (0, Grum(0)'],
Foor (Grtn(V7)) , if 2 € (Gaum(0)', 1).
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According to Section 3.6, Fie, is the cumulative distribution function of a
shifted generalized Pareto distribution with threshold wusev. Thus, the quantile
function Fyey simply is the inverse function of Fie,

P @) = {usev+?((1—x)§—1)7 if € #£0,

vz € (0,1).
Usev — Blog(l — ), if £ =0, z€(0.1)

The probability-generating functions of the binomial, Poisson and negative bi-
nomial distributions are listed in Definition 2.4.2. The inverse functions are:

® Nuum ~ Bin(r,q) = Goam(z) =1+ @ Vz € [(1 —-q)7, 1},
® Noum ~Poi(N) =  Gola(x) =1+ 82 vz e [e?,1],
. _ e
® Noum ~ NBin(o, 1) = Gpom(z) = 1—1—5 (1 — f/g) VY € [(ﬁ) ,1].
Together, in case of Nyum ~ Bin(r, ), the quantile function of MY, is

3
usev+ﬁ<% _1>7 1f£#07
(z) (=) Va € (0,1),
usev+ﬁlog(ﬁ)7 1f§:07

Frpa () =Ygy

in case of Nnum ~ Poi()), it is

§
usev+ﬁ< -k —1), if € #0,
(@) = Tge-nt (@) - (s g‘;) vz € (0,1),
usev—&-ﬂlog(—@) 5 1f€:0,

1
Fia

sev

and finally, if Npym ~ NBin(p, pt), the quantile function is

Usew + 2 ((5(%—1))75—1), ife+£0,
Usev+/810g(%> fﬂlog(g\’/gfl), ifée=0

1
Fy,

*l
sev

(.%‘) = ]l((@/eﬂt)gl,l)(x) ’

for all z € (0,1).

Due to the inverse transform sampling method, take realizations yi,...,yn
of a uniform distribution on (0,1) (n € IN), and F;;*l (y1), - .,F;;*l (yn) is a

random sample of size n drawn from ML .
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5.1.4. Samples from (ML, Z, 4,,...,Z14,)

Without loss of generality, suppose it is ]P’(Ssev € UZ:1 Ak> = 1. Otherwise,

define Ag41 =S\ Ui:l Ay, generate samples from (Ms*elv, Z1Ayy s Zl,Ad-H);
and forget the realizations of Z; 4, 41.
Also without loss of generality, suppose that Ai,..., Ay are intervals,

Al = (to,tl], ey Ad == (td_l,td),

with interval limits 0 < usey = to < t1 < ... < tg—1 < tq = co. Otherwise, use
the fact that every Borel set is almost surely equal to a union of intervals,

A = (tkO,tkl]U---U(tk,ck—l,tkck] P-a.s.
with Usey < tro < tp1 < v thep—1 < g, <00 (Ck € N for all k € ]Ngd). Define
By, = (tk,i—1, thi) Vir € N<.,, Yk € IN<gq,

l
generate samples from (M:ev7 ZlyBlw ey ZlaBlcl gy Zldel yoeoy Zldecd)7 and
because of

Ck
Zl,Ak = E Zl,B,“. ]P’-a.s.,
=1

the sought-after realization is found.

With that, it manages to generate a sample from (ML, Zi 4y, .-, Z1,4,) in
two steps. First, generate a realization (z1,...,2q4) of (Z1,4,,...,2Z1,4,) as de-
scribed in Section 5.1.2. In order to prepare for the second step, define

FEz = {Zl,Al :Zly--'7Zl,Ad:Zd} and ko ::max{kelNSd{zk>0}.

Secondly, if (a,b] denotes the largest nonempty class and z is the generated
number of SOLEs within this class, (a,b] = (txy—1,tk,] and z = zj,, the proof
of Theorem 3.4.4 accompanies the equation

*1 [ Ra z _ Fsev(t) - Fsev(a) ?
p(Min <t|B2) = (na,b]> = (Fsev(b) ~Fn(a))

Hence, the quantile function of MY, given Ez,
!

M*1 |Ez

sev

£ (0,1) — (a,b]: x»—>inf{t c ]R‘IP(MS*JV < tyEz) > x}
is in general specified through

Frtot 1, @) = oot (Foes(@) + /2 (Feou () = Fre(a))).
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With the generalized Pareto approach for Fi., one gets

B S ta—ugey .
Usey — ¢ + . TR if € #0,
Fx/fl*l |Ey (z) = <17 Vet ‘Z/E( FTE(b—usev) ) ¢ vz € (0,1).
afﬂlog(lf\z/EwL \z/Ee‘%“”‘“)), if€=0,

At last, take a realization y of a uniform distribution on (0,1), and, according
to the inverse transform sampling method described in Section 5.1.3, the vec-

tor (FX;*;, 1z, W)y 21 zd) is a realization drawn from the random vector
sev !~ Z

(Ms*elv7 ZZ,A1 IR Zl,Ad)'

5.2. Accuracy and Power of Index-of-Dispersion
Hypothesis Test

In Section 3.5.3 a hypothesis test is developed to check whether the index of
dispersion of the number of SOLEs per kilometer, D[Nnum], differs from 1 sig-
nificantly. In this connection, the mileage covered by a vehicle is treated as a
random variable called L. If the data consists of m observations (m € IN), the
underlying mileages [1,...,[, are realizations of the statistically independent
variates L1,..., L, which are all distributed according to L. The observed to-
tal number of SOLEs ni,...,n. are realizations of the statistically independent
variates N1, ..., o, defined by

N = ZN Vj € Nepn,

where the N;; are statistically independent random variables distributed accord-
ing to the number of SOLEs per kilometer Npym. Theorem 3.5.2 and Corollary
3.5.3 provide that the term \/Z (D, — 1) is approximately standard normally
distributed if Nyum is Poisson distributed, where f)z denotes the estimator of
D[Nnum| defined in Equation (3.6) on page 40,

ym Nt (S M)
J=1 L je1 Ly

MA

Dy =Dy((Nj, Li)1<j<m) =

Based on this, the hypothesis test in Section 3.5.3 suggests to reject the hy-
pothesis that D[Nuum) is equal to 1 if and only if /2 (D2 — 1) is outside the
interval [—qi_a/2, q1—as2], Where qi_a/, denotes the (1 — %) 100% quantile of
the standard normal distribution (« € (0,1)).
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Using MATLAB [MAT12], computer simulations were run to consider the power
of the mentioned hypothesis test and the actual distribution of , /% (Dz - 1) if
Nuum 1s Poisson distributed.

5.2.1. Accuracy

The significance test is based on the assumption that \/?(f)g — 1) is approx-
imately standard normally distributed. It is necessary to get an appraisal of
the quality of this approximation. For this purpose, the simulation generates
samples of sizes m = 10, 20, 50, 100, 500 and 1000. Nnum is set to be Poisson
distributed, Npum ~ Poi(p), with means p = 1074, 1072 and 10~2. This corre-
sponds to average waiting times of 10000, 1000 and 100 kilometers for a SOLE.
The simulation of the mileage is implemented in two different ways: firstly, L is
(discrete) uniformly distributed on {1000, 1001, ..., 50999, 51 000}, secondly, L
is distributed according to 1000+ | L 4 1/2], where L is exponentially distributed
with mean 25000 (corresponds to a generalized Pareto distribution with shape
& = 0 and scale 8 = 25000). The term |x| means the largest integer not greater
than x. In both cases, L is not smaller than 1000 and the average mileage is
26 000 kilometers.

For each combination of distribution of L and values of m and p, 10 random
samples from (N1, L1),..., (Nom, L) were generated, and for each sample the
quantity \/?(ﬁz — 1) was calculated. The k-statistics k1, ..., ks, the unbiased
and consistent estimators of the first four cumulants (see Equation (3.7) on page
43), were determined from the resultant values 01, ...,d0,96. Since the first cu-
mulant equates to the expectation, the second cumulant equates to the variance,
and all other cumulants vanish in case of a normal distribution [JKB94, p. 89],
k1(81,...,8106), ks(01,...,0106) and ka(1,...,0,06) are expected to be approx-
imately equal to 0, while the statistic k2(01,...,d;0s) should be approximately
equal to 1. The actual values can be found in Table B.1 in the appendix. In
this table, the column “km” refers to the mileage L which is either uniformly
distributed (U) or, more or less, exponentially distributed (Exp).

Table B.1 shows that for all settings the mean of \/?(ﬁg — 1) is slightly
negative and approaches 0 if the sample size m increases. The variance is a
little too small, too. However, basically, the approximation of ka(d1,...,8,06)
through 1 is very accurate. For sample sizes m € {500, 1000}, the disparity is
only visible in the fourth digit after the decimal point. The third- and fourth-
order cumulants are positive, but they approach 0 if the sample size m increases.
Consequently, due to Cramér [Cra62, pp. 183/187], for a small amount of samples
the frequency curve of \/ (Dz — 1) is right-tailed (or right-skewed) and more
tall and slim than the normal curve in the neighborhood of the mode. The
latter characteristic is also called leptokurtic [UC11]. The approximation of
the third- and fourth-order cumulants through 0 becomes better if the average
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number of SOLEs p increases, whereas the first- and second-order cumulants are
essentially not influenced by pu.

Some of these characteristics become visible in Table B.2, too. This table col-
lects the deviation of some population quantiles of 61, . .., d;g6 from the particular
quantiles of the standard normal distribution. If ¢;_, denotes the (1 — a)100 %
quantile of the standard normal distribution, then MATLAB [MAT12] determines
for o = 0.99, 0.95, 0.9, 0.75, 0.5, 0.25, 0.1, 0.05 and 0.01 the rounded values

do.o1 ~ —2326, qo.25 ~ —06747 qo.9 = 1282,
qdo.o5 ~ —1.6457 qo.5 = 0, qo.o5 ~ 1.645
qo.1 ~ —1.282, qo.75 = 0.674, qo.99 ~ 2.326.
The method for determining the population quantiles of d1,...,0;96 is based

on the quantile command of MATLAB [MAT12] which is denoted as Qs(p) by
Hyndman and Fan [HF96]. According to this, the ith smallest value d(;) is taken
as the (i— %)10’6 quantile, and linear interpolation is used to compute quantiles
of probabilities between these values. Because the quantity & = (1 —«)10° is an
integer for all values of « from above, the (1 — «@)100 % quantile of d1,..., 8,06
simply is 3(8(a) + 6(a+1)). Thus, the quantity

_ 9@ +d@+y _

ga(l—a): 3 fi-a

specifies the desired deviation of the (1 — «)100 % quantile of d1,...,0,96 from
the (1 — «@)100 % quantile of the standard normal distribution.

Table B.2 in the appendix shows that the actual distribution of the term
V/Z (D2 — 1) is slightly right-skewed and leptokurtic if the sample size m is
small. The deviation regarding extreme quantiles becomes smaller if ;1 increases.
However, the quartiles are not influenced by the average number of SOLEs.

The level of skewness is illustrated in Figure C.1 and Figure C.2 in the ap-
pendix. Figure C.1 shows the standard normal distribution (red) next to the
frequency distribution of the simulated values 1, ..., ;36 based on different sam-
ple sizes m = 10, 50, 1000, constant mean p = 10~3, and uniformly distributed
mileages. On the other hand, Figure C.2 shows the standard normal distribution
(red) next to the frequency distribution of the simulated values d1, ..., 0,06 based
on different means p = 10~%, 1072 and 1072, constant sample size m = 20, and
uniformly distributed mileages.

5.2.2. Power

The power of a hypothesis test is the probability of accepting the alternative
when it is in fact true [UC11]. In this special test, the null hypothesis Hy says



5.2. Accuracy and Power of Index-of-Dispersion Hypothesis Test 125

that the index of dispersion D[Nnum] is equal to 1. The alternative hypothesis
‘D[Nnum] # 1’ can be partitioned into H1— and Hi4,

H1_Z ]D)[Nnum} € (0, 1), Ho: D[Nnum] = 1, H1+Z ID)[Nnum] S IR,>1.

To evaluate the power of the test, a computer simulation generates samples
of sizes m = 10, 20, 50, 100, 500 and 1000. The index of dispersion is set to be
D[Nnum] = 0.25, 0.5, 0.75, 1, 1.25, 1.5, 1.75, 2, 2.5, 3 and 5. The simulations of
Npum and L work as follows:

® D[Npum| > 1: Npum ~ NBin(m, ,u) (negative binomial distribution)

with means ¢ = 1074, 1073, 1072, L is as simulated as in Section 5.2.1:

uniformly distributed on {1000, 1001, ..., 50999, 51000} and distributed
according to 1000 4+ |L + 1/2|, where L is exponentially distributed with
mean 25 000.

® D[Nnym] = 1: Noum ~ Poi(y) (Poisson distribution) with means p = 107,
1072 and 1072, L is as simulated as above.

 D[Noum] < 1 Noym ~ Bin(mJ - ]D)[Nnum]) (binomial distribu-
tion) with trials » = 1, 10, 100. L is either uniformly distributed on
{1,2,3,4,5} or distributed according to 1 + L with L ~ NBin(1,2). In
both cases, L is positive with expectation value 3.

The different simulation method of the mileage L in case of underdispersion
ensures that in all cases similar numbers of events are generated:

D[Nuum] > 1 : ]E[N;ffm] = E[L] E[Nuum] = 26 0004 € {2.6, 26, 260},
D[Naum] < 1 : E[Njfm] = E[L] E[Naum] = 3r € {3, 30, 300}.
Note that the NBin(1,2) distribution is identical to a geometric distribution,

which is the discrete analogue of the exponential distribution.
For each combination of distribution of L and values of m, D[Nnym], p and r,

10° random samples from (N1, L), - -+, (Ao, L) were generated, and for each
sample the quantity /% (D2 - 1) was calculated. It was counted how often the
null hypothesis Hy is rejected in favour of Hi4+ due to %(ﬁg - 1) > q1—a/2,

how often the null hypothesis Hy is rejected in favour of Hi_ due to the relation
\/?(ﬁQ — 1) < —Q1—a/2, and how often the null hypothesis cannot be rejected.
The significance level is set to be a = 0.05, so that g;_./, = 1.9600. Table B.3,
Table B.4 and Table B.5 in the appendix collect the results of these counts. The
column “km” refers to the mileage L which is either uniformly distributed (U),
negative binomially distributed (NBin) or, more or less, exponentially distributed
(Exp). The abbreviation “IOD” stands for index of dispersion.
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Since the significance level is set to be a = 0.05, the acceptance rate of the null
hypothesis is expected to be about 95 % if D[ Npum| = 1. Table B.3 indicates that
the test holds the nominal level quite well when sample size is not to small, i.e.
m > 100. The column “IOD—1" also confirms the results of Section 5.2.1: the
distribution of \/Z (D> — 1) is right-skewed and leptokurtic under the Poisson
hypothesis.

Expectedly, the power increases if the index of dispersion increases. For large
sample sizes, i. e. m > 500, the power increases very fast and already approaches
100% for D[Nnum] = 1.5. For medium sample sizes, i.e. m € {50,100}, the
power approaches 100 % for D[Nnyum] = 3. If the sample size is smaller than
50, the power increases slowly. For m € {10,20} it even happens, although
extremely rarely, that underdispersion is suggested even though D[Nnyum] = 2.5.
The power is mostly better for uniformly distributed mileages than for exponen-
tially distributed ones. This is because Tioq?, the asymptotic variance of \/Mﬁz,
increases linearly with IE[%] (see Theorem 3.5.2), and IE[%} is smaller for the
uniformly distributed L. Here, a smaller variance means less mass in the nonre-
jection range, and, accordingly, more power. Finally, the power increases if the
mean j increases. This also has to do with the approximate variance 7ioq2. The-
orem 3.5.2 and Equation (4.4) on page 84 indicate that Ti,q” increases linearly
with ;fl if Npum is negative binomially distributed and the index of dispersion
is kept constant. The course of power described is also illustrated in Figure C.3.

Table B.5 collects the results concerning indices of dispersion less than 1, ie.
D[Nnum] = 0.25, 0.5, 0.75 and 0.9. For the first three settings, the sample size
m = 500 is large enough to ensure a power of minimum 99.5%. However, for
small sample sizes the power increases only very slowly if D[ Nnum| decreases. To
understand the influence of mileage distribution and average number of SOLEs
on the power, let us have a look at Ti,q?, the asymptotic variance of \/EDQ
from Theorem 3.5.2. If Nyum is binomially distributed, Nyum ~ Bin(r, q), the
cumulants are given by the recurrence relation

Hn+l[Nnum} - q(l - q) %K/n [Nnum] vn € IN.

[JKKO05, p. 111]. Since the first cumulant is equal to the mean E[Nyum] = 7¢ (see
Section 2.4.6 and Definition 2.4.2), it follows

'fl[Nnum] =rq, K2 [Nnum} =Tq (1 - q)7 K3 [Nnum} =rq (1 - q) (1 - 2(1)7
Fa[Naum] = rq (1 = q) (1 — 6¢ + 64°),

and so
—24+5qg—3 2
iod2 E[l] q q 2(1 )2
D Nnum - 3]D) anum 2
= E[% ] [ ] [ } + QD[NHUH,]Q .

r
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Notice that the term (D[Nnum] —3D[Nnum]” ) is positive if and only if it holds
D[Nuum] € (0,3). In this case, Tioa” decreases if either E[1] or r~" increases.
The reverse applies for D[Nnum] € (5,1). Depending on whether a decrease
of Tioa®> means more or less mass in the nonrejection range, power decreases or
increases. This variable behavior is also illustrated in Figure C.3. It can also be
seen there that the sample size is the most influential quantity with regard to
the power.

5.3. Calculation and Accuracy of Maximum Likelihood
estimator of p

5.3.1. Calculation

Let be m € IN, (lj)lgjgm € IN™ and (nj)lgjgm (S INom satisfying

SIS ¥’
e
where | == 377" l; and n = " n;. Given these requirements, define the
function ¢ by
m nj—1 1
®: Rso — R: 0 — —tlog(1+2)

= le (¥(oly +ny) — (o)) — llog(l + ﬁ)

with digamma function 9, ¥(x) = (f—zlog(f‘(x)), [AS65, p.258]. Theorem 4.3.7
verifies that the maximum likelihood estimator of the actual exponent p is the
unique root of ®. When searching for it, an adequate initial approximation of
the root is the point

2 2 -1

because ¢ is a consistent estimator of the exponent o: n/i is the consistent
maximum likelihood estimator of the mean parameter y (see Theorem 4.3.2 and
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2 .
Theorem 4.3.3) and the quotient of > 7" b "72 and 7, 7L is a consistent
J J

estimator of the index of dispersion of Npum (see Theorem 3.5.2), which means

x P E[Nnum} _ 1% _
D[Nnum} - 1 1 + % - 1

0 for m — oco.

The most immediate way to find the root of ® is to use a simple bisection
method. First, choose a point g1 € Rso large enough such that ®(g1) < 0.
Since the root of ® is a maximizer, the sign of ® changes from positive to
negative there. Thus, the actual root must lie within the interval (0, o1). Next,
check for the center point g2 := %gl whether ®(p2) is positive or negative. In
the first case, the actual root must be in (g2, 01). On the other hand, if ®(p2) is
negative, the root lies within the interval (0, g2). Select the proper interval and,
again, check for the center point whether @ is positive or negative there, and
so on. Repeat these iterations until a sufficient small interval is obtained. The
center point of this last interval is taken as an accurate approximation of the
actual root of ®. The pseudocode in Algorithm 1 below describes the procedure
in detail.

Algorithm 1 Bisection method for calculating the maximum likelihood estima-
tor of o

1: 00«0 > lower bound for exponent parameter
2: 01 < 0* > initial guess for upper bound for the exponent parameter
3: while ®(p1) > 0 do © ensure that g: is upper bound for the exponent parameter
4 Qo < 01
5: 01 < 201
6: end while
7: while g; — g0 > 1077 do > do bisection iterations up to sufficient accuracy
8 04 0o+ 3(01 — o)

9: if ®(9) > 0 then

10: 00 < 0

11: else if ®(p) < 0 then

12: 01 0

13: else

14: Q0 < 0

15: 014 0

16: end if

17: end while

18: return p > the approximation of the exponent parameter is o

The presented bisection method is simple, precise and reliable, but it also is
relatively slow [BF93, p.40 et seqq.]. A faster algorithm is based on the Newton-
Raphson method [BF93, p. 56 et seqq.]. Two disadvantages of this method are:
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1. the derivative of ® is needed, and 2.in general there is no guarantee that the
method converges. However, the derivative can be calculated easily,

m n;—1
d® oy _ 2\ 77 n
a0 (0) = ;;}(9"'1]-) +Q(g+%)
= ;lf(?/fl(glj +n5) —¥1(oly)) + Q(TZ%)

with trigamma function 1, ¢1(x) = % log(T'(x)), [AS65, p. 260]. On the other
hand, ® is strictly decreasing and convex between 0 and its root. Therefore, the
geometric interpretation of the Newton-Raphson method [BF93, p. 57] illustrates
that the method converges to the actual root of ® from below as long as the
initial approximation go is smaller than the root. Algorithm 2 below shows the
corresponding pseudocode.

Algorithm 2 Newton-Raphson method for calculating the maximum likelihood
estimator of p

1: 0o < 0* > initial approximation of exponent parameter
2: while ®(gy) < 0 do > ensure that g is to the left of the exponent parameter
3: 004 300

4: end while

5: 04 00 — ‘5(90)/%(90) > first Newton iteration
6: while |0 — go| > 1077 do > do Newton iterations up to sufficient accuracy
7 00 +— @

8: 04 00— *(20)/ T (e0)

9: end while

10: return o > the approximation of the exponent parameter is o

5.3.2. Accuracy

Section 4.3.2 suggests that the maximum likelihood estimator of p is asymptoti-
cally efficient. Confidence intervals (see Equation (4.5) on page 85) are specified
on the basis of this assumption. In order to validate the asymptotic efficiency,
a Monte Carlo simulation was run for sample sizes m = 10, 20, 50, 100, 500,
1000, means = 1074, 1073, 1072 and exponents ¢ = 107°, 107%, 1072, 1072
using MATLAB [MAT12]. For each combination of m, x and p, at first a sam-
ple of mileages was generated, li,...,lm. These mileages are realizations of
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either a uniform distribution on {1000, 1001, ..., 50999, 51000} or the variate
1000+ | L+1/2], where L is exponentially distributed with mean 25 000. The term
|| means the largest integer not greater than z. After that 10° samples were
m (10%)
i ) icjemr oo (1

negative binomial distribution with exponent pl; and mean pul;, NBin(ol;, pl;).

(i) - .
generated, (n )1§j§m’ where each n;” is a realization of a

Finally, for each sample (ng ))1§j§m
calculated, provided that the estimator exists. If the quotient #/o is too small,
than the simulation generates samples that do not satisfy the condition in Theo-
rem 4.3.7 (cf. Section 5.2.2). In these situations, sample means, sample variances,
etc. cannot be determined, and the tables which collect the results (Table B.6,
Table B.7 and Table B.8 in the appendix) must remain empty there.

Piegorsch [Pie90] uses the reparametrization !/,. His simulation study shows
that the maximum likelihood estimator of 1/, has a negative bias. This suggests
that g, is biased with positive bias. Table B.6 in the appendix confirms this as-

the maximum likelihood estimator p; was

5 5 .
sumption. The mean p := 107" 21121 pi is always larger than the true parameter
value p, provided that the mean exists. The bias slightly decreases if the mean
parameter p increases. If p decreases, p is closer to ¢ on a percentage basis.

The standard deviation \/Wl—l 211251 (pi — p)? behaves in the same way. Apart
from the actual standard deviation of g,,, Table B.6 lists the term 1/o,/T,, where
I, denotes the Fisher information concerning o from Theorem 4.2.2 under the

assumption of Remark 4.2.3,

Lo =Inum(0; )1y

2 m
Nowhn =1 __1 w)?
(Zn:() glj+n> :| - log(l + Z) > Q + M Z l]

=1

Since o, is asymptotically efficient and the information inequality holds, the
term !/, /7T, is a lower bound for the standard deviation, and they approach each
other if the sample size m increases. The square root of the inverse Fisher
information, 1/,/1,, is also illustrated in Figure C.10. The plot verifies that an
increase of the term #/, improves the feasible accuracy of estimate of p.

Table B.7 collects the k-statistics k1, . . . , ks of the sample (\/E(pi—g)) 1<i<1057
which are unbiased and consistent estimators of the first four cumulants of
V/1o(6m — 0) (see Equation (3.7) on page 43). The column “km” refers to the
mileage which is drawn from either a uniform distribution (U) or a rounded ex-
ponential distribution (Exp). Due to the asymptotic efficiency of g, the statistics
kl, ks and k4 are expected to be approximately equal to 0 for large sample sizes,
whereas ks is approximately equal to 1, because these values conform the cumu-
lants of a standard normal distribution [JKB94, p-89]. All of the entries in Table
B.7 exceed the expected values. Consequently, o, is biased with positive bias,
right-skewed and leptokurtic [UC11, Cra62, pp.183/187]. The approximation
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of the distribution of /T,(ém — ¢) through the standard normal distribution is
suitable as long as the sample size is large enough. Which sample size is suffi-
cient depends on the actual parameters ¢ and p. In general, the approximation
is more accurate if p is large and p is small. The accuracy of approximation
is illustrated in Figure C.4, Figure C.5 and Figure C.6, too. The plots show
samples with uniformly generated mileages.

Table B.8 shows how the discrepancies between the k-statistics from above
and the cumulants of the standard normal distribution affect the quantiles of
the distribution of g,,. The term ga(l — «) denotes the difference between
the (1 — «)100 % population quantile of the distribution of g,, and the actual
(1 — @)100 % quantile of the standard normal distribution. The calculation of
ga(1 — a) works exactly as described in Section 5.2.1.

5.4. Accuracy of Maximum Likelihood Estimator of 1

The maximum likelihood estimator of u is just the total number of observed
SOLEs divided by the absolute mileage (see Theorem 4.3.2). Theorem 4.3.3
provides that fi, is efficient, i.e. fi,, is unbiased and the variance is equal to the
inverse Fisher information. The Monte Carlo study to investigate the accuracy
of ¢y, described in Section 5.3.2 also yields an evaluation of the distribution of
[m. In addition, for the same sample sizes m = 10, 20, 50, 100, 500, 1000,
means p = 107% 1072, 1072 and mileages (I1,...,ln) (from either a uniform or
rounded exponential distribution), realizations of Poisson variates were drawn,
Poi(uli), ..., Poi(uly), using MATLAB [MAT12].

The resultant values in Table B.9 in the appendix affirm that [, is efficient.
The row “p = o0” refers to the Poisson sample, the column “km” refers to the
mileage which is drawn from either a uniform distribution (U) or a rounded
exponential distribution (Exp). The term I, denotes the Fisher information
concerning p from Theorem 4.2.2,

I Inum(ﬂ) - % ;n:l lj7 if Npum ~ POI(:“’)?
B Inunl(g7 N‘)QQ = @ Z;nzl lj? if Nnum ~ NBIH(Q, IU’)
e

Since i, is efficient, the square root of the inverse Fisher information

Lo 1
Vie /S

equates to the actual standard deviation of fi,,,. In contrast to the estimate
of o, an increase of both ¢ and p improves a decrease of the relative standard
deviation 1/u./7,. This is also illustrated in Figure C.11. A large pu means that

1
i+

SR
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many SOLEs occur, and so the (relative) estimate of y is more accurate. On the
other hand, the greater the exponent p, the smaller is the variance of Npum, and
the better u can be estimated.

Table B.10 collects the first four cumulants of \/E(ﬂm — ) estimated via k-
statistics as described in Section 5.3.2. Again, the efficiency of fi,, is expressed
through the fact that the first- and second-order cumulants, which correspond
to expectation and variance, are practically equal to 0 and 1 respectively. For
small sample sizes, the third- and fourth-order cumulants are slightly positive.
If, additionally, p is very small, ks and k4 are even larger. Thus, \/E(ﬂm —p) is
slightly right-skewed and leptokurtic [UC11, Cra62, pp. 183/187]. However, both
ks and k4 converge to 0 very fast if the sample size increases. The accuracy of
approximation through the standard normal distribution is illustrated in Figure
C.7, Figure C.8 and Figure C.9, too.

5.5. Calculation and Accuracy of the Maximum
Likelihood Estimator of (¢, 3) in the Counting Model

5.5.1. Calculation
€ (Rxo U {oo})™* 4! with m € IN

Let be (Z]k) 1<j<m € INode and (Sjk) 1<j<m
1<k<d 0<k S
and d € IN>3 satisfying
m d—
Zszk >0 and 0=s50<S8j1<...<8ja-1<8ja=00 Vj€Ncp.
o o
Define the two functions ®; and ®2 by
D;: ]RZO X IR>() — R:
(€,8) Em: . wi(%’ Sjk) Zj k1 Zjk
) — .7 - .
S B2 + £Bsjk 1 Fj k+1(£,8) Fjk—1(58) 1

Fj1(€,8) Fj1(€,8)

where

1 (log(l+za) (1+ ) —1), ifza>0,
5 if xa =0,
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(j € Nem, k € {0,...,d}, ¢ € {1,2}). Given these requirements, Proposition
4.4.3, Theorem 4.4.4 and Corollary 4.4.5 provide the following procedure for
finding the maximum likelihood estimator of (£, 8): at first, calculate the unique
root of ®2(0,-). If Bp denotes this root, check whether ®1(0, 5o) is positive or
not. ®1(0,60) < 0 means that (0,80) is the maximum likelihood estimator.
Otherwise, the joint root of ®; and ®3 is the maximum likelihood estimator of
(&, 8). This root can be found by means of a bisection method. Therefore, take
a & large enough such that for the root 81 of ®2(&1,-) it holds @4 (&1, 51) < 0.
Thus, the actual shape parameter £ must lie within the interval (0,&1). Next,
calculate for the center point &2 = %51 the root B2 of ®a(&2,-). If ®1(&2,52)
is positive, the actual shape parameter £ must be in (€2,£&1), and if ®1(&2, 32)
is negative, the actual shape parameter ¢ lies within (0,&2). Select the proper
interval, take the center point of this interval, and so on. Repeat these iterations
until a sufficient small interval is obtained. If &, is the center point of this last
interval and 3, is the root of ®2(&,, -), then (&, 8.) is an accurate approximation
of the actual joint root of ®; and ®2. The pseudocode in Algorithm 3 below
describes this procedure in detail.

The only outstanding point is the calculation of the roots of ®2(¢,-) with &
given. Similar to the function ® in Section 5.3.1, also the function 8 — ®2(&, 8) is
strictly decreasing and convex between 0 and its unique root. Thus, the Newton-
Raphson method [BF93, p. 56 et seqq.] is an appropriate tool for finding the root
of ®3(&,-) as long as the initial approximation is to the left of the actual root.
A good guess for this initial approximation is the minimum of the relative class
limits s11,...,Sm1, because the second statement of Proposition 4.4.3 ensures
that in some situations min{s;1 |1 < j7 < m} is indeed smaller than the actual
root. Finally, the Newton-Raphson method needs the partial derivative of ®q
with respect to the second dimension,

m d—1
285k + Esj1> 25 g1 o
ey . : ; _ ) ]
v 0= ZZ (B2 4+ €Bsjr)? \ 1 — Fik+1(66) Fik-1(68) _ 4
e Fin(&.5) Fjk(€,8)
— j,k+1 S5k
S Sp e S B
j=1k=1 (52 + gﬁsjk) Fik(€,8) Fjk41(6,8) 9

Fj k41(€:8) Fjr(€,8)

without this part if k=d—1

Sjk—Sjk—1
Zjk B+Esj k-1
Fjr(€,8) Fjr—1(&,8) _9
Fjk-1(€,8) Fjr(€,8)

Algorithm 4 below repeats the Newton-Raphson method for calculating the root
of @3 (57 )
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Algorithm 3 Bisection method for calculating the maximum likelihood estima-

tor of (¢, 5)

1: B < root of ®,(0, ) > initial approximation of scale parameter; see Algorithm 4

2: if ®,(0,8) <0 then > check initial approximation of scale parameter
3 £E+0

4: else
5: &« 0 > lower bound for shape parameter
6: &1+ 1 > initial guess for upper bound for shape parameter
7: B < root of ®5(&4,-) > see Algorithm 4
8 while ®,(&:,8) > 0 do> ensure that &; is an upper bound for shape parameter
9: §o &

10: El — 251

11: B < root of ®5(&4,-) > see Algorithm 4
12: end while

13: while & — & > 1077 do > do bisection iterations up to sufficient accuracy
14: &+ 5(& — &)

15: B < root of ®5(¢,-) > see Algorithm 4
16: if ®,(¢,8) > 0 then

17: o &

18: else if ®,(¢,3) <0 then

19: 51 — f

20: else

21: Eo +— &

22: 51 «— f

23: end if

24: end while

25: end if

26: return ¢, 3 > the approximation of shape and scale is (&, 3)

Algorithm 4 Newton-Raphson method for calculating the root of ®5(¢, )

1: Bo < min{s;1|1 < j <m} > initial approximation of the root
2: while ®,(&,8,) < 0 do > ensure that (o is to the left of the root
3 Bo %/30

4: end while

5: B <« Bo — ‘1’2(5‘30)/%(&,[%0) > first Newton iteration
6: while |8 — Bo| > 1077 do > do Newton iterations up to sufficient accuracy
7 Bo B

8: B fo— *2P0)/ 202 ¢ )

9: end while ‘
10: return 8 > the approximation of the actual root is 3
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5.5.2. Accuracy in Case of £ € Ry

In order to analyze the accuracy of the maximum likelihood estimator (ém, Bm),
a Monte Carlo simulation was run using MATLAB [MAT12]. For each combi-
nation of sample sizes m = 20, 50, 100, shape parameters & = 0.5, 1, scale
parameters 3 = 1, 3, 5, average numbers of SOLEs p = 10™%, 1072 and num-
bers of classes d = 4, 6 with partitions (sjo,...,s52) = (0,4,8,12,00) and
(sj0,---,856) = (0,2.4,4.8,7.2,9.6,12,00), at first a sample of mileages were
generated, l1,...,l,n. These mileages are realizations of either a uniform dis-
tribution on {1000, 1001, ..., 50999, 51000} or the variate 1000 + | L + 1/2],
where L is exponentially distributed with mean 25000. The term |z| means
the largest integer not greater than x. Hereafter, 10° samples were generated,
(zﬁ)) ﬁgﬁfﬁ,‘? e (ZJ(ioO)) 11?%,3 , where each zj? is a realization of a Poisson dis-
tribution with mean

_1 _1
,U,l]‘ <(1+%S]’,k71) A (l—i—%sjk) 5) .

Finally, for each sample (zj(z)) 1<j<m the maximum likelihood estimator (&, B)
1<k<d

was calculated by means of the method described above in Section 5.5.1.

Table B.11 and Table B.12 in the appendix list sample means and sample
standard deviations of the resultant values. Both &,, and By, slightly overesti-
mate the true parameter values. The higher p or m, the more SOLEs can be
observed, and the more accurate the estimates are. If the sample size m is small,
it may occur that all medium classes remain empty and the maximum likelihood
estimator does not exist (see Theorem 4.4.4). Then, sample mean and sample
variance cannot be calculated. An increase of number of classes causes a decrease
of the variances of ém and Bm, but not for all settings the bias decreases, too.
The corresponding entries of the inverse Fisher information matrix,

Je = [Isev(lh &, ﬁ)il] 11

d—1 as1,(£,8)°
k=1 "b1(£,B)

moo (T2 a1 ain(E)? A1 ayp(EB) ane @8\
H s (T T gty — (S =iieye))

and

J,(a = [Isev(,uv f: B)_l} 22

d—1 a115(£,8)%
k=1 b1%(£,8)

N m 2 d—1 a;1,(£,8)2 d—1 a £,8)a &8 2
ML <1_L-:1 k=1 bizg&ﬂ)) _< k=1 uk(blk)@?ﬂl)k( )) >
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(see Theorem 4.2.2, a;;i, bjr as defined there), approximate the actual vari-
ances of ém and B respectively very well. This fact justifies the approximate
confidence intervals in Section 4.4.3 (see Equation (4.7) on page 101).

The confidence intervals of £ and f in Section 4.4.3 are based on the assump-
tion that both (5m—5)/\/ﬂ and (Bm—ﬁ)/\/ﬁ are asymptotically standard normally
distributed. Table B.13, Table B.14, Table B.15 and Table B.16 in the appendix
confirm this assumption. The tables collect the first four cumulants of (5m*§)/\/1
and (Bm—ﬁ)/\/ﬁ estimated via k-statistics as described in Section 5.3.2. Similar
to the maximum likelihood estimators of 1 and g (see Section 5.4 and Section
5.3.2) both fm and Bm are most often slightly right-skewed and leptokurtic,
since the third- and fourth-order cumulants are positive. Only for § = 1 and
(5j0,---55a) = (0,4,8,12,00) the fourth-order cumulant of (Bm—8)/,/7; is nega-
tive if the sample size m is small. The standard normal distribution, which has a
first-, third- and fourth-order cumulant of value 0 and a second-order cumulant
of value 1 [JKB94, p. 89|, approximates the terms (5”1—5)/\/1 and (Bm—ﬁ)/ﬁ
very well if either y or m is not too small. This is also illustrated by Figure C.12,
Figure C.13, Figure C.14 and Figure C.15 (concerning &) as well as in Figure
C.16, Figure C.17, Figure C.18 and Figure C.19 (concerning f3).

5.5.3. Accuracy in Case of £ =0

The Monte Carlo simulation described in Section 5.5.2 was also run for & = 0.
In order to analyze the heuristic confidence intervals from Section 4.4.3 (see
Equation (4.9) on page 103), this time the simulation was run for sample sizes
m = 20, 50, 100, 500, 1000 and p = 10~%, 1073, 1072, Table B.17 in the
appendix collects the results concerning &m. Besides the sample mean and sample
standard deviation of the 10° resultant values, the table lists the number of
realizations of ém which are equal to 0. By considerations of Section 4.4.3, the
probability of the event {fm = 0} is expected to be 50%. For large 8 and, of
course, for large u and m, this assessment is true. Since [ represents the average
severity of an arbitrary SOLE (see Definition 2.4.2), a small S means that only
the lower classes get filled. But for an observation z € INo? with ZZZS zr =0t
always holds &,,(z) = 0 or the maximum likelihood estimator does not exist (see
Section 4.4.4). If, in addition, the classes are too big or only less SOLEs can be
observed, the frequency of realizations with ém = 0 can greatly exceed 50 %.

Because the shape is bounded below by 0, fm must overestimate the true
parameter value £ = 0. The discussion in Section 4.4.3 leads up to expect that
for less observations ﬁm is biased, too, and the bias is negative. Table B.18
verifies this fact.

Section 4.4.3 provides approximate confidence intervals of £ (= 0) and 3 based
on the functions ®, and ®z (see Equation (4.8) on page 103). ®; is taken as an
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approximation of the cumulative distribution function of &, and ®j3 estimates
the cumulative distribution function of 8, focused on the extreme quantiles.
According to this, <I>g1(p) is an approximation of the 100p % quantile of &,

(p € [0.5,1)) and @gl(p) is an approximation of the 100p% quantile of S,
(p € (0,1)) when <I>§_1 and <I>§1 denote the inverse of ®¢: R>o — R>1/, and ®g
respectively. To show the accuracy of this approximation, the values of <I>g1(p)
and @gl(p) can be compared to the sample quantiles of the 10° realizations of

ém and Bm. The calculation of these sample quantiles works as described in
Section 5.2.1.

Table B.19 and Table B.20 collect this comparison with regard to ém. The
columns “p-Q” contain the 100p % sample quantiles of the 10° realizations of
ém. For the sake of clarity, the table only lists the results with uniformly drawn
mileages. The samples with exponentially distributed mileages has very similar
quantiles. The table shows that @5—1 approximates the quantiles of &, very well.

For 8 =1 the extreme quantiles of fm, i.e. p > 0.9, are slightly overestimated if
only less observations are available. On the other hand, <I>g1(p) is sometimes a
little bit to small if 3 € {3,5}.

Table B.21, Table B.22, Table B.23 and Table B.24 in the appendix show the
comparison of the quantiles with regard to Bm. Also here, the actual quantiles
of B, and the values @El(p) are quite compatible with each other, especially

—1

for the extreme quantiles, i.e. p < 0.1 and p > 0.9. Generally, ;" slightly

underestimates the true quantiles of Bm

As an example, the distribution of §m and ﬂm from the Monte-Carlo simulation
is plotted in case of (sjo,...,s5q4) = (0,2.4,4.8,7.2,9.6,12,00), £ = 0, 8 = 1,
pu = 1072 and m = 100. Figure C.20 in the appendix shows the frequency
distribution and the empirical distribution function of &,,. The plots verify
that ®, approximates the distribution of { very well. Figure C.21 shows the
same plot with regard to Bm. Remember that the approximation ®g is put
together of ®5_ and Pgy (see Section 4.4.3): $z_ and P, are assumed to be
the approximate cumulative distribution functions of B given &m = 0 and of
Bm given §m > 0, respectively, so that g = (®s-+®5+)/2 is an approximation
of the cumulative distribution function of 3,,. Figure C.22 verifies that ®5_
an adequate approximation. Figure C.23 shows that at least the lower quantiles
of ,Bm|5m =0 are well approximated by ®z;. Together, as can be seen in Figure
C.21, ®p4 is practical for the calculation of confidence intervals of By as described
in Section 4.4.3.
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5.5.4. Optimal Class Limits

Section 4.4.4 deals with equidistant class limits and provides the existence of an
optimal class length. If there is a A € R such that s;i = tjr — usev = kA for all
j € Ny and k € {0,...,d—1}, the optimal class length Aops is due to Definition
4.4.8 the unique maximizer of the determinant of the Fisher information matrix
concerning ¢ and S as function with respect to A,

det( Lsev (11, €, 6))

m 2 2 d—1 d—1 2
B ‘ ainx(€,B)? a1k (&, B) a21x (€, B)
- (“Z“) 1125 s (Z (&5 )

1

(see Theorem 4.2.2; for £ and S counstant, a;;x(§, 8) and b;x(§, 3) are functions
with respect to the relative class limits si1,...,51,4—1). The actual value of
Aopt only depends on the parameter values £ and 8. The terms bk (£.8)/4
a1;%(£:8)/p2 and a2;%(€:8)/3 do not really depend on 8 and A but on the quotient
A/g. Therefore, if A is replaced by SA, then

A — BA
bjké%ﬂ) — bix(&,1), w — ax(,1), w = azjx(6,1)
v det (Lev(1,€,8)) 87— det(Lev (1, €,1)). (5.1)

Consequently, Aqpt is the optimal class length for shape £ and scale 1 if and only
if BAopt is the optimal class length for shape £ and scale 3, i. e. the optimal class
length is in linear proportion to the scale parameter 8. For this reason, it is
sufficient to calculate Aqpt in case of 5 = 1.

A Newton-Raphson method [BF93, p. 56 et seqq.] was implemented in MATLAB
[MAT12] to calculate Aopt for different numbers of classes d = 3, 4, 5, 6, 7, 8
and shape parameters £ = 0, 0.1, 0.2, 0.3, 0.4, 0.5. Table B.30 in the appendix
lists the resultant values. As expected, Aopt increases if either £ increases or d
decreases. The larger £, the more extreme SOLEs may occur. Hence, the class
length must increase to offer as much of these extreme SOLEs as possible. On
the other hand, if d decreases, the class length must increase to offer the same
range as before.

Besides the optimal class length Aoy, Table B.30 lists the quantiles of the
resultant (medium) relative class limits,

FGplar(g ﬁ)(Aopt)v F@lar(g 5)(2A0pt)v BERE) F(;Plar(g,ﬂ)((d - 1)A0pt)v

where FGPM(& 8)

generalized Pareto distribution with shape ¢ and scale 8 (see Definition 2.4.2). It
is striking that all the quantiles F, ar(g ﬂ)(chopt) decrease if £ increases, except

denotes the inverse of the cumulative distribution function of the
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for k= 1if d € {7,8}.

The demand for equidistant class limits is a strict constraint. Without this
constraint, it may be possible to find a configuration of class limits which yields
a larger value for det([sev(it,&,3)) than any configuration of equidistant class
limits. The terms a;;x(§,8) as functions with respect to the class limits are
for all j € N<,, the same. Also the terms b;,(§, 8) as functions with respect
to the class limits do not differ from each other for distinct j. Thus, without
loss of generality, let be m = 1. Since the parameter p and the mileage [, do
not influence the maximizer of det([sev(u,&,8)), without loss of generality let
be p = 1 and I = 1, too. Eventually, for the same reason than above, it is

sufficient to find a set of relative class limits s = (s11,...,81.0-1) € Rs0%"* with
0 < s11 <...< 81,01 < oo maximizing the determinant
S s SanEDanEn)’
det (Luee(1,6,1)) = i1k (€, 11k 21k ’
(Iev(1,6,1)) il:[M:I e Z )

because then the set 8s = (8s11,. .., 351,4—1) is a maximizer of det(Isev(u, &, B)).

Figure 5.1.: Determinant of Fisher information concerning & and 3 for every tenth of 2 - 106
randomly generated class limit configurations.
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Figure 5.2.: Determinant of Fisher information concerning £ and [3 for top 10% of 2 - 106
randomly generated class limit configurations.

0.49-

Determinant of Fisher Information Matrix

Relative Class Limits

For numbers of classes d = 3, 4, 5, 6, 7, 8 and shapes £ = 0, 0.1, 0.2, 0.3,
0.4, 0.5 Monte Carlo simulations were run using MATLAB [MAT12]. For each
combination of d and &, (d — 1) independent realizations us,...,uq—1 of U were
generated, where U is uniformly distributed on (0, F(;;ar<£7l)(0.9999)). Finally,
the determinant det(lsev(1,&, 1)) was calculated based on the relative class limits
(s11,--+,81,a-1) = (u(1)---,U@—1)), where u(;y denotes the ith smallest value
in {u1,...,uq—1}. This procedure was repeated 2 - 10° times.

The two million configurations of relative class limits and the corresponding
values of the determinant det(lsev(1,&,1)) can be plotted in the following way:
suppose, (311, ...,81,4—1) is one of the two million class limit configurations, then
all the values §1% are plotted in a scatter plot against the value det(lsev(1,£,1)).
As an example, the resultant scatter plot in case of £ = 0.1 and d = 5 is illustrated
in Figure 5.1 and Figure 5.2. For the sake of clarity, in Figure 5.1 only every
tenth of the two million configurations is plotted, and in Figure 5.2 the top ten
thousand configurations are plotted. For all the other combinations of ¢ and d,
the corresponding scatter plots look very similar to that.

The plots show that the best class limit configurations seem to tend to one op-
timal configuration. Besides the Monte Carlo class limits, Figure 5.1 shows the
optimal equidistant relative class limits as calculated above (marked by crosses),
and it shows a configuration which may be the optimal one (marked by circles).
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This last configuration was found by a sequential quadratic programming algo-
rithm pre-implemented in MATLAB [MAT12] (command fmincon with sqp algo-
rithm which works as described in Chapter 18 of Nocedal and Wright [NW06]).
The algorithm finds the minimum of a constrained nonlinear multivariable func-
tion. Applied to the function — det(Isev(1,£,1)), for all combinations of d and ¢
adequate approximations of the actual optimal class limit configurations could
be calculated. Table B.29 in the appendix lists the results of this analysis.

The optimal class limits compose very small lower classes, and the upper
classes are growing ever larger. This ensures that not all SOLEs will lie within
the lower classes. The high quantiles of the generalized Pareto distribution on the
basis are well covered. At least the half of the relative class limits s11, ..., $1,d4—1,
namely S1[d1ye s S1,d—1, are larger than the 88 % quantile. The optimal class

limit configuration is a good compromise: the lower classes are small enough
such that not all SOLEs lie within them, and the upper classes are correctly
dimensioned such that the probability of an empty class is relatively small and,
simultaneously, the high quantiles are well covered.

Changing the class limits during the experiment or adjusting arbitrary class
limits instead of equidistant ones can involve considerable technical effort. One
may ask if this effort will pay off. The observation period which is necessary to
get as small confidence intervals as desired can be used as an criterion to decide
whether it is worth the effort or not.

Suppose, the observations of all vehicles are based on the same relative class
limit configuration 5 = (0,311, ...,51,4-1,00) € {0} x Rso?"* x {o0}. The total
mileage Z;”Zl I; of the vehicles shall be denoted by I. On the other hand, there
is a second relative class limit configuration § = (0, 511, ..., 81,4-1,00) € {0} X
Rso? 1 x {o0}, e.g. the optimal one. The question is how long the vehicles must
be observed such that the (approximate) confidence intervals of £ and 8 have the
same size as in case of the configuration 5. The size of the confidence intervals
from Section 4.4.3 (see Equation (4.7) on page 101) is in linear proportion to
the terms \/Tg and \/ﬁ respectively from above (denoted by oz ., and os.m
respectively in Section 4.4.3). Thus, if the class limit configuration is changed,
a new mileage [ must be chosen such that the term Je remained constant. In

Table 5.1.: Ratio between the mileage lopt in case of optimal class limits and the mileage leopt
in case of optimal equidistant class limits such that the confidence interval of £ is equal in both
cases.

d lopt with regard to §
£=0 £=0.1 £=0.2 £=0.3 £=0.4 £=0.5

3 0.50 leopt 0.44 leopt 0.40 leopt 0.37 leopt 0.34 leopt 0.32 leopt
4 0.69 leopt 0.62 leopt 0.56 leopt 0.51 leopt 0.47 leopt 0.44 leopt
5 0.80 leopt 0.72 leopt 0.66 leopt 0.60 leopt 0.56 leopt 0.52 legpt
6 0.84 leopt 0.77 leopt 0.70 leopt 0.65 leopt 0.61 leopt 0.57 leopt
7 0.87 leopt 0.81 leopt 0.75 leopt 0.70 leopt 0.65 leopt 0.61 leopt
8 0.89 leopt 0.83 leopt 0.78 leopt 0.73 leopt 0.68 leopt 0.64 leopt
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Table 5.2.: Ratio between the mileage lopt in case of optimal class limits and the mileage leopt
in case of optimal equidistant class limits such that the confidence interval of 3 is equal in both
cases.

d lopt With regard to
£=0 £=0.1 £=0.2 £=0.3 £=0.4 £=0.5
3 0.50 leopt 0.46 leopt 0.43 leopt 0.41 leopt 0.39 leopt 0.38 leopt
4 0.73 leopt ~ 0-68 leopt  0.63 leopt  0.60 leopt  0.58 Leopt  0.56 leopt
5 0.77 leopt 0.71 leopt 0.67 leopt 0.64 leopt 0.61 leopt 0.59 leopt
6 0.83 leopt 0.78 leopt 0.73 leopt 0.70 leopt 0.68 leopt 0.65 leopt
7 0.86 leopt  0.81 leopt 077 leopt  0-78 leopy  0.71 leopt  0.68 legpy
8 0.88 leopt 0.83 leopt 0.79 leopt 0.76 leopt 0.74 leopt 0.71 leopt
other words:
Jf class limits §
tot. mileage [
1] = —Cnmeese
€| class limits 5
tot. mileage
> d—1 agq (€, 8)?
k= b1 (€,8)
(l—[2 Ed—l a1k (£.8)2 7(Zd—1 “11k(§ B)agik (€, 5)) )
= k=1 b k .. ~
‘ 1k (6:5) b1k (&:5) class limits §

N\‘ -~
Il

d—1 a1 (£,8)?
Zk b1 (€,8)

d—1 a;15(6:8)2  (d—1 a115(5,8) an1(£,8) )2
( D b1, (8.5) (Zk=1 b1g (6.8) ))

class limits 5

Analogously, a sufficient mileage for Jz can be found.

As an example, suppose that 5 is the optimal configuration for equidistant
class limits, and the covered distance is 1 = leopt- If § is chosen to be the
absolute optimal class limit configuration, the sufficient mileage I = lopt for
equal-sized confidence intervals is partly considerable smaller than leops. Table
5.1 lists the ratios between lop¢ and leopt for confidence intervals of the shape
parameter £. Since the optimal relative class limits are in linear proportion to
the scale parameter 3, these results hold for all values of 8. For £ = 0, lopt is
calculated as in case of a positive shape using the confidence interval C¢ (see
Equation (4.7) on page 101). The table shows that it is possible to save up to
68 % of observation time if the optimal class limit configuration is used instead
of the optimal equidistant one. The more classes are chosen, the less time can
be saved, because in case of many classes the equidistant class limits cover the
observation range quite well. Table 5.2 collects the particular mileages for the
confidence intervals of 3, and it shows similar ratios.

5.5.6. Comparison with Uncensored Generalized Pareto Model

Even if the optimal class limit configuration from Section 5.5.4 is used, the group-
ing of the SOLEs is accompanied by a loss of information. In order to quantify



5.5. Calculation and Accuracy of MLE of (¢, ) in Ec 143

this loss of information, let us compare the inverse Fisher information terms Jg¢
and Jg from Section 5.5.2, which corresponds to the approximate variances of
the maximum likelihood estimators ém and Bm, with the inverse Fisher infor-
mation of an uncensored generalized Pareto distribution. According to Smith
[Smi84]|, the Fisher information of a generalized Pareto experiment is

2 _ 1
Iapar(€,8) = | OFOGH29 BA+E(+29) | |
B(1+€)(1+2¢) B2(1+2¢)

Consequently, the inverse Fisher information is

(49 B+
Icpar (€, B) —(5(1+§) 2,32(1+£)>'

Compare the left upper entry of Igpar (€, 3) ™" with Je where also only one SOLE
is observed, i.e. MZ?:I l; =1, by determining the quotient

Je

NZT;l lj=1

(1+¢)?

The same can be done with the lower right entry of Igpa:(€, )" and Jg,

Hg =

Jp

HEL 1=
282(1+¢) -

Figure 5.3 shows this quotients H: and Hg where J: and Jg are calculated
based on the optimal class limit configurations from Section 5.5.4. Since the

Hg =

Figure 5.3.: Quotients HE and ng of censored and uncensored inverse Fisher information based on the
optimal class limit configuration.
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Figure 5.4.: Quotients Hy and Hg of censored and uncensored inverse Fisher information based on the
optimal equidistant class limit configuration.
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optimal class limits are in linear proportion to 3 and the relations (5.1) on page
138 hold, both H¢ and Hp are constant as function with respect to 3 as long as
the respective optimal class limit configurations are used. The plots show that
both H¢ and Hp approaches 1 if the number of classes decreases. The larger &,
the closer are He and Hg to 1.

Figure 5.4 shows the same plots, but this time J; and Js are calculated based
on the optimal equidistant class limit configurations from Section 5.5.4. Again,
the values of He and Hg do not depend on 3 then. It can be seen that H¢ and
Hp are much larger in the equidistant case. However, they approach 1 for large
numbers of classes. This time, both He and Hp are closer to 1 if € is small.

5.6. Calculation and Accuracy of the Maximum
Likelihood Estimator of (&, 3) in the
Counting-Maximum Model

5.6.1. Calculation

The calculation of ém and Bm in the counting-maximum model works very similar

to the calculation in the counting model (see Section 5.5.1). In the functions ®;,

the counts (zjx)1<j<m and the relative class limits (sjx)1<j<m must be replaced
1<k<d 0<k<d

by the transformed counts (Z;x) Lgism) and the transformed relative class limits

(Sjk) 1<j<m ,respectively, as described in Section 4.5. In addition, the particu-

0<k<kj;+1

lar derivatives with respect to & and f of the term — > | log(8 + &(2; — Usev))
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must be added, where (z;)1<j<m are the observed maximum SOLEs per vehicle.
In other words:

®:(£,8) — ®(¢,8) Z — Usev) L1y () + Lyoy (4 )’

(255 (355 Z55):5j) B+ &(x)j — Usev)

Jj=1

L Gree

Jj=1

SR, 8) &2, 8)

(250 (s5%) =) Fj0) usev))Q'
Lemma 4.5.1 ensures that with these transformations the calculation of the max-

imum likelihood estimators works as described in Section 5.5.1.

5.6.2. Accuracy

Section 5.5.2 describes a Monte Carlo simulation whose purpose is to determine
the accuracy of &, and f,, in the counting model. The same simulation was
also run for the counting-maximum model. The mileages were taken over from
the counting model study and the maxima were drawn as described in Section
5.1.4. Since the calculation of ém and Bm is much more time-consuming than in
the counting model, only 10* realizations of the maximum likelihood estimators
were generated. The sample means and sample standard deviations of these 10*
values are listed in Table B.25, Table B.26 and Table B.27 and Table B.28 in
the appendix.

Table B.25 shows that the standard deviation of &,, is for the setting with four
classes by a factor of between 1.2 and 2.5 smaller than in the counting model (cf.
Section 5.5.2 and Section 5.5.3). For the setting with six classes (see Table B.26),
this factor can still be up to 2. The larger 3, the greater is this factor, at least
for the applied class limit configurations. In case of £ = 0, the smaller standard
deviation causes a smaller bias than in the counting model. For £ € {0.5,1}, the
bias is similar to that in the counting model, but this time the bias is negative.
Thus, ém slightly underestimates the true shape if only less observations are
available. In contrast, in the counting model ém overestimates the true shape.

The standard deviation of Bm is smaller than in the counting model, too. In
case of £ = 0, this also results in a smaller bias. For £ € {0.5,1} the bias of 3,
is greater than in the counting model. However, the mean squared error of Bm
(variance of 3, plus the bias of /3,, squared [UC11]) is significantly smaller than
in the counting model.

To conclude, the estimate of £ and S through ém and B, respectively is sig-
nificant better if the absolute maximum SOLE is part of the observation. A
second advantage is that the maximum likelihood estimators always exist in the
counting-maximum model.
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5.7. Results of Measurement Study

The study of the BMW Group mentioned in Section 2.1 is the motivation for
this thesis. A part of the real data from this study shall be analyzed here by
means of the presented model. This part of data comprises m = 8913 vehicles.
All the observations are based on the same class limit configuration: d = 8
classes, equidistant class limits with class length A € R+ and severity threshold
Usev € R0, so that the class limits are

(tjo, tit,...,ti7, tjg) = (usev, Usev + A, ..., Usey + TA, OO) VJ S ]Nggglg.

As usual, for vehicle j, I; denotes the mileage in kilometers, z;; denotes the
number of events in the kth class, and z; is the maximum SOLE (j € N<sgo13,
k € N<sg).

The mileages of all of the 8913 vehicles add up to

8913
= 1; =97385008
j=1
kilometers. A total of
8913 8

ni= )z = 277938

7j=1 k=1

SOLEs were generated from these vehicles. Hence, due to Theorem 4.3.2, the
maximum likelihood estimator of u takes the value

o n 277938

== ———~®=2. 21073,
fm =T = g7385008 ~ 280410

The symbol “~” means that the values are rounded. This symbol is used in the
same way throughout this section. R
The value of the test statistic /% (D> — 1) (see Equation (3.6) on page 40) is

VB (D2 —1) = /542 (39.8128... — 1) > 2591.

Since the 99.999 % quantile of the standard normal distribution is smaller than
5, the hypothesis that the number of SOLEs per kilometer is Poisson distributed
can be rejected with all common significance levels (see hypothesis test in Section
3.5.3). Therefore, according to the decision-making procedure in Section 3.5.7,
the number of SOLEs is assumed to be negative binomially distributed. The
value of the maximum likelihood estimator of the exponent p is

om =~ 9.538-107°.
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The 277938 observed SOLEs are allocated to the eight classes as follows:

(Zzﬂ,.. Zzﬂ) (267510, 10217, 206, 4, 1, 0, 0, 0).
j=1

The matrix product in Corollary 4.4.7,

0 2 6 12 20 30 42 10217
-2 -2 0 4 10 18 28 206
—4 —6 —6 —4 0 6 14 4
(267510 10217 206 4 1 0 (J) —6 —10 —12 —12 —10 —6 0 1
—8 —14 —18 —20 —20 —18 —14 0
—10 —18 —24 —28 —30 —30 —28 0
—12 —22 —30 —36 —40 —42 —42 0

results in the value —102115826. Hence, due to this corollary and Lemma 4.4.6,
the maximum likelihood estimators of shape £ and scale 5 are

A

-~ 3.030A - 107" (counting model).
log (1 + 35555)

émzo and Bm:

The Fisher information matrix from Theorem 4.2.2 evaluated at the maximum
likelihood estimators amounts to

4.478 . 1011 0 0 0
A s 9
PO 0 1.104 - 10 0 0
e (Q”“ fian s Ems Bm) ~ 0 0 4.319 - 10° 7.055 AL . 10% |

0 0 7.055 A1 . 105 1.311A72.10%

Since the rounded amount of the 97.5% quantile of the standard normal dis-
tribution is 1.960, the 95 % confidence intervals of p (see Section 4.3.1), p (see
Section 4.3.2), £ and (3 (see Section 4.4.3 for the case &, = 0) are

(0.05, (zj) %) ~ [2.795, 2.913] - 1072,
C,(0.05, (2jx);,k) = [9.245, 9.831] - 10~°,
2 (0.05, (2jx)5,6) =~ [0, 7.205] - 107,
C5(0.05, (zjx);.k) = [2.981 A, 3.045A] - 107",

It is striking that the three upper classes are empty. It can be expected that
the accuracy of estimate of £ and 8 will be better for smaller classes. An optimal
class length and, furthermore, an optimal class limit configuration can be found
as described in Section 5.5.4. In this example, the optimal (equidistant) class
limit configuration is (usev, Usev + Sopt,1; - - -5 Usev + Sopt,7, oo) with

(Sopt,h ceey 50pt,7)

_J(0.115A, 0.267 A, 0.500 A, 0.895 A, 1.292 A, 1.741 A, 2.358 A) (optimal)
"1 (0270 A, 0.540 A, 0.810 A, 1.080 A, 1.350 A, 1.620 A, 1.890 A) (opt. equid.).
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With the optimal equidistant class limit configuration only 22 721 331 kilometers
are sufficient to get the same confidence interval Cg as above. With the opti-
mal class limit configuration only 20315 151 kilometers are needed. This is just
about 23 % and 21 % respectively of the actual observation period | = 97 385 008
kilometers. In case of the scale parameter (3, the optimal equidistant class
limit configuration and an observation period of 18209398 kilometers yield
the confidence interval [2.989A -107%, 3.053A - 10_1}, which is as small as
Cg from above. The optimal class limit configuration and the observation pe-
riod 16 743 319 kilometers lead to a confidence interval of the same size, namely
[2.990A-107", 3.054A-107"].

In the counting-maximum model, the numerical calculation (see Section 5.6)
yields

€m ~3.086-107° and S, ~2.940A-10"" (counting-mazimum model).
The observed Fisher information matrix from Section 4.5 adds up to

4.681 - 10° 7.806 A7t 10°

Tsev((2jk); ,(Xj)j) =
(( Jk)Jk ( ])J) 7806A"1.10° 1.541A2.10°

which leads to the 95 % confidence intervals (see Equation (4.11) on page 115)
Ce(0.05, (2jk) .1, (25);) = [ — 4.189, 10.361] - 107,
C5(0.05, (2jk) .k, (7)) ~ [2.900 A, 2.980 A] - 107",

From the Fisher information matrices one can see that the information content in
the counting-maximum model is higher than in the counting model as expected.
In this example, the confidence intervals in the counting model are smaller only
because the shape is estimated to be 0 there, and the intervals CE, Cg are in
general smaller than the intervals C¢, Cg (see Section 4.4.3).

Based on the estimated parameter values, the distribution of the maximum
SOLE during a reference distance can be calculated. If, for instance, the reference
distance is 100000 kilometers, the cumulative distribution function of M:1" is
in the counting-model

10%6:m,

Om
o+ fim exD (5 (0 = tser) Tz, (1)

m

%10° _
P(Msev < t) - Vt € Rso
since &, = 0, see Example 3.4.3), and in the counting-maximum model it is

8
10%8m

Om

N S
o i (14 20— wse) B, (1)

]P’(M*w5 < t) - Vi e R
sev > - >0-
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Figure 5.5.: Probability density function and cumulative distri-
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Figure 5.5 plots this distribution functions and the corresponding probability

density functions. For example, the values of the 99.9 % quantiles of Ms*elv05 are
Usey +3.807 A in the counting model and ugey +3.765 A in the counting maximum-
model. Only one vehicle in a thousand will be subjected to higher loads during
a distance of 100000 kilometers.

Since the data are based on various mileages, the adapted model and the data
concerning the number of SOLEs cannot be compared in a histogram without
further ado. Therefore, for any vehicle the number of observed SOLEs is divided
by the mileage, and this number of SOLEs per kilometer is illustrated in a
histogram (see Figure 5.6). To compare the resultant values with the adapted
model, for each vehicle j a realization of Ni{n ~ NBin(gmlj, fiml;) is drawn, and,
similar to the real data, this realization is divided by the mileage /;. In this way
a total of 10° histograms are generated. The averaged histogram is illustrated
in Figure 5.6 under the heading “Negative Binomial Fit”. For comparison, a
histogram based on the Poisson model is plotted in the same way under the
heading “Poisson Fit” in Figure 5.6.

The plot shows that the negative binomial model corresponds quite well to
the data. However, within a range close to 0 the distributions vary from each
other. One reason for this might be that the sample of the 8913 vehicles is not
homogeneous enough. The occurrence rate of SOLEs might be influenced by
several factors like country or range of models. These external influences might
be found by dint of a factor analysis or analysis of variance. Afterwards, for each
subsample an own negative binomial distribution can be fitted.

A second reason for the difference between data and model might be that
Usev 1S set too small. If so, the lowest class is not only filled with SOLEs but
with operating load events, too. Since some assumptions about SOLEs are not
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Figure 5.6.: Histogram of the quotient of num- Figure 5.7.: Observed total number of SOLEs
ber of observed SOLEs and mileage for all vehi- per class (blue) in comparison with the ex-
cles (blue) in comparison with the theoretical dis- pected number of SOLEs according to the model
tribution of this quotient based on the negative with parameters estimated in the counting model
binomial model (green) and based on the Poisson (green) and in the counting-maximum model
model (red). (red).
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necessarily right for operating loads, especially Assumption 3.1.3, this might lead
to a mixture distribution. If this is the case, disregard the lowest class and use ¢;1
as severity threshold instead (of course, this is only possible if t11 = ... = tm1).
The goodness of fit concerning the severity is visualized in a bar plot (see
Figure 5.7). The blue bars represent the total number of observed SOLEs per
class. The green and red bars represent the expected number of SOLEs during
the observation period [ = 97 385008 kilometers under the presented model,

E[Zlv(tj,k—lvtjk]]
1 _

fnd (1 &=k = DA) ¥ = (14 S ) aILjNg(k)), if £, > 0,

__1 _ __1 ~
fiml (€ B FTIN _ o7 B A ]1]1\157(k)> , if £, = 0.

(see Proposition 3.2.1). The numerical calculation yields

(]E[Zlﬁ(tloﬂtlll] y e ]E|:Zl7(t1,d—17t1d]:| )

_J(267685.7, 9874.2, 364.2, 13.4, 0.50, 0.018, 0.00067, 0.000026) (count. model)
“1(268513.1, 9094.0, 318.9, 11.6, 0.43, 0.017, 0.00068, 0.000029) (count.-maz. mod. ).

On the whole, the model is in line with the data. However, the comparison to
the observation per class, which is (267 510, 10217, 206, 4, 1, 0, 0, O), illustrates
that in the third and in the fourth class the model predicts too much events. A
reason for that might be found in the fact that the ratio of the number of SOLEs
in the first class to the number of SOLEs in the third or fourth class is extremely
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high, e. g. the ratio between first and third class is 267510/206 > 1298. Thus, the
lowest classes strongly influence the estimates of £ and 5. Consequently, if the
severity threshold usev is set too small such that the approximation according
to the Pickands—Balkema—de Haan Theorem (see Theorem 2.4.4) is not suitable,
then the influential first class may distort the estimate of the actual right tail
of the distribution. This problem can be solved by disregarding the lowest class
and using ¢;1 as severity threshold, provided that ¢11 = ... = tp1.

In the case of the distributions of both the number of SOLEs and the severity
of a SOLE it is proposed to disregard the lowest class (usev, A] in order to achieve
a better goodness of fit. When this is done, t11 = usev + A is the new severity
threshold. This time, the value of the test statistic \/?(f)z —1)is

V(D2 —1) = /522 (23.1219... — 1) > 1476.

The values of the maximum likelihood estimators are

fom A~ 1.071-107%,
om ~ 3.096 - 1077,

Em ~2.761-1072 (counting model),
B ~ 2.427TA - 107" (counting model),
Em ~ 06421077 (count.-maz. model),
B A~ 2.563A 107" (count.-maz. model).

and their 95 % confidence intervals are

C,.(0.05, (zjk);.6) ~ [1.027, 1.114] - 10*4

Co(0.05, (zjx);,k) ~ [2.916, 3.275] - 1

C¢(0.05, (zjk);.k) ~ [ — 3.172, 8.694] -10*2 (counting model),

C3(0.05, (zjk) 5.k [2.116 A, 2.73TA] - 1 (counting model),
[—1.579, 2.863] - 10~ (count.-maz. model),
[2.469 A, 2.656 A] - 107" (count.-maz. model).

I

)~
Ce(0.05, (2jk) .k, (5);) =
C5(0.05, (z8) 5,k (x5);) =

The 99.9 % quantiles of M9 are a little bit smaller than before: in the counting
model ugey + 3.566 A and in the counting-maximum model ugsey + 3.450 A. The
whole distribution of MS"elv05 is plotted in Figure 5.8. Take into consideration
that the abscissa is shifted by one compared with Figure 5.5.
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Figure 5.8.: Probability density function agd Figure 5.9.: Observed total number of SOLEs
cumulative distribution function of M:elv0 ; per class (blue) in comparison with the ex-
based on data with class 2 as lowest class. pected number of SOLEs according to the model

with parameters estimated in the counting model
(green) and in the counting-maximum model
(red); based on data with class 2 as lowest class.
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This time, the expected numbers of SOLEs per class are

(E[Zlv(iu,tlz]} ] E[le<t1,d—lst1d]] )

N (10 217.5, 204.3, 6.0, 0.24, 0.012, 0.00079, 0.000068) (counting model)
~1(10207.0, 215.9, 5.0, 0.13, 0.0035, 0.00010, 0.0000035) (count.-maz. mod.)

which fits in very well with the data (see Figure 5.9). This can also be veri-
fied quantitatively by dint of either Person’s chi-squared goodness-of-fit test or
the similar likelihood-ratio goodness-of-fit test [UC11, HCBNMO02, pp. 14-15].
Pearson’s test and the likelihood-ratio test use the test statistics x? and G?
respectively with

2
s TN

k=2 E[Zl,(h k—lvtlk]:|

5 891 E
ZZ 7klog(%) ~2.122.
== ]

Zlv(tl,k—lvtlk

~ 3.121,

According to theory [HCBNMO02, pp. 14-15], under the null hypothesis (i.e.
data follow the distribution provided by the model) both x? and G? are approx-
imately chi-squared distributed with 4 degrees of freedom (seven classes minus
one minus two estimated parameters £, 3; note that il = 28913 Zk o Zjk 18
the total number of events), which corresponds to the dlstrlbutlon of the sum of
4 squared standard normal variates [UC11]. The 95 % quantile of a chi-squared
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Figure 5.10.: Histogram of the quotient of number of observed SOLEs and mileage for all vehicles (blue)
in comparison with the theoretical distribution of this ratio based on the negative binomial model (green) and
based on the Poisson model (red); based on data with class 2 as lowest class.
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distribution with 4 degrees of freedom approximately is 9.488. Therefore, both
tests do not reject the null hypothesis. For the initial estimation above where
also the first class (usev, usev + A] is taken into account, the test statistics would
be x? &~ 87.916 and G2 ~ 103.152. In that situation, both tests would reject the
null hypothesis that the data correspond to the model.

The adapted model concerning the number of SOLEs approximates the data
very well, too, as can be seen in Figure 5.10. The figure is generated in the same
way as Figure 5.6 above. Even though the goodness-of-fit tests from above would
reject the null hypothesis that data and model fit together (both test statistics
x? and G? take values larger than 100), it is nevertheless not advisable to reject
the negative binomial distribution, because the courses of the histograms of
observation and negative binomial fit are very similar to each other. On the
contrary, the distribution of the number of observed SOLEs may be a mixed
distribution consisting of several negative binomial distributions since the sample
is not homogeneous enough.






6.

Résumeé

Section 5.7 in the previous chapter illustrates two things: firstly, it shows that
the model presented in Chapter 3 is together with the parameter estimation
procedure from Chapter 4 suitable for processing the available data and for
answering the questions from Chapter 2. Secondly, it describes a workflow for
the analysis of the present data:

1.

Calculate the maximum likelihood estimator fi,, of the average number p
of SOLEs during one kilometer (see Theorem 4.3.2) and the corresponding
actual confidence interval C,(a, z) (see Equation (4.3) on page 77).

. Utilize the hypothesis test in Section 3.5.3 in order to check whether the

number of SOLEs during one kilometer is statistically dispersed or not.
Choose the binomial (Bernoulli), Poisson or the negative binomial distri-
bution by following the rules of Section 3.5.7.

. If step 2 suggests a negative binomial distribution for the number of SOLEs

per kilometer, calculate the maximum likelihood estimator 9,, of the ex-
ponent o (see Theorem 4.3.7, Section 5.3.1) and the corresponding actual
confidence interval Cy(a, 2) (see Equation (4.5) on page 85).

. Check whether the maximum likelihood estimator ém of the shape & of the

severity of any SOLE is equal to O or positive. If the counting model is
chosen (see Section 4.2.1) and all class limits are equidistant with the same
class length, use Corollary 4.4.7 for that. Otherwise, follow Algorithm 3 on
page 134, lines 1-4, with &1, &, either from Section 5.5.1 or from Section
5.6.1. If &, = 0, Corollary 4.4.7 and Algorithm 3 respectively guide how
to calculate the maximum likelihood estimator Bm of the scale 8 of the
severity of a SOLE. In addition, calculate the actual confidence intervals
CP(a, z) and C§(a, z) (see Equation (4.9) on page 103) or C¢(a, z,z) and
Cs(a, z,x) (see Equation (4.12) on page 115).

If step 4 suggests ém € R0, utilize Algorithm 3 on page 134 with &1, ®o
from Section 5.5.1 or from Section 5.6.1 in order to calculate the maximum
likelihood estimators fm and Bm of shape £ and scale 3 of the severity of a
SOLE, respectively. Furthermore, calculate the actual confidence intervals
Ce(a, z) and Cs(a, z) (see Equation (4.7) on page 101) or C¢(a, 2z, x) and
Cs(a, z,z) (see Equation (4.11) on page 115).
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6. Prepare the goodness-of-fit plots described in Section 5.7 (see Figure 5.6,
Figure 5.7, Figure 5.9 and Figure 5.10) in order to check whether the
severity threshold usey is set large enough. The goodness of fit can also
be verified via Pearson’s chi-squared or the likelihood-ratio goodness-of-fit
test as described in Section 5.7.

7. If needed, the arrangement of the class limits can be optimized (see Section
4.4.4, Section 5.5.4), and the necessary observation period can be estimated
(see Example 4.3.6, Example 4.3.8, Section 5.5.4).

8. Use the maximum likelihood estimators to determine the distribution of
the number of SOLEs in any measurable set A during any mileage [, Z; 4
(see Proposition 3.2.1), the distribution of the maximum SOLE during !
kilometers, Mz, (see Proposition 3.4.2), and the respective common dis-
tributions (see Theorem 3.2.3, Theorem 3.4.4).

The particular sections in Chapter 5 clearly demonstrate by examination of
typical examples that the maximum likelihood method yields adequate estimates
of the distribution parameters. Furthermore, the Poisson hypothesis test devel-
oped in Section 3.5 is very accurate and suitable for testing the index of dispersion
of the number of SOLEs during one kilometer.

If the goodness-of-fit plots and tests suggest a bad fit to the data, an initial
improvement can be achieved by disregarding the lowest class(es). Section 5.7
argues that some model assumptions cannot be correct if the severity threshold is
too low, e. g. the generalized Pareto approximation. The data analysis in Section
5.7 shows that the adjustment of the model to the data becomes much better
after disregarding the lowest class.

If this procedure does not help, the data are possibly not homogeneous, i.e.
the available sample is a mixed population. Some kind of analysis of variance can
help to find the particular subpopulations. For this purpose, define influential
factors and divide the whole population into cells where each cell represents
one combination of levels of the factors. In each cell, calculate the maximum
likelihood estimators of the distribution parameters. The vector of the three
or four estimators forms the “observation” of the particular cell. In order to
point that the estimators of different cells do not have the same accuracy level
since the sample sizes, the numbers of observed SOLEs and the mileages are
different, the estimators can be weighted by the Fisher information. An analysis
of variance can specify if a factor influences the value of one or more estimators.
A realization of this idea is in progress.



A. Lemmata

A.1 Lemma. Let be a € R~o and

1

(1+%a)_ﬁ, if x1 >0,
1

———a

fiRso xRso— (0,1): (z1,22) —>
e *2 if z; = 0.

1. f is continuous.

2. f is continuously differentiable’ and the partial derivatives are (i € {1,2})

F) a
8751 RZO X Rso — R: ($1,1}2) — f(.’L‘1,$2) m go(%,a) y

where

(log(l+za) (1+ L) —1), ifza>0,
if xa = 0.

ISR

wi(x,a) = N2y (3) + L1y (8) - {

3. % is continuously differentiable’ and the partial derivatives are

Ox;0x; >0 >
a

T2? + x1720

(ar,02) s flono) ( )2¢ji<m,x2,a>

(i,7 € {1,2}), where
b1, 32,0) = i (22,a) (M@a)—mﬂ{u(j)—(zf 1) 1 (3)

T2 N~
- (; + 1'1) 1{1}(2) SDJ' (%704) )7
i is defined as in the second statement, and

log(1+za) (142 ) =2 (1713(5) . .
@j({lﬁ, a) — log(1+za)(1+ﬁ)71 ( T - 1{2}(])) 5 if za > O,

%]1{1}(3‘), if xza = 0.

'at 1 = 0 this means the right derivative
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4. For any x € R>o and y € R~o it holds

Jim_ f (21, 22) = 0, Jim f (21, 22) = 1,
xg—0 T —00
w}ignoof(xl,wg) =1, m}ilglm flzi,22) = 1.
T —Y z9—>00

5. Suppose, (T1,n,%T2n)nen C R0 X R0 15 a sequence with x1,, — oo and
T2,n — 0 for n — oo such that the limait

1
b= lim zo, "t €[0,1]

n—oo

erists, then

lim f(z1,n,22,n) =b.
n—o0

Proof. 1.: The points (z1,22) € {0} X Rso are the only values where the con-
tinuity could be destroyed. Suppose, (Z1,n,Z2,n)nen € R0 X R0 is a sequence
with

nlirgo(xl,n,xz,n) = (0,1’0) S {0} X Rso.

Since x1,, > 0 for all n € IN| it is

1 Tin
T Z1n log| 14 z, a
lim f(z1,n,22,n,) = lim (1+ Lin a) 5 :exp( lim (0>) .

n— oo n— o0 T2.n n— o0 T1,n

According to ’Hépital’s Rule [For04, p.171] the limit within the exponential
function is

x
log(1+ %2 q 1, 1
. o . xo
lim ————% = lim —F—— = —a.
n—oo T1n n—oo | + T(Y)n a To

Hence,

lim f(z1,n,%2,n) = exp(fﬁ a) = f(0,z0) = f(nlgr;o(xl*”’m*”)) .

n—oo

2.: One manages to calculate the derivative with respect to z2 with help of
the standard rules from differential calculus. Furthermore, g—zfz is continuous
because f and ——%—— are continuous.

. ) Jx r20 . .
The derivative of f with respect to x; can be calculated easily if z; € Rso. In

case of 1 = 0, first, discover with help of 'Héspital’s Rule [For04, p.171] that
log(1 + za) (xa+1) —za lim alog(l + za)

ii{f}) p1(z,a) = lim

2N,0 z2a 2N\,0 2xa
T a0 2(1 + ax)
a

57
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and so it follows
lim 2L (21, 20) = £(0,22) - (e ’ ceR Vaz € Rso.
210 971 VT ’ 2 \ x2

Since this limit exists, it has to be the partial derivative at 1 = 0 from the
right. The continuity of ;Tfl follows from the continuity of f and the limiting
calculations above.

3.: It is easy to check that

¢ji(w1, 72, 0)
) a 9 x1
Bz zo2+Tiw00 T¢1(77a’)
:Wi(%,a) w(%,a)qta] 2 tmred | :J *

(sme) oi(30) ot

r2ctxi1T20 2 zr2“tx1T20
With that, for j = 2, i € {1,2} and (z1,22) € R0 X R0 as well as for j =1,
1 € {1,2} and (z1,z2) € Rso X Rso it follows from the second statement of this
lemma

2
a
xX1,T e — ii\T1,T2,Q
f(z1,22) (m22+x1x2a) Bji(w1,72,a)
=z af e} o =z
a‘ﬂl(éa“) gj(xlaxz) W.J_imz_&l@a aT,jSOZ(iwl)
:f(xlva) 2 1 ( ) a +

x9? 4+ miwoa | fx1, 22 P E—— %‘(%,G)

0 a - )
= 32, <f(x1,:v2) PR Bp— QOZ(IQ,a
2
= %(ml,xz).
Furthermore, the function @;(-,a) is continuous, because on the one hand it
holds due to ’'Hospital’s Rule [For04, p.171]

log(1 1+2)-2 -
lim og(l+za) (1+ =) — lim log(1 + za) (za + 2) — 2za

20 2 N0 z3a
2
~ alog(l+ za) — zziu
= lim
20 3z2a
3?(13 2
= ljm (2ot _ ¢
o0 6za 6’

and, on the other hand, it holds
log(1+za) (1+ ) —1
m

zra J—

. a
li —
z\0 x 2
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as shown above. Hence, the limit
2

: s _ a .
xlllf\fllo 52, 0m; (@1, 72) = [(0,22) e #5i(0, 22, a)

exists and must therefore be the second partial derivative with respect to z1
from the right at x; = 0.

4.: The first two limits are

lim f(z1,22) = lim f(z,x2) =0, lim f(z1,22) = lim f(z,z2) = 1.
i;:g z9—0 :21:)’:0 L9 —»00

The third limit follows with help of I'Hospital’s Rule [For04, p. 171]:

log(1+%a) )

z1

lim  f(z1,22) = liLn f(ﬂcl,y):exp(f lim
x1—>00

z] o0 x1—00
T2y
. la
=exp|— lim —%—
z1—o0 1+ 5a
=1.

At last, since f is monotonically increasing in o, it holds

1> w}ignoo flz1,x2) > x}igﬂoo flx1,22) = 1.

Lo —r 00 T —Y

5.: The assumptions of the proposition yield

. . T o 1 ,
hm f(a:l’nyx2,n) = hm 3;2’” T1,n exp<_M)

n— oo n— oo T1,n

bexp(— lim M)

n—oo T1,n

=b.
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A.2 Lemma. For any a € R>o define
1 1
fa:Rso = R: z+— = (log(l+az) |1+ — ] -1,
x ax

then:

1. fa s positive.

2. fa is strictly decreasing.
3. fa 1s strictly convez.
4

. Supremum and infimum of fo are

sup fo(z) = li_r% fa(z) = 4 and inf fo(x) = lim fo(x) =0.

z€ER~ o 2 z€R~ T—>00
Proof. 1.: fu(z) is positive if and only if

!
log(1 + az) (ax + 1) > az.

Both sides are equal to 0 if z = 0, and the left-hand side increases faster than
the right-hand side,

%(log(l + az) (az + 1)) = a(1 + log(1 + ax)) > a = % az Vz € Rso.
Thus, the inequality above must hold.

2.: f, is strictly decreasing if and only if the first derivative of fq,

1 2
dfa (z) = = <2 —log(1 + ax) (1 + ﬁ)) Vz € Rx>o

is negative [For04, p.165], and ddf;" (z) is negative if and only if

!
log(1 4 az) (az + 2) > 2az.

Both sides are equal to 0 if z = 0, and the left-hand side increases faster than
the right-hand side,

+ log(1 + ax)) > 2a = 4 2az

i(log(1+a:p) (ax +2)) =a (1+ e

dzx

1+ax

for all z € R>o. Thus, the inequality above must hold.
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3.: f, is strictly convex if and only if the second derivative of f,,

Cho oy = L 3yt
() = = (2 log(1 + ax) (1 + am) T+ oz 5 Vz € R>o

d%fa
12

is positive [For04, p.166], and

(z) is positive if and only if

ax

!
2log(1 3)>5 .
og(1+ az) (ax + 3) > bax + T az

Both sides are equal to 0 if z = 0, and the left-hand side increases faster than
the right-hand side,

i(2 log(1 + azx) (az 4+ 3)) =a

I + 2log(1 + ax))

1+azx

(
—a EQ + ;ax)g - (?iiif? +2log(1 + ax))

1
24— —-+3
P v )
d ax
=4 (5aaz—|— 1+am> Vz € Rso.

Thus, the inequality above must hold.

to 4.: It is well-known that

IM1ﬁ@ﬂ:1ml(bﬂ1+a@_%bgl+a@__l>:0'

z— 00 T — 00 x ax? xT

Since f, is decreasing, this limit is also the infimum of f,.
According to 'Hopital’s Rule [For04, p.171] it holds

1
lim log(1 + az) — lim —% 4
x—0 X z—0 1 + ax
and
a —a?
_ —a e
lim log(1 + az) - az = lim 92 7 _ jjy OFe® @
20 ax? z—0  2ax z=0  2a 2

Thus, fa(x) tends to § if = approaches 0. Since f, is decreasing, this is also its

supremum. O
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A.3 Lemma. For any a € R>o define

T (1 — efﬁ-l)

fa:IR,>0*>IR,I ThH— ——

then:
1. fq is strictly decreasing.
2. Supremum and infimum of f. are

1—e™ ¢ . a _
<1 and inf fo(z) = >e @
z€R~( a zER>0 er —1

Proof. 1.: f, is strictly decreasing if and only if its derivative is negative [For04,
p. 165]. The derivatives of numerator and denominator of f, are

d

__a_ __a_ xra __a_
qo (zmwe ) =1 T Erne
d _xa_ a xTa
dz (e 1) = @rz

Since the quotient rule from differential calculus holds [For04, p.154], f, is
strictly decreasing if the product of numerator and derivative of denominator
is greater than the product of denominator and derivative of numerator for ev-
ery x € Rso. So, it has to be shown that

(xfxefwaﬁ) (% (e% - 1)) $ (e#?l — 1) <% (xfxefwaj)) Vo € Rso

which is equivalent to the inequation

! 12 _za_ a
a(e“—l)>¥(ea—er+l—ez 1+1) Vz € Rso.

The left-hand side can be expressed by integrals,
a a b
a(e“—l):/ ((b—i—l)eb—l) db:/ /(2+c)ecdcdb
0 o Jo

a b c
:// (2+/1dy>e°dcdb7
0 0 0
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as well as the right-hand side,

(z+1)?

a Ta a
e’ —eztl —ea+l 41
T

2 a

:M/ O NP A
x+1 r+1

//( e—xe%—leﬁ)dcdb

T

eT+1+e T .
———d de db.

(e [ )

—_Y_ —_yz_
re z+1 + e =+l
z+1
the inequation above really holds.

Since it is

<1 Vz,y € Rso,

2.: f, is strictly decreasing, hence

sup fo(z) = liir%)fa(w) and inf fo(z) = lim fo().

z€R~ z z€R~ T—>00
I'Hospital’s Rule [For04, p.171] yields

—_—_a
1—e z+1 —

Gz T 1-ee
lim fo(z) = lim (z11) = °
x—0 x—0 (a:+l)2 e’”r a
and
) 1 . 1—e wt1 1 _ —Ginre o a
lim fo(x) = lim = lim =
z~>oof ( ) et — ] zoo00 1 e? — 1 z—oo0 _z% er — 1
The fact

1fe*“:/ e*bdb</ 1db=a Va€Rso
0 0

finishes the proof. O
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A.4 Lemma. Let the situation be as in Theorem 3.5.2 with E1, F2, Vi and V2
as defined there, then it holds

B{E\] = E[}]ElNunl,  EDA] = E[}] Vr(Noun],
E[B2] = E[Noun] E[Va] = Var[Noum] — - Var[Noum]
and
Var[Ey] = % (E[ 2] Var|[Naum] + Var[ 1] E[Naws]?) ,
Var[B] = - E[1] Var[Noum]
VarlVi] = - (B[] malNoun] + (3E[ ] ~ E[£]*) Var[Naun]?) + O (m ),
Var[V] = % (E[£] K4[Nnum] + 2 Var[Noum]?) + O(m™?)
and

1 _
CovlVa, Ba] = — (]E[%} K[ Noum] + Var[ L] Var[ Nyu] E[Nnum]) +0(m™?),
1 _
(COV[VQ’ EQ} = E ]EI:%] K3 [Nnum] + O(m 2) .
Proof. Before calculating the expectations, variances and covariances, note that
the additivity of the cumulants (see Section 2.4.6) ensure that

L

L] =" #n[NaumlL] = Ln[Nowm] ~ Vn €N,

=1

*L
Rn |: Nnum

because it is NiL, = Zle N; with statistically independent and identically
distributed variates N;, N; ~ Nyum. In addition, some formulas in Section 2.4.6
show that the moments of a random variable are polynomials in cumulants.
According to these formulas and due to

s[ee] -sl5{ () 1] veem e
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it holds for all c € R

E[ %] = E[2+] 1 [Nown)

E[%} = E[ﬁ] 52[Nnum] + E[LC%Q] K1 []\[num]2 )

E[ W] = B[ 7] w3 [Noum] + 3E[ 7] 52 [Nowm] 51 [Nour]
B[] Vo "
E[ %5l ] = E[ 2] Ra[Now]
+E[ 2] (4 £3[Noum] £1[Naum] + 3 £2[Naum]?)
+ 6 E[ 2= ] #2[Nuum] £1[Naum]”
+E[ o= #1[Noum]* -

e calculation of E[E:]| and E[Es):
The equations in Equation (A.1) above directly yield

ElE:] = ZE[L | = B[] = B[] BlNam]  Vie{1,2}.

e calculation of E[V}]:
Since Vi is an unbiased estimator of the variance of X1/1, ~ Naim/L [LC98, p 55],
it holds L
E[WVi] = Var[ ““‘“} )

Now, the equations in Equation (A.1) above yield

Var[Mm | = [ Q)] E[NTmr = E[L] k2[Nowm] = E[1] Var[Noum] -

e calculation of E[V3]:
By definition, the expectation of V3 is

B O T B I S 0o 7 I N 750 S B e N O >R P
—leE[Lj]—mE[ iy e Ikl B il > e
=

On the one hand, the equations in Equation (A.1) at the beginning of this proof
verify that

E{M] Var[Nuum] + E[L] E[Nnum]*
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On the other hand, the definition of N}E = Zle N; with statistically indepen-
dent and identically distributed N;, N; ~ Npum, ensures

Sy M)°
E{(Z’;n:ilﬁj)‘ (Lj)lgjgm}

(Lj)lgjsTn]Q

(Lj)lsjgm] + E[Z}n:l Nj
S

vl ] + (o e v )

() VarlNown] + (7 L) B[N

Z;n:1 Lj
Z;'n=1 L; '

_ Var[zy‘:l N;

and therefore

iE{%} = iE[E{M' (Lj)lstmH

m m j=1"%J

1 2
- num E[L num .
—Var{Noun] + E[L] E[Noun]

e calculation of Var[E1] and Var[FEs]:
By definition, the variance of F; is

Vi) =y 3~ var| 2] - L ] - L ([ 5] - e[ 0] )

for all ¢ € {1,2}. Hence, the equations in Equation (A.1) at the beginning of
this proof directly yield

1
Var[Ei] = E (E[ﬁ} IiQ[Nnum] + E[ﬁ] K1 [Nnunl]Q — E[#}

%(E[Ls —527 | Var[Nuum] + Var [ 5] E[Naum]?)

2

K1 [Nnum]Q)

for all 4 € {1,2}.

e calculation of Var[Vi]:
Since Vi is the (unbiased) sample variance of X1/1; ~ Niim/L, it holds due to
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Crameér [Cra62, pp. 366-367]
m (04 — 022) 2 (C4 — 2022) (C4 — 3022)

Var[V1] = (m—12  (m—1)2 + m(m —1)2
_(Ca—Cy?) 205
- m * m(m —1)
(Ca — C2?%)

_ —2
= +O(m ),

where

* L N*L

Cu= | (M ~B[Nf])"]  and Crimvr[ Y]

The facts from Section 2.4.6 and the relations in Equation (3.8) on page 44 yield

<L 12
B e 48V 3] sl + 2B
Finally, note that it holds by definition 3Var[%] + ZIE[%]Z _ 3E[ﬁ} _ E[%]z
and K2 [Nnum] = Var[NHUm],

e calculation of Var[V3]:
By definition, the variance of V> satisfies

Var[Vz]

1 m N2 1 (E N N2 (X, N,
:WZVM[ I, ]+WV”[ZJ’”17L ZCOV LJ] ’+L)
j=1
1 (Vi) 1 ST N N2 (ST N
= EVar [7} + WVar [(5?:171;])] - Cov {L—ll, (2”3714) .

At first, let us calculate both variance terms. The equations in Equation (A.1)
at the beginning of this proof yield

1 (NxL 2
m ar L
1Tk (Nak?1?
= & (B[] - m[ e
1

m

(E [%} Kq [Nnum} + 4 K/S[ num] K1 [Nnum] + 2 52[ num]2

+ 4E[L] k2[Nuum)] 61 [Noum)® + Var[L] £1] num]“). (A.2)
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Since the additivity of the cumulants (see Section 2.4.6) ensure

m
:| - g § K’/n num

L Rn [Nnum} Vn € IN,

Kn|: m ]\Lj

Jj=1

Il
MS I

.
Il
-

Equation (A.1) can also be formulated for 377" | Noj and > 7", L; instead of
NzL and L respectively, which yields

1 (Z;n:l I\l’j)2
wVar |:7E;n=1 I

1

- L 1 . 2
= m2 (E[Z;r;l Lj] Ka [Nnum] + 4 kK3 [Nnum] K1 [Nnum} + 2 ko [Nnurn}

+ 4mE[L] K2 [Nnum] ’fl[ num} + mVar[L} /{1[ num] )
= % <4E[L] #2[Nuum) 61 [Noum)® + Var[L] £1[Noum]* ) + O(m*Z) . (A3)

With this, the variance terms are calculated. Secondly, the covariance term is
needed,

con| 2, Gl ] [ (5t '] ] )]

1 Ly >ty L Ly >ty L

According to Equation (A.1), the rear expectation terms are

SR

Ll ZHL L
= k2[Noum]? + (m 4 1E[L] 2[Naum] £1[Naum]® + mE[L])* £1[Noum]* . (A.4)

For the calculation of the fore expectation term, define the random variables
Ky =3",Lj, K = (Lj)jex and Hp, =377, Nj, so that

Ly it L Ly Li+Km

e (5

(] 52 e ]

Similar to above, the additivity of the cumulants (see Section 2.4.6) ensure

bn[No1| K| = L1 60 [Noum]  and  6n[Hm| K] = K Kn[Noum) vn € IN.
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Moreover, Section 2.4.6 provides formulas which shows that the moments of a
random variable are polynomials in cumulants. These formulas together with
the additivity of the cumulants yield

N2 (Mo +Hp,)?
E[ L LitKm ’K}

_ E[NA*| K] +2E[N.*| K| E[Hn| K]+ E[NA?| K| E[H,, | K]
o L1(L1+Km)

6-[/12 + 7L1Km + sz

3L + K, 2
= Nnum Nnum 2 v - Nnum
Lot i, el sl s e N
L3+ 201 %Ko + L1 K2 4 4L + 2K,
Nnum 7, - R Nnum Nnum
L+ Ko, R
1
N Nnum .
T LT K, ]

This can be simplified to

2 2
E[% %11171;(7:1)‘ K:| = (6L1 + Km) 52[Nnum] K1 []Vnum}2 + ’fQ[Nnum]Q

+ (L12 + Lle) K1 [Nnum]4 + 2 kK3 [Nnum] Hl[Nnum}

T 2L, (/"32 [Nnum]2 + K3 [Nnum] /‘il[Nnum]) + K4 [Nnum]
Ll + Km '

The expectation of this term is

N2 (Na+Hm)?] N2 (Na+Hpm)?
E[ Ly Li+Km =E|E Ly Li+Km

k||
= (5 + m) E[L] k2[Naum] 1 [Naum]? + K2 [Naum]?
+ (E[L?] + (m — D)E[L]?) £1[Noum]* + 2 £3[Naum] £1[Naum]
+ O(mfl) )

Together with Equation (A.4) from above, this yields

i(Cov Ny ? ‘(El’;lmi)z
m

1
) m T

i=1 "1
1

- % (4 ]E[L] K2 [Nnum} K1 [Nnum]2 + Var[L] K1 [Nnum]4 + 2 K3 [Nnum] K1 [Nnum} )

+ (’)(mfz) .

This last result leads together with Equation (A.2) and Equation (A.3) from
above to

* m )2 m )2
Var[VQ] _ Var[(N"EL,m)z] + #Var{(Zle ALJ) ] _ %COV{M 2 (21:1 ]\L,/) ]

1
2 Ly Ly X%, Li

(E[%] 54[Nnum] + Qvar[Nnum]2) + O(m72) .
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e calculation of Cov[Vi, E1]:
The covariance of V; and FE; is

Cov[Vi, By] = Cov| -5 (M _ 1gwm M)° 1gwm My
1,51 m—1 Zuj=1 \'L; m Zui=1 TL; 'm 2aj=1T1.2
—C 1 m N 2 1 m Ny
= LoV Zj:l ;) 'm Zj:l L2

2
_ 1 m N \T 1 vm Ny
Cov[m(m—l) ( j=1 T, ) Vm 2uj=1T;2 |

The first covariance term can be transformed into

2
1 m ] 1 ym Ny
(COV|:m71 pIya (Lj ) o el T

1 m m . 2 .
C ( J) |
m(m — 1) ;; OV{ L; Lﬂ}
_ 1 G N~ \2 N
m(m — 1) 4 COV[(LJ') ’ 72]
j=1
«L O\ 2 *L
=— (Cov{(N“L“"‘> ; Nzhém}

1 (NiED? (NiED?] [ NiL,
e (B[] - [ = ]).

Again, due to the equations in Equation (A.1) at the beginning of this proof,
the first covariance term is

2
1 m N 1 \m i
(COV|:m_1 Zj:l ( I, ) > m Z]‘:l L.2

- (E[#] K3 Nowm] + (B[] — E[2]?) Kol Vo] 2 [No] )
= o (Bl wolown] + (5[] = B maloun] s o] ) + O(m™?).

Therefore, the proof is established if it can be verified that the second covariance
term satisfies

C 1 m Ny 2 m j
OV mm—1) j=1T; 7E2j:1ﬁ

E[%} /‘\72[Nnum} K/l[Nnum] + O(me) .
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Since the random variables (N.;, L;) and (N.;, L;) are statistically independent
as long as i # j, the following transformation holds:

2
L (ym My \T o1 gm Ny
(COV|:m(mfl) (ijl T; ) " m 24j=1 T2

1<h,i,j<m
= 1 E Cov | M1 Ns Ny
m(m — 1) Ly L’ L;?
1§iyj§m
Ni2 Ny Ny N; Ny Ny N; N
Cov| Tl ,2 +327%s Cov| T L:’L1 +22<i,i<m Cov| T, Lil’sz
= ) m(m—1)
[N12 N4 ] Noo N, N N Ny N
Cov 1,2 1,2 +(m—1) E| by Cov I L,° +E T (m—1) Cov Lo ' L32
= ) ) m(m—1)
wL «L
N, —2
:7]E[ num]cov[ num7 2‘5‘“]+(9(m )

- 2 e]o] ([ 25] -ef ) 00

Thus, due to the equations in Equation (A 1) at the beglnnlng of this proof, the

second covariance term is indeed equal to = [ﬁ] Ko [Nnum m ,mm]—i—O( )

e calculation of Cov[Vi, E1]:
The covariance of V5 and Fs is

:Cov[%zm N2 1 ¢m M] Cov{mwi m &]

j=1"L; ' m Zuj=1 L YLy 0 m 4eg=1 L

Since the random variables (No;, L;) and (NLj, L;) are statistically independent
as long as i # j, it holds

2 1 2
e S e S T ZZ T
(Cov[m i1 Lo m 2ajel L | = Cov o

j=11i=1
o 1 N2 N
= — Cov| %%, ]
1 ik )? Wwrk )2 NiE,
= o (B[] - [ [ x [ 2i] )

Again, the equations in Equation (A.1) at the beginning of this proof yield

2
1 m Ny 1 m Ny |
COV[E j=1 L; 'm 2vj=1T; | —

1
E (E [f] K3 [Nnum] + 2 K2 [Nnum] K1 [Nnum]) .
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According to this, the proof is established if it can be verified that the second
covariance term satisfies

moN)? m -
cov{%(zzaﬁil;j), Ly f] L 2 o [Nam] 1 [Nowm] + O (m™2) .
To verify this, first note that

COV{AL?&IM:‘V Ly Mi}

moS L, 0 m 2ei=1 L,

Sy
mzz«:ov[ ()’ ]

= E Cov [7@]‘?1 ;) ﬂ]

PO
_ 1 N (Z?:'l N~i)2 N (Z;ll Mi)2
- E <E|:T11 2t L 7E[T11]E 2t L ’
According to Equation (A.1) at the beginning of this proof, which can also be

formulated for 77" | N; and > 7", L; instead of N:L. and L respectively, the
rear expectation terms are

E[h] E[M} = K2[Nnum] %1 [Naum] + mE[L] £1[Naum]® - (A.5)

Ly v Ly

For the calculation of the fore expectation term, define the random variables
Ko =325 Lj, K = (Lj)jew and Hp, := 377", NJj, so that

im1 L Ly Lit+Km

E[% 7<Z;’:nl L) (Lj)jelN] = ]E[h (L1 +Him)? ‘ K] )

From this point, the calculation is very similar to the calculation of Var[Vz] on
page 170. Similar to there, the additivity of the cumulants and the formulas
from Section 2.4.6 yield

2
B[ Cptie | K]
E[NA*| K] +2E[NA?| K] E[Him| K] + E[Na| K]E[Hpn®| K]

Li(Li + Kn)

K3 [Nnum}

= SKQ[Nnum] K1 [Nnum] + (Ll + Km) K1 []\]num}3 + L ¥ K
1 m

The expectation of this term is

E[ﬁ (M1+Hm)2] :E[E[ﬁ (Mg +Hip)? ) K”

Ly Li+Km Ly Li+Km

=3 K2 [Nnum] K1 [Nnum] + m]E[L] K1 [Nnuln]3 + O(m_l) .
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Together with Equation (A.5) from above, this yields

m 2 .
Cov| 2 ™l dswm il — 5y [Non] 1 [Noum] + O(m™2),

T L; 0 m 4ej=1 L

which should be proved. O
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Table B.1.: First four cumulants of %L (ﬁz — 1) under Poisson hypothesis; based on 108 replications (cf.
Section 5.2.1)

p=10"% p=10"3 p=10"2
m km ki ke kg kg k1 ke k3 ka4 ki ke kg kg
10 U —0.221 0.863 0.933 1.906 —0.221 0.895 0.816 1.173 —0.224 0.901 0.811 1.106
Exp —0.220 0.860 1.027 2.413 —0.222 0.890 0.817 1.209 —0.225 0.899 0.810 1.110
20 U —0.156 0.925 0.743 1.160 —0.157 0.945 0.613 0.629 —0.157 0.949 0.602 0.582
Exp —0.154 0.923 0.800 1.378 —0.159 0.945 0.622 0.655 —0.159 0.951 0.608 0.593
50 U —0.100 0.966 0.509 0.543 —0.100 0.979 0.405 0.272 —0.101 0.980 0.393 0.238
Exp —0.099 0.963 0.552 0.653 —0.100 0.979 0.416 0.295 —0.098 0.980 0.394 0.242
100 U —0.072 0.980 0.373 0.301 —0.070 0.990 0.288 0.136 —0.070 0.988 0.281 0.124
Exp —0.069 0.983 0.416 0.391 —0.069 0.990 0.300 0.161 —0.071 0.989 0.282 0.121
500 U —0.031 0.998 0.175 0.072 —0.030 0.997 0.132 0.029 —0.032 0.998 0.125 0.029
Exp —0.031 0.999 0.192 0.092 —0.032 0.997 0.130 0.027 —0.033 0.999 0.126 0.028
1000 U  —0.021 1.000 0.123 0.029 —0.022 0.999 0.093 0.022 —0.021 1.000 0.091 0.008
Exp —0.021 0.999 0.142 0.054 —0.024 0.998 0.093 0.014 —0.023 0.999 0.091 0.010
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B. Tables

Table B.2.: Deviation of the quantiles of ./ % (D2 — 1) under Poisson hypothesis from the quantiles of the

standard normal distribution; based on 10° replications (cf. Section 5.2.1)

w m  km g (0.01) ga(0.05) ga(0.1) ga(0.25) ga(0.5) ga(0.75) ga(0.9) ga (0.95) ga (0.99)
104 10 U 0.619 0.216  0.035 —0.208 —0.375 —0.407 —0.285 —0.139 0.357
Exp 0.652 0.245  0.057 —0.199 —0.384 —0.421 —0.299 —0.139 0.409

20 U 0.452 0.144  0.010 —0.166 —0.277 —0.281 —0.176 —0.052 0.329

Exp 0.485 0.168  0.026 —0.161 —0.282 —0.288 —0.173 —0.043 0.368

50 U 0.294 0.084 —0.006 —0.118 —0.182 —0.173 —0.091 —0.003 0.247

Exp 0.327 0.101  0.005 —0.118 —0.187 —0.178 —0.094 0.000 0.282

100 U 0.215 0.055 —0.010 —0.088 —0.132 —0.123 —0.059 0.004 0.195

Exp 0.238 0.068  0.000 —0.090 —0.136 —0.122 —0.052 0.018 0.219

500 U 0.094 0.023 —0.007 —0.044 —0.060 —0.049 —0.019 0.015 0.104

Exp 0.107 0.027 —0.008 —0.044 —0.061 —0.052 —0.016 0.020 0.108

1000 U 0.066 0.014 —0.008 —0.031 —0.042 —0.034 —0.009 0.014 0.073
Exp 0.077 0.023 —0.003 —0.031 —0.043 —0.037 —0.010 0.016 0.093

1073 10 U 0.561 0.160 —0.014 —0.235 —0.368 —0.366 —0.241 —0.105 0.296
Exp 0.563 0.164 —0.011 —0.234 —0.369 —0.370 —0.246 —0.110 0.283

20 U 0.381 0.091 —0.032 —0.182 —0.263 —0.249 —0.145 —0.043 0.239

Exp 0.384 0.091 —0.031 —0.183 —0.265 —0.253 —0.151 —0.043 0.249

50 U 0.228 0.043 —0.033 —0.124 —0.169 —0.150 —0.081 —0.011 0.180

Exp 0.233 0.046 —0.032 —0.124 —0.169 —0.154 —0.080 —0.007 0.186

100 U 0.154 0.026 —0.029 —0.091 —0.119 —0.103 —0.048 —0.002 0.128

Exp 0.161 0.030 —0.025 —0.089 —0.119 —0.103 —0.049 0.002 0.145

500 U 0.074 0.011 —0.015 —0.040 —0.052 —0.044 —0.018 0.006 0.066

Exp 0.066 0.008 —0.016 —0.042 —0.054 —0.046 —0.022 0.006 0.060

1000 U 0.043 0.006 —0.011 —0.030 —0.037 —0.032 —0.014 0.003 0.050

xp 0.045 0.006 —0.011 —0.030 —0.041 —0.033 —0.014 0.001 0.041

1072 10 U 0.558 0.153 —0.023 —0.244 —0.371 —0.364 —0.237 —0.097 0.285
Exp 0.556 0.151 —0.022 —0.243 —0.372 —0.368 —0.237 —0.100 0.279

20 U 0.373 0.086 —0.037 —0.184 —0.261 —0.244 —0.143 —0.040 0.237

Exp 0.370 0.082 —0.039 —0.186 —0.265 —0.246 —0.145 —0.041 0.244

50 U 0.221 0.035 —0.038 —0.124 —0.167 —0.150 —0.080 —0.010 0.170

Exp 0.224 0.041 —0.036 —0.123 —0.165 —0.146 —0.075 —0.010 0.170

100 U 0.154 0.027 —0.027 —0.089 —0.118 —0.102 —0.051 —0.004 0.121

Exp 0.152 0.022 —0.029 —0.090 —0.118 —0.103 —0.053 0.000 0.126

500 U 0.059 0.009 —0.016 —0.043 —0.053 —0.045 —0.020 0.001 0.056

Exp 0.059 0.004 —0.018 —0.044 —0.055 —0.044 —0.022 0.001 0.062

1000 U 0.048 0.005 —0.012 —0.030 —0.036 —0.029 —0.011 0.005 0.048
Exp 0.049 0.006 —0.011 —0.031 —0.038 —0.031 —0.012 0.003 0.042
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Table B.3.: Power of the test statistic ,/ % (f)g - 1) in % under Poisson hypothesis (10D = 1) and several

alternative hypotheses (10D > 1) for significance level 1 — o = 0.95; based on 10° replications (cf. Section
5.2.2)

10D=1 10D=1.25 10D=1.5 10D=1.75
w m  km Hyp_ Ho Hyp Hyp Ho Hyp Hj_ Ho Hyp Hj_ Ho Hyip
1074 10 U  0.05 97.30 2.65 0.03 91.52 8.45 0.0l 83.58 16.41 0.01 74.75 25.24
Exp 0.04 97.29 2.67 0.0l 91.40 8.59 0.0l 83.77 16.23 0.0l 75.83 24.17
20 U  0.64 96.48 2.88 0.14 86.71 13.16 0.05 72.08 27.87 0.02 56.88 43.10
Exp 0.51 96.56 2.93 0.12 87.01 12.87 0.05 72.70 27.25 0.02 58.33 41.66
50 U  1.34 95.80 2.87 0.11 76.37 23.52 0.01 46.48 53.51 0.00 23.66 76.34
Exp 1.17 95.86 2.98 0.09 76.79 23.12 0.0l 47.59 52.40 0.00 25.61 74.39
100 U 1.74 95.39 2.88 0.03 61.89 38.08 0 20.48 79.53 0 4.65 95.35
Exp 1.60 95.48 2.92 0.04 62.06 37.90 0.00 21.85 78.15 0 5.30 94.70
500 U  2.17 95.03 2.81 0 6.91 93.09 0 0.00 100.00 0 0 100
Exp 2.16 95.03 2.81 0 7.57 92.43 0 0.01 99.99 0 0 100
1000 U 2.35 94.95 2.70 0 0.24 99.76 0 0 100 0 0 100
Exp 2.17 95.10 2.73 0 0.30 99.70 0 0 100 0 0 100
10~3 10 U 0.11 97.22 2.67 0.04 90.88 9.08 0.03 81.68 18.30 0.01 71.13 28.86
Exp 0.12 97.33 2.55 0.06 90.99 8.95 0.02 81.59 18.40 0.0l 71.64 28.34
20 U  0.92 96.25 2.83 0.20 86.69 13.11 0.04 69.81 30.16 0.02 51.93 48.06
Exp 0.94 96.24 2.82 0.23 86.53 13.24 0.07 69.87 30.07 0.02 52.44 47.54
50 U  1.64 95.53 2.83 0.14 76.15 23.72 0.01 42.60 57.39 0 18.43 81.57
Exp 1.64 95.51 2.85 0.12 76.13 23.75 0.01 43.04 56.95 0.00 18.69 81.31
100 U 1.89 95.31 2.80 0.03 60.81 39.16 0.00 16.81 83.19 0 2,62 97.39
Exp 1.87 95.39 2.74 0.03 60.60 39.37 0 16.78 83.22 0 2,61 97.39
500 U  2.34 95.11 2.56 0 5.61 94.39 0 0.00 100.00 0 0 100
Exp 2.32 95.02 2.66 0 5.58 94.42 0 0.00 100.00 0 0 100
1000 U 2.39 94.94 2.67 0 0.14 99.86 0 0 100 0 0 100
Exp 2.38 94.96 2.66 0 0.17 99.84 0 0 100 0 0 100
10—2 10 U 0.13 97.19 2.68 0.05 90.96 8.99 0.02 81.35 18.63 0.02 70.72 29.27
Exp 0.13 97.10 2.78 0.03 90.97 8.99 0.01 81.32 18.67 0.0l 70.78 29.22
20 U 0.96 96.26 2.79 0.23 86.44 13.33 0.07 69.66 30.28 0.02 51.19 48.79
Exp 0.99 96.24 2.77 0.24 86.45 13.31 0.05 69.47 30.48 0.02 51.30 48.68
50 U  1.71 95.57 2.71 0.13 76.26 23.61 0.01 42.06 57.93 0.00 17.70 82.30
Exp 1.68 95.57 2.75 0.13 76.10 23.78 0.01 42.13 57.86 0.00 17.98 82.02
100 U 1.92 95.34 2.74 0.04 60.52 39.4 0.00 16.30 83.70 0 2.29 97.71
Exp 1.95 95.29 2.76 0.03 60.93 39.04 0 16.29 83.71 0 2.33 97.67
500 U  2.29 95.06 2.65 0 5.49 94.52 0 0.00 100.00 0 0 100
Exp 2.24 95.12 2.64 0 5.53 94.47 0 0 100 0 0 100
1000 U 2.41 95.01 2.58 0 0.13 99.87 0 0 100 0 0 100
Exp 2.41 94.89 2.70 0 0.14 99.86 0 0 100 0 0 100
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Table B.4.: Power of the test statistic ./ % (ﬁg - 1) in % under several alternative hypotheses (10D > 1)

for significance level 1 — o = 0.95; based on 10° replications (cf. Section 5.2.2)

10D=2 I0D=2.5 10D=3 10D=5
W m  km Hy_  Hg Hyy Hy_ Hy Hy4 Hy_ Hy Hyy Hy_ Hg Hyy
1074 10 U  0.00 66.27 33.73 0.00 52.56 47.44 0 42.21 57.79 0 22.21 77.79
Exp 0.00 67.72 32.28 0.00 54.77 45.23 0 44.64 55.37 0 25.45 74.55
20 U  0.00 43.71 56.29 0 26.03 73.97 0.00 15.68 84.32 0 3.60 96.40
Exp 0.01 45.78 54.21 0.00 28.18 71.82 0 17.90 82.10 0 4.79 95.21
50 U 0 11.19 88.81 0 245 97.55 0 0.58 99.42 0 0.0l 99.99
Exp 0 12.88 87.12 0 3.18 96.82 0 0.89 99.11 0 0.03 99.98
100 U 0 0.79 99.22 0 0.03 99.97 0 0 100 0 0 100
Exp 0 1.18 98.82 0 0.05 99.95 0 0.01 99.99 0 0 100
500 U 0 0 100 0 0 100 0 0 100 0 0 100
Exp 0 0 100 0 0 100 0 0 100 0 0 100
1000 U 0 0 100 0 0 100 0 0 100 0 0 100
Exp 0 0 100 0 0 100 0 0 100 0 0 100
1073 10 U  0.01 60.73 39.27 0.00 43.39 56.61 0 30.33 69.67 0 872 91.29
Exp 0.01 61.38 38.62 0.00 43.97 56.03 0.00 31.17 68.82 0 9.19 90.81
20 U  0.01 36.84 63.15 0.00 17.44 82.56 0 8.01 91.99 0 0.50 99.50
Exp 0.01 37.24 62.76 0.00 17.55 82.45 0 831 91.69 0 0.55 99.45
50 U 0 6.92 93.08 0 0.80 99.20 0 0.08 99.92 0 0.00 100.00
Exp 0 7.07 92.93 0 0.82 99.18 0 0.10 99.91 0 0.00 100.00
100 U 0 0.26 99.74 0 0.00 100.00 0 0.00 100.00 0 0 100
Exp 0 0.31 99.70 0 0.00 100.00 0 0.00 100.00 0 0 100
500 U 0 0 100 0 0 100 0 0 100 0 0 100
Exp 0 0 100 0 0 100 0 0 100 0 0 100
1000 U 0 0 100 0 0 100 0 0 100 0 0 100
Exp 0 0 100 0 0 100 0 0 100 0 0 100
1072 10 U 0.0l 59.61 40.38 0.00 41.65 58.35 0.00 28.97 71.03 0 7.27 92.73
Exp 0.01 59.93 40.07 0 41.55 58.45 0 28.76 71.24 0 7.41 92.59
20 U  0.01 35.54 64.45 0.00 15.90 84.10 0 6.98 93.02 0 0.35 99.65
Exp 0.01 35.88 64.11 0.00 16.32 83.68 0 7.05 92.95 0 0.35 99.65
50 U  0.00 6.41 93.59 0 0.66 99.34 0 0.07 99.93 0 0 100
Exp 0 6.37 93.63 0 0.67 99.33 0 0.07 99.93 0 0 100
100 U 0 0.24 99.76 0 0.01 100.00 0 0 100 0 0 100
Exp 0 0.23 99.77 0 0.00 100.00 0 0 100 0 0 100
500 U 0 0 100 0 0 100 0 0 100 0 0 100
Exp 0 0 100 0 0 100 0 0 100 0 0 100
1000 U 0 0 100 0 0 100 0 0 100 0 0 100
Exp 0 0 100 0 0 100 0 0 100 0 0 100
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Table B.5.: Power of the test statistic ./ % (D2 - 1) in % under several alternative hypotheses (10D < 1)

for significance level 1 — o = 0.95; based on 10° replications (cf. Section 5.2.2)

10D=0.25 10D=0.5 I0D=0.75 10D=0.9
r m  km Hy_ Ho Hyy Hy_ Hy Hyy  Hj_ Ho Hyjp Hy_ Ho Hip
1 10 U 17.54 82.46 0 1.58 98.41 0.00  0.34 99.41 0.25 0.17 98.62 1.21
NBin 17.15 82.85 0 1.61 98.38 0.01  0.35 99.38 0.27 0.17 98.61 1.22
20 U 93.02  6.98 0 26.11 73.89 0  4.06 95.83 0.11 1.43 97.53 1.04
NBin 92.29 7.71 0 25.83 74.17 0  3.83 96.09 0.09 1.32 97.64 1.04
50 U 100 0 0 88.67 11.33 0 18.08 81.91 0.01 4.04 95.39 0.57
NBin 100 0 0 88.87 11.13 0 17.99 82.00 0.01 4.10 95.34 0.56
100 U 100 0 0 99.90 0.10 0 43.69 56.31 0.00 7.58 92.12 0.30
NBin 100 0 0 99.90 0.10 0 43.51 56.49 0 7.74 91.98 0.28
500 U 100 0 0 100 0 0 99.63 0.37 0 35.27 64.71 0.01
NBin 100 0 0 100 0 0 99.69 0.32 0 35.11 64.88 0.01
1000 U 100 0 0 100 0 0 100.00 0.00 0 63.68 36.32 0.00
NBin 100 0 0 100 0 0 100 0 0 63.65 36.35 0
10 10 U 16.09 83.91 0 1.79 98.21 0.00  0.39 99.30 0.31 0.21 98.51 1.29
NBin  15.86 84.14 0 1.77 98.23 0.00  0.42 99.28 0.31 0.20 98.46 1.35
20 U 95.16  4.84 0 28.89 71.11 0  4.91 94.99 0.10 1.82 97.15 1.03
NBin  95.01 4.99 0 28.80 71.20 0 485 95.02 0.13 1.82 97.14 1.05
50 U 100 0 0 88.08 11.92 0 19.77 80.21 0.01 4.69 94.70 0.61
NBin 100.00  0.00 0 88.15 11.85 0 19.89 80.10 0.01 4.72 94.67 0.62
100 U 100 0 0 99.81 0.19 0 44.14 55.87 0 8.22 91.49 0.29
NBin 100 0 0 99.80 0.20 0 44.18 55.81 0.00 8.55 91.13 0.33
500 U 100 0 0 100 0 0 99.52 0.48 0 35.62 64.37 0.01
NBin 100 0 0 100 0 0 99.52 0.48 0 35.87 64.13 0.01
1000 U 100 0 0 100 0 0 100 0 0 63.04 36.96 0
NBin 100 0 0 100 0 0 100 0 0 63.43 36.57 0.00
100 10 U 15.98 84.02 0 1.84 98.16 0.00  0.38 99.34 0.28 0.21 98.46 1.33
NBin  16.07 83.94 0 1.79 98.21 0.00  0.41 99.31 0.28 0.19 98.51 1.30
20 U 95.34  4.66 0 29.36 70.64 0  5.00 94.89 0.11 1.88 97.07 1.05
NBin 95.30 4.71 0 28.94 71.06 0.00 4.98 94.90 0.12 1.86 97.05 1.09
50 U 100 0 0 87.98 12.02 0 19.74 80.25 0.02 4.85 94.56 0.59
NBin 100 0 0 88.00 12.00 0 20.12 79.87 0.02 4.91 94.49 0.60
100 U 100 0 0 99.80 0.20 0 44.52 55.48 0.00 8.38 91.28 0.34
NBin 100 0 0 99.81 0.19 0 44.29 55.71 0.00 8.58 91.15 0.28
500 U 100 0 0 100 0 0 99.55 0.45 0 35.55 64.44 0.01
NBin 100 0 0 100 0 0 99.50 0.50 0 35.80 64.19 0.01
1000 U 100 0 0 100 0 0 100.00 0.00 0 63.30 36.70 0.00
NBin 100 0 0 100 0 0 100.00  0.00 0 63.21 36.79 0.00
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Table B.6.: Relative mean, relative standard deviation, and relative square root of inverse Fisher information
of 8y ; based on 10° replications (cf. Section 5.3.2)

w=10"% w=10"3 n=10"2

K mean(dm) std(ém) 1 mean(4m) std(ém) 1 mean(ém) std(ém) 1
¢ m m e o T, ] ] ] ] T,
eyie eyie
10°% 10 U — — 0.625 — — 0.459 1.328 0.733 0.442
Exp — — 0.840 — — 0.513 1.297 0.688 0.410
20 U — —  0.462 1.142 0.412 0.327 1.123 0.364 0.295
Exp — — 0.489 1.190 0.498 0.380 1.140 0.403 0.327
50 U 1.094 0.344 0.292 1.052 0.229 0.211 1.045 0.206 0.191
Exp 1.114 0.388 0.317 1.062 0.253 0.229 1.047 0.210 0.196
100 U 1.045 0.227 0.211 1.026 0.161 0.155 1.022 0.140 0.135
Exp 1.055 0.248 0.226 1.030 0.175 0.167 1.025 0.148 0.141
500 U 1.009 0.096 0.095 1.005 0.069 0.068 1.004 0.060 0.060
Exp 1.010 0.102 0.100 1.006 0.074 0.073 1.005 0.064 0.064
1000 U 1.004 0.067 0.066 1.002 0.049 0.048 1.002 0.043 0.043
Exp 1.005 0.070 0.069 1.003 0.051 0.051 1.002 0.045 0.045
104 10 U — — 1.060 — — 0.511 1.403 0.898 0.426
Exp — — 1.060 — — 0.506 1.359 0.789 0.430
20 U — — 0.689 1.218 0.558 0.351 1.160 0.402 0.301
Exp — —  0.744 1.219 0.556 0.359 1.157 0.405 0.300
50 U — — 0.473 1.075 0.257 0.222 1.056 0.214 0.193
Exp — — 0.480 1.079 0.270 0.232 1.055 0.211 0.190
100 U — — 0.315 1.035 0.167 0.156 1.028 0.143 0.135
Exp — — 0.336 1.035 0.170 0.158 1.027 0.142 0.134
500 U 1.024 0.152  0.142 1.007 0.071 0.070 1.005 0.061 0.060
Exp 1.026 0.160 0.149 1.007 0.072 0.071 1.005 0.061 0.061
1000 U 1.012 0.103 0.101 1.003 0.049 0.049 1.003 0.043 0.043
Exp 1.013 0.108 0.105 1.003 0.051 0.050 1.003 0.043 0.043
1073 10 U — — 5.219 — — 0.901 — — 0.490
Exp — — 5.093 — — 0.915 — — 0.488
20 U — —  3.603 — — 0.640 1.214 0.546 0.346
Exp — —  3.690 — — 0.647 1.218 0.541 0.345
50 U — —  2.267 — — 0.405 1.076 0.255 0.219
Exp — —  2.266 — — 0.407 1.074 0.252 0.218
100 U — —  1.611 — — 0.287 1.036 0.167 0.155
Exp — — 1.613 — — 0.288 1.035 0.166 0.154
500 U — — 0.718 1.021 0.136 0.128 1.007 0.070 0.069
Exp — — 0.725 1.022 0.138 0.129 1.007 0.070 0.069
1000 U — — 0.507 1.010 0.093 0.091 1.003 0.049 0.049
Exp — — 0.512 1.010 0.093 0.091 1.003 0.049 0.049
1072 10 U — — 45.255 — — 4.933 — — 0.896
Exp — — 45.382 — — 4.932 — — 0.897
20 U — — 32.062 — — 3.485 — — 0.633
Exp — — 32.086 — — 3.488 — — 0.634
50 U — — 20.264 — — 2.207 — — 0.401
Exp — — 20.302 — — 2.209 — — 0.401
100 U — — 14.334 — — 1.561 1.128 0.504 0.283
Exp — — 14.364 — — 1.564 1.127 0.494 0.283
500 U — — 6.413 — — 0.698 1.021 0.133 0.127
Exp — —  6.425 — — 0.699 1.021 0.134 0.127
1000 U — —  4.535 — — 0.494 1.010 0.092 0.090
Exp — —  4.541 — — 0.494 1.010 0.092 0.090
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Table B.7.: First four cumulants of \/I, (om
(cf. Section 5.3.2)

—0) = vV Inum(@vl»"hl (ém

— 0); based on 10° replications

w=10"% w=10"3 w=10"2
e m km &y ky ks ks k1 ks kg ke Ry ko ks %
10°% 10 U - - = - - = — — 0.741 2.751 11.405  106.812
Exp — @— @ — - - — — — 0.723 2.813 14.097  202.149
20 U - - — — 0.434 1.586 2.658  9.475 0.415 1.519  2.300 7.033
Bxp @ — @ —  — — 0.500 1.717 3.521 19.023 0.436 1.522  2.219 6.421
50 U 0.323 1.388 2.152 14.906 0.248 1.183 0.917  1.442 0.238 1.157  0.780 1.022
BExp 0.361 1.493 2.408 9.607 0.271 1.214 1.044  1.764 0.239 1.157  0.808 1.093
100 U 0.216 1.163 0.866 1.324 0.169 1.084 0.518  0.483 0.164 1.079  0.500 0.457
Exp 0.242 1.202 1.014 1.711 0.182 1.099 0.589  0.593 0.178 1.090  0.535 0.477
500 U 0.098 1.029 0.297 0.135 0.073 1.017 0.201  0.066 0.072 1.013  0.194 0.057
Exp 0.104 1.041 0.320 0.164 0.080 1.018 0.233  0.102 0.077 1.010  0.200 0.063
1000 U 0.066 1.014 0.205 0.094 0.051 1.013 0.144  0.029 0.051 1.018  0.135 0.046
Exp 0.070 1.102 0.220 0.074 0.055 1.006 0.155  0.050 0.054 1.010  0.154 0.058
104 10 U - - = - - = — — 0.946 4.435 47.182 1443.991
BExp — @— @ — - - — — — 0.833 3.365 20.116  293.276
20 U - - — — 0.621 2.523 17.892 625.802 0.533 1.794  3.851 16.772
Bxp @ — @ —  — — 0.608 2.399 10.359 123.958 0.523 1.826  4.343 24.766
50 U - - — — 0.339 1.339 1.642  4.213 0.292 1.231  1.148 2.126
Bxp @ — @ —  — — 0.340 1.351 1.680  4.420 0.291 1.238  1.146 2.107
100 U - - — — 0.223 1.146 0.827  1.213 0.209 1.115  0.680 0.769
Exp — @— @ — — 0.223 1.155 0.850  1.248 0.203 1.115  0.671 0.788
500 U 0.167 1.143 0.893 1.412 0.099 1.027 0.295 0.142 0.084 1.015  0.259 0.147
Exp 0.173 1.146 0.949 1.643 0.101 1.025 0.280 0.149 0.089 1.015  0.236 0.092
1000 U 0.121 1.059 0.539 0.543 0.065 1.007 0.192  0.044 0.064 1.003  0.194 0.066
Exp 0.121 1.159 0.553 0.631 0.068 1.021 0.205  0.098 0.060 1.012  0.181 0.043
1073 10 U - - = - - = — - - = — —
Exp — @— @ — - - — — - - — — —
20 U - - — - - — — — 0.617 2.490 26.674 2012.840
Exp — - - - = — — 0.634 2.461 11.407  150.599
50 U - - — - - — — — 0.348 1.358  1.704 4.218
Bxp @ — @ —  — - - = — — 0.339 1.332  1.630 4.021
100 U - - — - - — — — 0.233 1.161  0.881 1.313
Exp — @— @ — - - — — — 0.230 1.154  0.869 1.325
500 U - - = — 0.162 1.124 0.841  1.350 0.107 1.033  0.318 0.180
Exp — @— @ — — 0.168 1.139 0.878  1.508 0.101 1.030  0.308 0.224
1000 U - - = — 0.116 1.060 0.525  0.532 0.071 1.022  0.224 0.090
Exp — @— @ — — 0.109 1.048 0.490  0.455 0.071 1.011  0.224 0.091
1072 10 U - - = - - = — - - = — —
Exp — @— @ — - - — — - - = — —
20 U - - — - - — — - - = — —
Exp — @— @ — - - — — - - = — —
50 U - - — - - — — - - = — —
Exp — @— @ — - - — — - - — — —
100 U - - — - - — — — 0.453 3.172 125.359 15525.493
Exp — @— @ — - - — — — 0.449 3.036 181.658 39801.888
500 U - - — - - = — — 0.164 1.110  0.806 1.268
Exp — @— @ — - - — — — 0.165 1.122  0.809 1.202
1000 U - - = - - = — — 0.110 1.053  0.495 0.445
Exp — @— @ — - - — — — 0.113 1.060  0.506 0.463
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Table B.8.: Deviation of the quantiles of \/Ty (6m — ) = \/ITnum (@, )11 (8m — @) from the quantiles
of the standard normal distribution; based on 10° replications (cf. Section 5.3.2)

w=10"2

° m  km g (0.01) ga(0.05) ga(0.1) ga(0.25) qa(0.5) ga (0.75) ga (0.9) qa(0.95) ga (0.99)

1075 10 U 0.946 0.610 0.473 0.333 0.363 0.689 1.406 2.122 4.323
Exp 1.047 0.683 0.526 0.345 0.314 0.569 1.174 1.830 3.935

20 U 0.730 0.460 0.348 0.229 0.216 0.367 0.726 1.038 2.014
Exp 0.581 0.345 0.257 0.195 0.260 0.516 0.975 1.384 2.468

50 U 0.510 0.320 0.230 0.155 0.133 0.207 0.370 0.522 0.918
Exp 0.478 0.294 0.216 0.140 0.134 0.228 0.409 0.578 0.995
100 U 0.384 0.243 0.179 0.107 0.087 0.141 0.243 0.337 0.595
Exp 0.324 0.187 0.135 0.088 0.105 0.191 0.346 0.472 0.788
500 U 0.201 0.115 0.084 0.051 0.044 0.060 0.093 0.141 0.225
Exp 0.067 0.025 0.015 0.019 0.048 0.109 0.193 0.258 0.417
1000 U 0.121 0.075 0.051 0.036 0.027 0.039 0.076 0.109 0.161
Exp 0.036 0.022 0.011 0.005 0.028 0.075 0.138 0.194 0.316
104 10 U 1.098 0.716 0.554 0.387 0.415 0.843 1.816 2.870 6.197
Exp 1.021 0.658 0.505 0.356 0.386 0.770 1.626 2.501 5.281

20 U 0.871 0.561 0.427 0.285 0.272 0.482 0.93 1.384 2.688
Exp 0.866 0.547 0.421 0.274 0.256 0.461 0.915 1.369 2.699

50 U 0.624 0.385 0.295 0.180 0.151 0.249 0.457 0.658 1.207
Exp 0.641 0.395 0.299 0.188 0.154 0.234 0.447 0.638 1.153
100 U 0.493 0.301 0.226 0.138 0.113 0.176 0.322 0.446 0.798
Exp 0.474 0.299 0.225 0.141 0.105 0.162 0.300 0.420 0.789
500 U 0.240 0.144 0.109 0.059 0.041 0.066 0.118 0.159 0.303
Exp 0.234 0.142 0.106 0.063 0.052 0.075 0.116 0.169 0.280
1000 U 0.193 0.120 0.089 0.046 0.031 0.045 0.088 0.120 0.209
Exp 0.174 0.105 0.073 0.038 0.029 0.048 0.086 0.121 0.218
1073 10 U 1.168 0.748 0.577 0.390 0.438 0.957 2.292 3.807 10.923
Exp 1.182 0.762 0.584 0.403 0.453 1.002 2.350 4.009 11.562

20 U 0.967 0.610 0.460 0.292 0.276 0.532 1.129 1.724 3.680
Exp 0.969 0.608 0.461 0.297 0.285 0.549 1.153 1.763 3.806

50 U 0.711 0.437 0.332 0.198 0.171 0.298 0.579 0.842 1.607
Exp 0.721 0.447 0.331 0.198 0.166 0.283 0.553 0.808 1.545
100 U 0.548 0.329 0.245 0.146 0.116 0.195 0.369 0.525 0.979
Exp 0.542 0.331 0.243 0.143 0.116 0.189 0.352 0.508 0.922
500 U 0.290 0.176 0.131 0.072 0.055 0.084 0.155 0.226 0.357
Exp 0.273 0.167 0.120 0.073 0.056 0.076 0.134 0.199 0.375
1000 U 0.201 0.112 0.085 0.050 0.034 0.054 0.105 0.149 0.263
Exp 0.212 0.132 0.098 0.050 0.033 0.053 0.098 0.138 0.251
1072 10 U 1.544 0.995 0.739 0.430 0.545 4.463 oo [eS) oo
Exp 1.538 0.992 0.737 0.426 0.547 4.332 oo oo oo

20 U 1.346 0.846 0.619 0.337 0.313 1.188 6.562 136.20 oo
Exp 1.343 0.845 0.615 0.332 0.308 1.187 6.658 115.21 oo

50 U 1.085 0.658 0.470 0.243 0.180 0.502 1.496 2.823 11.113
Exp 1.076 0.655 0.469 0.239 0.178 0.511 1.537 2.905 10.617
100 U 0.875 0.524 0.371 0.186 0.125 0.303 0.805 1.360 3.297
Exp 0.882 0.524 0.373 0.184 0.123 0.310 0.821 1.382 3.289
500 U 0.512 0.285 0.198 0.099 0.057 0.112 0.258 0.399 0.836
Exp 0.489 0.277 0.193 0.093 0.055 0.119 0.281 0.420 0.842
1000 U 0.368 0.208 0.144 0.064 0.034 0.071 0.176 0.272 0.521
Exp 0.371 0.205 0.142 0.066 0.037 0.077 0.178 0.285 0.538
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Table B.9.: Relative mean, relative standard deviation, and relative square root of inverse Fisher information
of i, ; based on 10° replications (cf. Section 5.4)

w=10"4% uw=10"3 uw=10"2

mean (fim) std(fim) mean (i) std(im) mean(fim) std(im) 1
e m  km =nEm) RSEm) L
m m n B n W T
1075 10 U 0.998 0.583 0.585 1.000 0.571 0.571 0.999 0.633 0.634
BExp 1.001 0.827 0.826 1.000 0.712 0.711 0.998 0.420 0.421
20 U 1.004 0.458 0.455 1.002 0.412 0.412 0.999 0.429 0.430
BExp 1.000 0.463 0.464 1.001 0.406 0.405 1.000 0.456 0.456
50 U 0.999 0.289 0.290 0.998 0.268 0.268 1.000 0.288 0.287
Exp 0.999 0.305 0.307 1.000 0.262 0.263 1.001 0.267 0.267
100 U 0.998 0.207 0.208 1.000 0.206 0.206 0.999 0.196 0.196
Exp 0.999 0.205 0.204 1.000 0.205 0.206 1.001 0.186 0.186
500 U 1.001 0.093 0.093 1.000 0.089 0.089 1.000 0.088 0.087
Exp 1.000 0.095 0.095 1.000 0.091 0.091 1.000 0.088 0.088
1000 U 1.000 0.065 0.065 1.000 0.063 0.063 1.000 0.063 0.063
BExp 1.000 0.063 0.064 1.000 0.061 0.061 1.000 0.060 0.060
1074 10 U 1.000 0.314 0.313 0.999 0.260 0.260 1.001 0.190 0.190
Exp 1.000 0.277 0.276 1.001 0.198 0.198 1.000 0.216 0.216
20 U 1.000 0.178 0.178 0.999 0.141 0.141 1.000 0.136 0.136
BExp 1.000 0.195 0.194 1.000 0.140 0.141 1.001 0.125 0.125
50 U 1.000 0.138 0.138 1.000 0.096 0.096 1.000 0.092 0.092
Exp 1.000 0.145 0.145 1.000 0.101 0.101 1.000 0.092 0.091
100 U 1.000 0.085 0.086 1.000 0.065 0.065 1.000 0.064 0.064
Exp 1.000 0.086 0.086 1.000 0.067 0.067 1.000 0.067 0.067
500 U 1.000 0.039 0.039 1.000 0.030 0.030 1.000 0.028 0.028
Exp 1.000 0.040 0.040 1.000 0.030 0.030 1.000 0.028 0.029
1000 U 1.000 0.028 0.028 1.000 0.020 0.020 1.000 0.020 0.020
Bxp 1.000 0.028 0.028 1.000 0.020 0.020 1.000 0.020 0.020
1073 10 U 1.000 0.230 0.231 1.000 0.087 0.087 1.000 0.059 0.059
Exp 0.999 0.213 0.212 1.000 0.100 0.100 1.000 0.067 0.067
20 U 1.001 0.156 0.156 1.000 0.062 0.062 1.000 0.045 0.045
BExp 0.999 0.171 0.171 1.000 0.062 0.062 1.000 0.048 0.048
50 U 1.000 0.095 0.094 1.000 0.039 0.039 1.000 0.030 0.030
Exp 1.000 0.087 0.087 1.000 0.042 0.042 1.000 0.029 0.029
100 U 1.000 0.068 0.068 1.000 0.027 0.027 1.000 0.021 0.021
Exp 1.000 0.064 0.064 1.000 0.025 0.025 1.000 0.021 0.021
500 U 1.000 0.029 0.029 1.000 0.012 0.012 1.000 0.009 0.009
Exp 1.000 0.030 0.029 1.000 0.012 0.012 1.000 0.009 0.009
1000 U 1.000 0.020 0.020 1.000 0.009 0.009 1.000 0.007 0.007
BExp 1.000 0.021 0.021 1.000 0.009 0.009 1.000 0.006 0.006
1072 10 U 1.000 0.184 0.185 1.000 0.066 0.066 1.000 0.026 0.026
BExp 0.999 0.201 0.201 1.000 0.071 0.071 1.000 0.032 0.032
20 U 0.999 0.136 0.135 1.000 0.042 0.042 1.000 0.021 0.021
BExp 1.000 0.144 0.144 1.000 0.038 0.038 1.000 0.021 0.021
50 U 1.000 0.081 0.081 1.000 0.030 0.030 1.000 0.013 0.013
Exp 1.000 0.078 0.078 1.000 0.026 0.026 1.000 0.012 0.012
100 U 1.000 0.062 0.062 1.000 0.020 0.020 1.000 0.008 0.008
Exp 1.000 0.059 0.059 1.000 0.021 0.020 1.000 0.009 0.009
500 U 1.000 0.028 0.028 1.000 0.009 0.009 1.000 0.004 0.004
Exp 1.000 0.029 0.029 1.000 0.009 0.009 1.000 0.004 0.004
1000 U 1.000 0.020 0.020 1.000 0.007 0.007 1.000 0.003 0.003
BExp 1.000 0.020 0.020 1.000 0.007 0.007 1.000 0.003 0.003
o 10 U 1.000 0.231 0.232 1.000 0.056 0.056 1.000 0.020 0.020
Exp 1.001 0.223 0.224 1.000 0.086 0.086 1.000 0.018 0.018
20 U 1.000 0.143 0.143 1.000 0.043 0.043 1.000 0.013 0.013
Exp 1.000 0.128 0.128 1.000 0.043 0.043 1.000 0.012 0.012
50 U 1.000 0.089 0.088 1.000 0.029 0.029 1.000 0.009 0.009
BExp 1.000 0.096 0.096 1.000 0.028 0.027 1.000 0.009 0.009
100 U 1.000 0.067 0.066 1.000 0.018 0.018 1.000 0.006 0.006
BExp 1.000 0.066 0.066 1.000 0.019 0.019 1.000 0.006 0.006
500 U 1.000 0.027 0.027 1.000 0.009 0.009 1.000 0.003 0.003
BExp 1.000 0.027 0.027 1.000 0.008 0.008 1.000 0.003 0.003
1000 U 1.000 0.019 0.020 1.000 0.006 0.006 1.000 0.002 0.002
Exp 1.000 0.020 0.020 1.000 0.006 0.006 1.000 0.002 0.002
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Table B.10.: First four cumulants of \/T;, (imn, — ) = \/Inum (0, 1) 25 (i —p); based on 10° replications
(cf. Section 5.4)

uw=10"% uw=10"3 w=10"2
e m km ky ko kg I k1 ko ks kg4 Ry ko ks iy
1075 10 U —0.004 0.994 1.108 1.829 —0.001 1.002 1.144 1.998 —0.001 0.998 1.272 2.504
Exp 0.001 1.002 1.592 3.865 0.000 1.003 1.415 2.919 —0.005 0.994 0.816 0.971
20 U  0.008 1.012 0.867 1.044 0.005 1.004 0.813 0.967 —0.002 0.994 0.857 1.156
Exp —0.001 0.997 0.876 1.113 0.003 1.006 0.811 0.981 0.000 1.000 0.902 1.173
50 U —0.005 0.997 0.557 0.467 —0.007 0.998 0.534 0.400 —0.001 1.006 0.594 0.538
Exp —0.003 0.992 0.581 0.530 —0.002 0.994 0.505 0.373 0.004 1.004 0.541 0.445
100 U —0.008 0.993 0.389 0.226 —0.001 0.992 0.411 0.286 —0.003 0.996 0.390 0.222
Exp —0.003 1.009 0.411 0.264 0.001 0.993 0.404 0.279 0.003 0.997 0.375 0.201
500 U  0.013 0.999 0.181 0.077 0.003 1.001 0.176 0.046 —0.001 1.008 0.173 0.028
Exp —0.004 0.999 0.187 0.063 —0.001 0.998 0.191 0.045 —0.001 1.001 0.176 0.034
1000 U —0.002 1.004 0.126 0.048 0.001 0.999 0.129 0.040 0.001 0.998 0.120 0.019
Exp 0.005 0.998 0.129 0.025 —0.006 0.991 0.112 0.034 0.000 1.006 0.113 0.038
107% 10 U 0.001 1.004 0.488 0.367 —0.005 1.005 0.512 0.385 0.005 1.002 0.369 0.195
Exp —0.001 1.002 0.413 0.263 0.004 1.003 0.369 0.174 0.002 1.004 0.443 0.292
20 U 0.001 0.998 0.256 0.095 —0.005 0.997 0.265 0.088 0.000 1.006 0.275 0.108
Exp —0.001 1.006 0.304 0.143 0.000 0.995 0.258 0.075 0.005 1.005 0.247 0.118
50 U  0.004 1.009 0.205 0.055 0.002 1.004 0.200 0.068 0.005 1.005 0.197 0.061
Exp —0.002 0.998 0.209 0.061 0.000 1.004 0.200 0.038 0.001 1.001 0.189 0.033
100 U 0.000 0.997 0.125 0.012 0.004 1.003 0.118 0.020 0.000 1.003 0.142 0.027
Exp 0.002 0.997 0.118 0.004 —0.001 1.003 0.124 0.046 —0.004 0.996 0.133 0.034
500 U —0.003 1.002 0.062 —0.012 0.001 1.002 0.074 —0.010 —0.004 0.999 0.065 0.021
Exp 0.000 0.995 0.054 0.015 0.002 1.004 0.065 0.003 —0.002 0.993 0.058 0.009
1000 U 0.003 1.001 0.035 0.011 —0.002 1.000 0.034 0.023 0.001 0.995 0.049 0.025
Exp 0.001 0.995 0.044 0.015 0.006 1.001 0.033 —0.007 —0.003 0.998 0.038 —0.017
1073 10 U  0.000 0.993 0.251 0.063 —0.001 1.000 0.130 0.016 0.002 0.998 0.123 0.033
Exp —0.003 1.002 0.251 0.072 —0.001 1.000 0.142 0.004 0.004 1.001 0.134 0.015
20 U  0.003 1.004 0.178 0.021 0.002 0.995 0.094 —0.005 0.002 1.004 0.101 0.022
Exp —0.007 1.000 0.188 0.051 0.001 1.000 0.081 0.017 —0.002 0.998 0.087 0.003
50 U  0.001 1.009 0.104 0.016 0.001 0.995 0.062 0.001 —0.001 1.003 0.056 —0.001
Exp 0.004 1.002 0.086 0.028 0.000 1.000 0.060 0.005 0.003 1.006 0.047 —0.012
100 U 0.001 1.009 0.071 0.003 0.006 0.994 0.034 0.014 —0.004 1.003 0.027 0.013
Exp 0.004 1.002 0.076 0.015 0.002 1.001 0.041 0.014 —0.001 1.011 0.035 —0.009
500 U —0.006 0.995 0.023 0.020 —0.002 0.996 0.013 —0.013 —0.003 0.993 0.011 0.013
Exp —0.002 1.009 0.029 —0.004 0.003 1.002 0.007 —0.004 —0.003 1.003 0.018 0.001
1000 U —0.002 0.999 0.013 0.002 —0.008 1.005 0.023 —0.010 0.003 0.995 0.018 0.003
Exp 0.002 1.004 0.027 0.008 0.002 1.010 0.019 —0.006 0.000 0.999 0.013 0.001
1072 10 U 0.003 0.999 0.190 0.024 0.002 0.999 0.073 —0.001 —0.001 0.998 0.046 —0.004
Exp —0.004 0.992 0.202 0.064 —0.002 0.994 0.072 0.010 0.003 1.005 0.053 —0.001
20 U —0.007 1.003 0.145 0.020 —0.003 0.992 0.050 0.006 —0.002 1.005 0.048 —0.002
Exp 0.001 1.002 0.150 0.048 0.002 1.011 0.025 0.015 —0.003 1.013 0.035 0.007
50 U  0.002 1.004 0.079 0.017 —0.004 1.001 0.035 0.001 —0.003 0.999 0.011 —0.003
Exp 0.000 0.998 0.091 0.025 —0.005 0.994 0.014 0.007 0.002 1.006 0.015 0.008
100 U —0.004 0.998 0.062 0.003 0.001 0.998 0.015 —0.020 0.000 0.999 0.016 0.015
Exp —0.002 0.998 0.058 —0.007 0.003 1.003 0.022 0.010 —0.003 1.002 0.021 0.006
500 U  0.003 0.997 0.036 —0.015 —0.004 1.003 0.016 0.004 —0.004 1.004 0.011 0.026
Exp —0.003 1.000 0.025 —0.013 —0.001 0.995 0.018 —0.006 0.003 0.998 0.017 —0.019
1000 U 0.001 0.995 0.008 0.038 —0.002 0.996 —0.001 0.006 —0.006 0.998 —0.002 —0.019
Exp 0.004 1.003 0.010 0.004 0.000 1.000 0.002 —0.014 —0.003 0.999 0.008 —0.009
oo 10 U 0.000 0.997 0.241 0.058 —0.005 1.002 0.043 —0.003 —0.003 0.999 0.025 —0.006
Exp 0.006 0.991 0.213 0.025 —0.002 0.998 0.076 0.007 0.001 1.005 0.022 0.009
20 U 0.001 1.001 0.139 0.041 0.001 1.006 0.042 0.019 —0.001 1.006 0.006 —0.002
Exp 0.001 1.009 0.128 0.029 —0.007 0.994 0.035 0.022 —0.002 0.999 0.012 0.005
50 U  0.003 1.005 0.066 —0.011 —0.004 1.000 0.033 —0.012 —0.001 1.002 0.023 —0.006
Exp —0.003 0.995 0.089 —0.003 0.000 1.005 0.020 —0.021 —0.005 0.994 —0.005 0.004
100 U 0.000 1.004 0.077 0.013 0.004 1.004 0.016 0.012 —0.001 0.993 0.011 —0.001
Exp —0.004 1.001 0.061 0.014 0.001 0.999 0.020 0.041 0.007 0.995 0.017 0.019
500 U —0.002 0.995 0.023 —0.033 —0.002 1.010 0.011 0.000 —0.005 0.999 —0.005 0.012
Exp —0.004 0.998 0.025 0.014 0.000 1.008 0.006 —0.013 —0.003 1.006 0.009 —0.007
1000 U 0.003 0.988 0.010 —0.018 —0.002 1.000 0.008 —0.002 —0.005 0.997 0.006 0.023
Exp —0.001 0.997 0.029 —0.008 0.001 0.991 0.015 —0.010 0.004 0.997 0.011 —0.007
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Table B.11.: Mean, standard deviation, and square root of inverse Fisher information ofém in the counting-
model; based on 10° replications (cf. Section 5.5.2)

(sjor - -rsja) = (0,4,8,12, 00)
B=1 B =3 B =5
I3 m m  km mean(&y) std(€m) [Te mean(€m) std(€m) [Te mean(€,) std(€m) [Te

0.5 1074 20 U — — 0.405 — — 0.352 0.570  0.508 0.473
Exp — — 0.488 0.546  0.430 0.379 0.587  0.566 0.507
50 U 0.515  0.285 0.248 0.514  0.256 0.245 0.518  0.294 0.286
Exp — — 0.260 0.512  0.242 0.231 0.518  0.308 0.300
100 U 0.506  0.190 0.179 0.506  0.173 0.169 0.506  0.205 0.202
Exp 0.508  0.208 0.194 0.506  0.167 0.163 0.507  0.207 0.203
1073 20 U 0.503  0.125 0.122 0.503  0.123 0.122 0.503  0.156 0.154
Exp 0.503  0.129 0.125 0.503  0.116 0.115 0.504  0.152 0.150
50 U 0.501  0.079 0.078 0.501  0.073 0.073 0.501  0.087 0.086
Exp 0.501  0.075 0.075 0.501  0.075 0.075 0.502  0.101 0.101
100 U 0.501  0.056 0.056 0.500  0.052 0.052 0.501  0.063 0.063
Exp 0.501  0.056 0.055 0.501  0.055 0.055 0.501  0.068 0.068
1 1074 20 U — — 0.569 — — 0.601 — — 0.726
Exp — — 0.562 — — 0.651 1.099  0.787 0.666
50 U 1.050  0.408 0.356 1.030  0.366 0.345 1.033  0.461 0.434
Exp 1.052  0.440 0.377 1.026  0.355 0.337 1.032  0.440 0.415
100 U 1.019  0.260 0.247 1.014  0.253 0.247 1.016  0.302 0.204
Exp 1.021  0.264 0.251 1.013  0.243 0.238 1.017  0.326 0.316
1073 20 U 1.010  0.170 0.165 1.007  0.180 0.178 1.008  0.228 0.225
Exp 1.008  0.163 0.159 1.006  0.169 0.167 1.010  0.241 0.236
50 U 1.005  0.121 0.119 1.002  0.118 0.117 1.003  0.128 0.128
Exp 1.004 0.111 0.110 1.002 0.104 0.103 1.002 0.124 0.124
100 U 1.002  0.078 0.077 1.002  0.079 0.078 1.002  0.095 0.094
Exp 1.002  0.075 0.075 1.001  0.080 0.080 1.001  0.090 0.090
(sjos---+9556) = (0,2.4,4.8,7.2,9.6,12, o0)
B=1 B=3 B=5

I3 m m  km mean (&) std(€m) [Te mean(€m) std(€m) [Te mean(€) std(€m) [Te

0.5 1074 20 U — — 0.326 0.516 0.362 0.341 0.527 0.396 0.389
Exp — — 0.278 0.512 0.306 0.292 0.525 0.381 0.374

50 U 0.499 0.212 0.199 0.505 0.235 0.227 0.506 0.258 0.255

Exp 0.497 0.210 0.198 0.503 0.222 0.215 0.505 0.232 0.229

100 U 0.499 0.142 0.137 0.503 0.157 0.155 0.503 0.180 0.178

Exp 0.500 0.144 0.140 0.501 0.157 0.155 0.503 0.204 0.201

1073 20 U 0.499 0.087 0.087 0.501 0.111 0.110 0.502 0.155 0.153
Exp 0.499 0.085 0.084 0.501 0.116 0.115 0.501 0.116 0.115

50 U 0.500 0.063 0.063 0.500 0.064 0.064 0.500 0.083 0.083

Exp 0.500 0.059 0.059 0.500 0.064 0.064 0.501 0.082 0.081

100 U 0.500 0.044 0.044 0.500 0.046 0.045 0.500 0.058 0.058

Exp 0.500 0.044 0.044 0.500 0.046 0.046 0.500 0.060 0.060

1 1074 20 U 1.047 0.524 0.434 1.032 0.476 0.440 1.042 0.619 0.570
Exp — — 0.450 1.053 0.605 0.535 1.050 0.649 0.594

50 U 1.018 0.308 0.291 1.014 0.307 0.296 1.018 0.404 0.387

Exp 1.020 0.325 0.304 1.012 0.291 0.282 1.019 0.405 0.388

100 U 1.008 0.209 0.203 1.007 0.224 0.220 1.006 0.261 0.257

Exp 1.008 0.199 0.193 1.008 0.240 0.235 1.006 0.263 0.257

1073 20 U 1.005 0.155 0.152 1.003 0.148 0.146 1.003 0.179 0.177
Exp 1.003 0.133 0.131 1.003 0.159 0.158 1.004 0.188 0.187

50 U 1.001 0.091 0.091 1.001 0.095 0.094 1.001 0.113 0.112

Exp 1.002 0.088 0.088 1.001 0.099 0.099 1.002 0.124 0.124

100 U 1.001 0.065 0.065 1.000 0.068 0.068 1.001 0.081 0.081

Exp 1.001 0.055 0.055 1.001 0.072 0.072 1.001 0.089 0.089
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Table B.12.: Mean, standard deviation, and square root of inverse Fisher information off}m in the counting-
model; based on 10° replications (cf. Section 5.5.2)

(sjos - >sja) = (0,4,8,12, 00)
B =1 =3 B=5
3 n om  km mean(Bm) std(Bm) /T mean(fm) std(Bm) \/Tg mean(Bm) std(Bm) /Tg
0.5 1074 20 U — — 0.640 — — 1.016 5.049 1.684 1.770
Exp — — 0.771 3.051 1.083 1.096 5.037 1.797 1.901
50 U 1.035 0.391 0.392 3.030 0.712 0.708 5.043 1.078 1.072
BExp — — 0.412 3.025 0.676 0.668 5.053 1.119 1.125
100 U 1.016 0.282 0.282 3.015 0.492 0.488 5.028 0.760 0.755
BExp 1.019 0.307 0.307 3.014 0.475 0.471 5.027 0.771 0.761
1073 20 U 1.007 0.193 0.192 3.008 0.352 0.351 5.021 0.585 0.578
BExp 1.008 0.198 0.198 3.007 0.333 0.332 5.014 0.565 0.561
50 U 1.003 0.124 0.123 3.002 0.211 0.211 5.005 0.323 0.323
Exp 1.003 0.118 0.118 3.003 0.218 0.217 5.008 0.377 0.377
100 U 1.001 0.088 0.089 3.001 0.150 0.150 5.002 0.237 0.237
Exp 1.002 0.088 0.087 3.002 0.158 0.158 5.002 0.254 0.253
1 1074 20 U — — 0.711 — — 1.418 — — 2.257
Exp — — 0.703 — — 1.535 5.176 2.135 2.073
50 U 1.027 0.437 0.445 3.037 0.829 0.813 5.088 1.390 1.349
Exp 1.035 0.464 0.471 3.040 0.805 0.794 5.075 1.328 1.291
100 U 1.014 0.307 0.309 3.021 0.585 0.582 5.037 0.926 0.913
BExp 1.014 0.311 0.314 3.018 0.564 0.561 5.045 0.994 0.982
1073 20 U 1.005 0.207 0.207 3.009 0.419 0.419 5.025 0.707 0.699
BExp 1.006 0.199 0.199 3.007 0.395 0.395 5.029 0.743 0.735
50 U 1.003 0.149 0.149 3.006 0.276 0.276 5.008 0.399 0.398
Bxp 1.002 0.137 0.137 3.002 0.244 0.244 5.008 0.386 0.386
100 U 1.001 0.097 0.096 3.001 0.185 0.184 5.003 0.294 0.294
Bxp 1.001 0.094 0.094 3.003 0.189 0.188 5.005 0.279 0.280
(Sjo, A sj6) = (0,2,4.4.8, 7.2,9.6,12, oo)
B =1 =3 B=5
3 u m  km mean(Bm) std(Bm) /T mean(fm) std(Bm) \/Tg mean(Bm) std(Bm) /g
0.5 1074 20 U — — 0.434 3.092 0.954 0.939 5.004 1.403 1.434
Exp — — 0.370 3.062 0.820 0.805 5.086 1.356 1.379
50 U 1.022 0.269 0.265 3.047 0.641 0.627 5.065 0.947 0.938
BExp 1.025 0.269 0.264 3.045 0.606 0.593 5.051 0.855 0.845
100 U 1.011 0.185 0.183 3.019 0.430 0.426 5.031 0.663 0.656
Bxp 1.010 0.187 0.186 3.020 0.432 0.428 5.041 0.752 0.742
1073 20 U 1.004 0.116 0.116 3.009 0.304 0.303 5.025 0.570 0.563
BExp 1.004 0.112 0.112 3.012 0.319 0.319 5.015 0.427 0.424
50 U 1.002 0.083 0.083 3.003 0.176 0.176 5.007 0.308 0.307
Exp 1.002 0.079 0.078 3.004 0.176 0.176 5.006 0.300 0.300
100 U 1.001 0.059 0.059 3.002 0.126 0.125 5.003 0.213 0.213
BExp 1.001 0.058 0.058 3.002 0.126 0.126 5.003 0.219 0.220
1 1074 20 U 1.053 0.483 0.472 3.105 1.036 0.985 5.209 1.824 1.735
Exp — — 0.490 3.149 1.283 1.198 5.215 1.908 1.807
50 U 1.020 0.319 0.317 3.047 0.681 0.663 5.105 1.223 1.179
Exp 1.023 0.334 0.331 3.041 0.646 0.631 5.093 1.218 1.180
100 U 1.011 0.223 0.222 3.026 0.500 0.493 5.048 0.793 0.782
BExp 1.009 0.212 0.210 3.028 0.534 0.526 5.044 0.796 0.783
1073 20 U 1.005 0.166 0.166 3.012 0.330 0.327 5.021 0.544 0.538
Exp 1.005 0.143 0.143 3.012 0.356 0.355 5.024 0.574 0.560
50 U 1.003 0.099 0.099 3.004 0.212 0.212 5.008 0.342 0.342
BExp 1.002 0.096 0.096 3.005 0.222 0.221 5.008 0.377 0.376
100 U 1.001 0.070 0.070 3.003 0.152 0.151 5.004 0.248 0.247
BExp 1.001 0.060 0.060 3.002 0.161 0.161 5.006 0.271 0.270
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Table B.13.: First four cumulants of (ém —§)/ [J¢ in the counting-model; based on 10° replications (cf.
Section 5.5.2)

(sjo, o Sj4) = (0, 4,8,12, oo)

£=0.5 e=1
s “ m  km i Ty ks % i o i3 s
1 1074 20 U — — — — — — — —
Exp — — — — — — — —
50 U 0.059  1.321  2.391  27.741  0.139  1.319  2.171 14.35
Exp — — — —  0.139  1.363  2.933  39.716
100 U 0.035  1.127  0.731 1.321  0.077  1.108  0.762 1.358
BExp  0.039  1.150  0.819 1.741  0.083  1.112  0.777 1.244
10—3 20 U 0.026  1.054  0.384 0.361  0.060  1.052  0.445 0.449
BExp  0.023  1.063  0.438 0.466  0.049  1.046  0.410 0.368
50 U 0.009  1.020  0.250 0.146  0.038  1.026  0.297 0.186
BExp  0.013  1.018  0.223 0.105  0.038  1.019  0.261 0.163
100 U 0.012  1.005  0.166 0.076  0.025  1.015  0.189 0.085
Exp  0.010 1.013  0.178 0.095  0.020  1.009  0.181 0.084
3 10— 4 20 U — — — — — — — —
Exp  0.120  1.281  2.446  15.378 — — — —
50 U 0.057  1.093  0.765 1.113  0.087  1.128  0.836 1.420
BExp  0.053  1.093  0.712 1.004  0.077  1.109  0.788 1.277
100 U 0.037  1.049  0.449 0.427  0.057  1.053  0.504 0.484
Exp  0.036  1.043  0.424 0.429  0.056  1.043  0.465 0.466
1073 20 U 0.024  1.026  0.303 0.222  0.042  1.023  0.325 0.205
Exp  0.026  1.022  0.280 0.134  0.039  1.024  0.317 0.180
50 U 0.014  1.003  0.171 0.052  0.018  1.021  0.214 0.109
BExp  0.013  1.004  0.171 0.056  0.023  1.015  0.194 0.081
100 U 0.009  1.003  0.117 0.016  0.024  1.013  0.148 0.058
Bxp  0.010  1.003  0.122 0.028  0.012  1.009  0.151 0.032
5 104 20 U 0.148  1.156  1.890 6.330 — — — —
BExp  0.171  1.244  2.878  21.389  0.148  1.393  3.364  42.124
50 U 0.062  1.059  0.665 0.730  0.075  1.130  0.839 1.433
BExp  0.059  1.051  0.732 0.860  0.076  1.121  0.792 1.338
100 U 0.032  1.037  0.398 0.350  0.055  1.059  0.466 0.504
Bxp  0.037  1.043  0.396 0.308  0.053  1.064  0.494 0.504
10—3 20 U 0.018  1.024  0.280 0.176  0.037  1.027  0.324 0.232
BExp  0.029  1.024  0.263 0.152  0.041  1.042  0.371 0.279
50 U 0.014  1.005  0.144 0.040  0.021  1.005  0.180 0.062
Exp  0.015  1.004  0.161 0.041  0.019  1.005  0.177 0.094
100 U 0.012  1.002  0.119 0.049  0.020  1.006  0.119 0.055
BExp  0.015  1.001  0.111 0.011  0.013  0.998  0.131 0.046
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Table B.14.: First four cumulants of (ém —§)/ [J¢ in the counting-model; based on 10° replications (cf.
Section 5.5.2)

(sjo, o Sjs) - (0, 2.4,4.8,7.2,9.6,12, oo)
£=0.5 e=1
B u m  km i g kg % i oo ks %
1 1074 20 U — — — —  0.108 1.459 3.854  51.532
Exp — — — — — — — —
50 U —0.004  1.135  0.635 0.961  0.063  1.126  0.793 1.464
Exp  —0.017 1.122  0.604 0.909  0.066  1.142  0.915 1.861
100 —0.008  1.060  0.358 0.327  0.038  1.060  0.498 0.541
BExp  —0.002  1.049  0.373 0.428  0.039  1.066  0.468 0.446
10—3 20 U —0.008  1.012  0.202 0.143  0.031  1.034  0.350 0.281
Exp  —0.006 1.018  0.218 0.125  0.022  1.022  0.279 0.167
50 U 0.003  1.012  0.151 0.092  0.009  1.012  0.202 0.112
Exp 0.002  1.008  0.137 0.072  0.018  1.007  0.182 0.063
100 U —0.005  0.998  0.105 0.047  0.013  1.003  0.133 0.013
Exp 0.002  1.005  0.099 0.042  0.013  1.005  0.108 0.035
3 1074 20 U 0.046  1.127  1.253 3.349  0.072  1.171  1.088 2.486
Exp 0.042  1.100  0.871 1.259  0.099  1.280  1.722 5.920
50 U 0.020  1.071  0.599 0.693  0.047  1.076  0.580 0.702
Exp 0.014  1.061  0.539 0.623  0.042  1.067  0.520 0.543
100 U 0.016  1.028  0.349 0.284  0.030  1.037  0.395 0.310
Exp 0.009  1.028  0.337 0.276  0.034  1.045  0.430 0.385
1073 20 U 0.010  1.015  0.236 0.111  0.020  1.025  0.257 0.131
Exp 0.010  1.009  0.231 0.117  0.017  1.014  0.260 0.144
50 U 0.007  1.004  0.109 0.057  0.014  1.005  0.155 0.044
Exp 0.003  0.998  0.131 0.044  0.014  1.004  0.168 0.066
100 U 0.002  1.010  0.100 0.039  0.007  1.001  0.118 0.042
Exp 0.004 1.002 0.107 0.044 0.013 1.004 0.124 0.041
5 104 20 U 0.070  1.034  1.016 1.632  0.074  1.177  1.250 3.295
Exp 0.068  1.039  0.951 1.413  0.085 1.195  1.331 3.418
50 U 0.023  1.030  0.497 0.396  0.046  1.086  0.583 0.730
Exp 0.022  1.027  0.414 0.286  0.050  1.088  0.624 0.907
100 U 0.017  1.024  0.290 0.176  0.023  1.036  0.359 0.306
Exp 0.017  1.024  0.342 0.218  0.024  1.042  0.355 0.301
1073 20 U 0.014  1.023  0.242 0.143  0.017  1.022  0.223 0.091
Exp 0.006  1.015  0.180 0.093  0.020  1.020  0.236 0.133
50 U 0.004  1.001  0.143 0.064  0.010  1.003  0.149 0.065
Exp 0.007  1.008  0.124 0.053  0.020  1.015  0.158 0.046
100 U 0.005 1.002 0.078  —0.007  0.008  1.002  0.109 0.056
Exp 0.003  1.002  0.101 0.028  0.011  1.003  0.101 0.020
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Table B.15.: First four cumulants of (Bm —B8)/ [T in the counting-model; based on 10° replications (cf.
Section 5.5.2)

(sjo, R sj4) = (0,4, 8,12, oo)

£=0.5 =1
P u m km %y [ s s W [ s g
1 10— 4 20 U — — — — — — — —
Exp — — — — — — — —
50 U 0.088  0.993  0.100  —0.279  0.060  0.967  0.313  —0.043
Exp — — — — 0.074 0.971  0.351  —0.047
100 U 0.058  1.001  0.087  —0.095  0.047  0.987  0.202  —0.065
Exp  0.063  1.002 0.102 —0.135 0.046  0.985  0.216  —0.030
10—3 20 U 0.038  1.004  0.059  —0.064  0.024  0.998  0.137  —0.011
Exp  0.039  1.005 0.041  —0.052  0.028  0.996  0.140  —0.013
50 U 0.028  1.005 0.024  —0.010  0.022  1.002  0.104 0.001
Exp  0.023  0.997  0.028  —0.029  0.013  1.003  0.096  —0.006
100 U 0.016  0.994  0.026 0.008  0.012  1.004  0.062  —0.010
Exp  0.017  1.002 0.013 —0.015  0.016  1.001  0.057  —0.009
3 1074 20 U — — — — — — — —
Exp  0.047  0.977  0.246 0.101 — — — —
50 U 0.042  1.012  0.211 0.090  0.045  1.038  0.343 0.252
Exp  0.037 1.024  0.219 0.117  0.050  1.027  0.332 0.252
100 U 0.031  1.019  0.167 0.123  0.036  1.011  0.227 0.123
Exp  0.030 1.015  0.167 0.094  0.031  1.009  0.228 0.139
1073 20 U 0.023  1.008  0.118 0.056  0.020  1.002  0.160 0.066
Exp  0.022  1.005  0.108 0.025  0.018  1.000  0.131 0.036
50 U 0.011  1.000  0.071 0.003  0.023  0.998  0.099 0.026
Exp  0.015  1.003  0.070 0.003  0.009  0.999  0.078 0.017
100 U 0.008  1.004  0.051 0.015  0.005  1.009  0.062 0.056
Exp  0.011  1.008  0.059 0.005  0.017  1.006  0.063  —0.005
5 1074 20 U 0.028  0.905  0.245 0.090 — — — —
Exp  0.020 0.894  0.249 0.089  0.085  1.062  0.636 0.610
50 U 0.040  1.012  0.279 0.055  0.065  1.062  0.489 0.485
Exp  0.047  0.988  0.239 0.006  0.058  1.058  0.462 0.471
100 U 0.037  1.014  0.240 0.118  0.041  1.029  0.328 0.253
Exp  0.035  1.026  0.268 0.130  0.045  1.026  0.331 0.246
10—3 20 U 0.036  1.023  0.207 0.106  0.036  1.022  0.234 0.104
Exp  0.025 1.011  0.178 0.081  0.039  1.022  0.241 0.126
50 U 0.015  0.996  0.106 0.017  0.021  1.003  0.118 0.026
Exp  0.021  0.999  0.127 0.024  0.021  1.004  0.122 0.038
100 U 0.009  1.001  0.087 0.011  0.010  1.001  0.095  —0.002
Exp  0.006 1.004 0.083 —0.002 0.017  0.993  0.080 0.013
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Table B.16.: First four cumulants of (Bm—B8)/ [T in the counting-model; based on 10° replications (cf.
Section 5.5.2)

(sjo, R sjﬁ) = (0, 2.4,4.8,7.2,9.6,12, oo)
£=0.5 £=1
B u m  km i g ks fa i I kg %
1 1074 20 U — — — — 0.112 1.043 0.536 0.474
Exp — — — — — — — —
50 U 0.084  1.037  0.142 0.004  0.063  1.017  0.316 0.146
Exp  0.095  1.037  0.158 0.009  0.071  1.017  0.332 0.167
100 U 0.062  1.022  0.097  —0.002  0.051  1.012  0.209 0.089
Exp  0.053  1.010  0.107 0.041  0.044  1.018  0.180 0.030
10—3 20 U 0.037  1.001  0.063 0.027  0.029  0.999  0.152 0.045
Exp  0.036  0.997  0.057 0.001  0.032  1.000  0.131 0.014
50 U 0.021  1.003  0.049 0.044  0.026  1.007  0.087 0.029
Exp  0.022 1.004  0.056 0.017  0.021  0.999  0.080 0.030
100 U 0.020  1.001  0.029 0.016  0.013  1.002  0.062  —0.016
Exp  0.012  0.996 0.034  —0.003 0.011  1.002  0.061 0.012
3 1074 20 U 0.098  1.031  0.473 0.404  0.106  1.108  0.738 1.022
Exp  0.077  1.037  0.438 0.317  0.124  1.148  0.973 1.611
50 U 0.075  1.045  0.382 0.285  0.070  1.052  0.456 0.434
Exp  0.076  1.043  0.368 0.282  0.065  1.047  0.412 0.353
100 U 0.044  1.020  0.269 0.177  0.052  1.031  0.310 0.198
Exp  0.047  1.017  0.275 0.233  0.054  0.031  0.334 0.261
1073 20 U 0.030  1.011  0.186 0.049  0.036  1.020  0.209 0.097
Exp  0.036  1.005  0.206 0.089  0.035  1.007  0.222 0.110
50 U 0.020  1.009  0.099 0.002  0.018  1.001  0.120 0.023
Exp  0.023  0.998  0.098  —0.001  0.023  1.002  0.134 0.055
100 U 0.013  1.008 0.067 —0.018  0.018  1.002  0.087 0.012
BExp  0.013  1.001  0.073 0.015  0.011  1.000  0.089 0.024
5 1074 20 U 0.065  0.957  0.398 0.190  0.120  1.106  0.805 0.935
Exp  0.062  0.968  0.375 0.152  0.119  1.115  0.899 1.314
50 U 0.069  1.018  0.364 0.170  0.089  1.076  0.618 0.725
Exp  0.061  1.023  0.358 0.173  0.079  1.066  0.598 0.682
100 U 0.047  1.022  0.302 0.186  0.062  1.030  0.363 0.260
BExp  0.055  1.027  0.333 0.217  0.056  1.033  0.373 0.315
10—3 20 U 0.045  1.025  0.275 0.151  0.039  1.023  0.251 0.130
Exp  0.035  1.016  0.202 0.086  0.042  1.022  0.267 0.144
50 U 0.024  1.005  0.127 0.048  0.024  1.000  0.160 0.052
Exp  0.021  1.003  0.129 0.043  0.021  1.008  0.164 0.030
100 U 0.015  0.999  0.090 0.033  0.017  1.011  0.109 0.039
Exp  0.015  0.997  0.087 0.018  0.022  1.004  0.123 0.053
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Table B.17.: Mean and standard deviation of ém and the number of realizations with ém = 0 in case of
& = 0 in the counting-model; based on 10° replications (cf. Section 5.5.3)

£=0 and (sjos > 5ja) = (0,4,8,12,00)
8 =1 =3 B=5
I3 m  km mean(&m ) std(Em) #{&m =0} mean(Em ) std(Em) #{&m =0} mean(Em ) std(Em) #{&m =0}
1074 20 U — — 68507 0.083  0.152 58153 0.116  0.196 53532
Exp — — 65386 0.082  0.150 58060 0.115  0.195 53764
50 U — — 84750 0.046  0.074 53819 0.079  0.126 52545
Exp — — 87798 0.052  0.086 54118 0.067 0.107 52483
100 U — — 90849 0.036  0.056 52805 0.046  0.070 51588
Exp — — 90778 0.037  0.058 53240 0.053  0.082 51542
500 U 0.025  0.043 65410 0.016  0.024 51402 0.022  0.032 50461
Exp 0.025  0.042 64651 0.016  0.025 51443 0.022  0.033 50615
1000 U 0.019  0.031 55471 0.011  0.017 51143 0.015  0.022 50635
xp 0.019  0.031 54708 0.011  0.017 50032 0.015  0.022 50422
1073 20 U — — 83956 0.025  0.039 52268 0.034  0.051 50809
Exp — — 84074 0.022  0.034 52007 0.033  0.050 50943
50 U 0.025  0.043 64912 0.016  0.024 51195 0.021  0.031 50581
Exp 0.025  0.042 64474 0.017  0.027 51732 0.019  0.029 50678
100 U 0.020  0.032 54257 0.011  0.016 51111 0.015  0.022 50272
Exp 0.018  0.030 56212 0.011  0.017 50784 0.015  0.023 50354
500 U 0.010  0.015 53853 0.005  0.007 50208 0.007  0.010 50315
Exp 0.010  0.015 53872 0.005  0.008 50150 0.007  0.010 50184
1000 U 0.007  0.011 52777 0.004  0.005 50496 0.005  0.007 50354
Exp 0.007  0.011 52825 0.004  0.005 50754 0.005  0.007 50337
1072 20 U 0.013  0.020 55508 0.008  0.011 50442 0.010  0.015 50337
Exp 0.016  0.025 57658 0.008  0.012 50919 0.011  0.017 50212
50 U 0.010  0.015 53995 0.005  0.008 50524 0.007  0.010 50242
Exp 0.009  0.015 53845 0.005  0.008 50452 0.006  0.009 50329
100 U 0.007  0.011 52692 0.004  0.005 50205 0.005  0.007 49953
Exp 0.007  0.011 52957 0.004  0.005 50125 0.005  0.007 50208
500 U 0.003  0.005 51092 0.002  0.002 50079 0.002  0.003 50246
Ex 0.003  0.005 51392 0.002  0.002 49906 0.002  0.003 50267
1000 U 0.002  0.004 50988 0.001  0.002 49862 0.001  0.002 50055
Exp 0.002  0.004 50960 0.001  0.002 50199 0.002  0.002 49830
=0 and (Sjo,...,sjvﬁ) = (0,2,4,4.8,7.2,9,6,12,00)
B=1 B=3 B=5
u  m  km mean(§m)std(Em) #{&m =0} mean(Em) std(Em ) #{Em =0} mean(§m) std(Em ) #{Em =0}
1074 20U — — 73469 0.068  0.120 57306 0.112  0.189 54065
Exp — — 72043 0.061  0.105 56482 0.098  0.162 53592
50 U 0.041  0.075 61901 0.040  0.065 54274 0.063  0.100 52196
Exp 0.041  0.075 61923 0.039  0.062 53825 0.065 0.103 52310
100 U 0.030  0.052 59318 0.029  0.046 53078 0.044  0.068 51970
Exp 0.030  0.051 58827 0.032  0.051 53073 0.044  0.068 51662
500 U 0.015  0.024 54591 0.014  0.021 51240 0.020  0.029 50889
BExp 0.015  0.023 54630 0.014  0.022 51308 0.020  0.031 50917
1000 U 0.011  0.017 53320 0.010  0.015 50746 0.014  0.021 50675
Exp 0.011  0.017 53191 0.010  0.015 51012 0.014  0.021 50251
1073 20 U 0.023  0.038 56892 0.023  0.035 52368 0.033  0.049 51261
Exp 0.023  0.038 56677 0.022  0.034 52328 0.034  0.052 51242
50 U 0.016  0.025 54663 0.013  0.020 51240 0.018  0.027 50528
Exp 0.014  0.022 54483 0.013  0.019 51064 0.020  0.030 50506
100 U 0.011  0.017 53261 0.010  0.015 51030 0.014  0.021 50287
Exp 0.011  0.017 53273 0.011  0.016 51346 0.014  0.021 50801
500 U 0.005  0.008 51227 0.004  0.007 50415 0.006  0.009 50373
Ex 0.006  0.008 51210 0.004  0.007 50350 0.006  0.009 49953
1000 U 0.004  0.006 50921 0.003  0.005 50374 0.004  0.007 50086
Exp 0.004  0.006 50889 0.003  0.005 50443 0.004  0.007 50144
1072 20 U 0.008  0.012 52448 0.007  0.010 50584 0.010  0.014 50062
Exp 0.008  0.011 52268 0.007  0.011 50818 0.011  0.017 50434
50 U 0.006  0.009 51602 0.004  0.006 50522 0.006  0.009 50402
Ex 0.005  0.008 51571 0.005  0.008 50564 0.006  0.010 50134
100 U 0.004  0.005 50952 0.003  0.005 50356 0.005  0.007 50360
Exp 0.004  0.005 51134 0.003  0.005 50324 0.004  0.006 49966
500 U 0.002  0.003 50568 0.001  0.002 50077 0.002  0.003 50056
Exp 0.002  0.002 50301 0.001  0.002 50080 0.002  0.003 50063
1000 U 0.001  0.002 50138 0.001  0.001 50301 0.001  0.002 50219
Exp 0.001  0.002 50482 0.001  0.001 50084 0.001  0.002 49985
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Table B.18.: Mean and standard deviation of ém in case of £ = 0 in the counting-model; based on 10°
replications (cf. Section 5.5.3)

£=0 and (Sjo,,.,,5j4): (0,4,8,12,00)
g=1 B=3 =5
w m km mean (Bm) std(Bm) mean(Bm) std(Bm) mean(Bm) std(Bm)
10—4 20 U — — 2.760 0.593 4.613 0.950
Exp — — 2.764 0.587 4.611 0.942
50 U — — 2.861 0.335 4.717 0.677
Exp — — 2.841 0.375 4.756 0.584
100 U — — 2.890 0.260 4.828 0.402
Exp — — 2.886 0.268 4.803 0.461
500 U 0.947 0.098 2.949 0.118 4.915 0.196
Exp 0.948 0.096 2.948 0.120 4.914 0.198
1000 U 0.961 0.072 2.965 0.082 4.941 0.136
Exp 0.961 0.072 2.963 0.084 4.941 0.135
10-3 20 U — — 2.921 0.184 4.869 0.300
Exp — — 2.931 0.162 4.872 0.298
50 U 0.948 0.096 2.949 0.116 4.917 0.188
Exp 0.948 0.096 2.945 0.129 4.924 0.176
100 U 0.959 0.076 2.965 0.081 4.940 0.136
Exp 0.963 0.069 2.965 0.082 4.939 0.139
500 U 0.980 0.034 2.984 0.036 4.974 0.061
Exp 0.980 0.034 2.984 0.038 4.972 0.063
1000 U 0.985 0.025 2.989 0.026 4.981 0.044
Exp 0.985 0.025 2.989 0.026 4.981 0.044
10—2 20 U 0.973 0.046 2.975 0.056 4.960 0.091
Exp 0.967 0.058 2.974 0.061 4.955 0.102
50 U 0.980 0.034 2.983 0.039 4.973 0.062
Exp 0.980 0.034 2.984 0.038 4.976 0.054
100 U 0.985 0.024 2.989 0.026 4.981 0.043
Exp 0.985 0.025 2.988 0.026 4.980 0.046
500 U 0.993 0.012 2.995 0.011 4.991 0.019
Exp 0.993 0.012 2.995 0.012 4.991 0.020
1000 U 0.995 0.008 2.996 0.008 4.994 0.014
Exp 0.995 0.008 2.996 0.008 4.994 0.014
£=0 and (sjos--»s56) = (0,2.4,4.8,7.2,9.6,12, c0)
B=1 B=3 B =5
u m km  mean(Bm)  std(Bm) mean(Bm)  std(Bm)  mean(Bm)  std(Bm)
10—4 20 U — — 2.821 0.515 4.649 0.960
Exp — — 2.834 0.462 4.686 0.849
50 U 0.939 0.152 2.888 0.304 4.781 0.561
Exp 0.938 0.151 2.894 0.290 4.777 0.579
100 U 0.954 0.107 2.917 0.221 4.842 0.402
Exp 0.956 0.104 2.909 0.241 4.842 0.398
500 U 0.977 0.049 2.960 0.105 4.926 0.182
Exp 0.978 0.048 2.958 0.108 4.923 0.188
1000 U 0.984 0.035 2.971 0.074 4.947 0.129
Exp 0.984 0.036 2.971 0.075 4.946 0.130
10—3 20 U 0.966 0.077 2.935 0.170 4.879 0.297
Exp 0.966 0.078 2.938 0.166 4.874 0.311
50 U 0.977 0.052 2.961 0.101 4.931 0.168
Exp 0.979 0.046 2.963 0.096 4.924 0.187
100 U 0.984 0.034 2.971 0.075 4.945 0.131
Exp 0.984 0.035 2.969 0.080 4.946 0.132
500 U 0.992 0.016 2.987 0.033 4.976 0.059
Exp 0.992 0.016 2.987 0.033 4.976 0.058
1000 U 0.995 0.011 2.991 0.024 4.983 0.041
Exp 0.994 0.011 2.991 0.023 4.983 0.042
10~2 20 U 0.989 0.024 2.981 0.050 4.964 0.088
Exp 0.989 0.023 2.979 0.054 4.957 0.104
50 U 0.992 0.017 2.987 0.032 4.976 0.058
Exp 0.992 0.016 2.984 0.041 4.975 0.060
100 U 0.995 0.011 2.991 0.024 4.982 0.043
Exp 0.995 0.011 2.991 0.023 4.984 0.038
500 U 0.997 0.005 2.996 0.011 4.992 0.018
Exp 0.998 0.005 2.996 0.010 4.992 0.019
1000 U 0.998 0.004 2.997 0.007 4.995 0.013
Exp 0.998 0.004 2.997 0.007 4.995 0.013
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Table B.19.: Quantiles of ém in case of ¢ = 0 and the inverse of Pe; based on 10° replications (cf. Section

5.5.3)
£=0 and (Sjo,,..,5j4) = (0,4,8,12,00)
p=0.5 p=0.75 p=0.9 p = 0.95 p = 0.99

Bon m pQEm) 2P pQEM) PP pQEM) L) p-QEm) g (R) p-QEm) B ()

1 1074 20 0 0 0 0.273 0 0.519 0 0.666 0.821 0.942

50 0 0 0 0.204 0 0.387 0 0.497 0.503 0.703

100 0 0 0 0.139 0 0.263 0.208 0.338 0.393 0.478

500 0 0 0.044 0.062 0.089 0.118 0.121 0.151 0.175 0.214

1073 20 0 0 0 0.098 0.127 0.186 0.185 0.238 0.284 0.337

50 0 0 0.044 0.061 0.088 0.116 0.116 0.149 0.176 0.211

100 0 0 0.030 0.046 0.070 0.087 0.092 0.112 0.134 0.159

500 0 0 0.016 0.019 0.032 0.036 0.042 0.046 0.058 0.065

102 20 0 0 0.021 0.027 0.044 0.051 0.057 0.066 0.080 0.093

50 0 0 0.016 0.019 0.032 0.036 0.041 0.046 0.058 0.065

100 0 0 0.012 0.013 0.023 0.025 0.030 0.032 0.042 0.046

500 0 0 0.006 0.006 0.011 0.012 0.014 0.015 0.020 0.021

3 10_4 20 0 0 0.115 0.141 0.283 0.268 0.397 0.343 0.672 0.486

50 0 0 0.072 0.078 0.152 0.149 0.204 0.191 0.315 0.271

100 0 0 0.057 0.061 0.117 0.116 0.155 0.149 0.233 0.210

500 0 0 0.026 0.027 0.052 0.052 0.069 0.067 0.099 0.094

1073 20 0 0 0.041 0.043 0.083 0.082 0.109 0.105 0.159 0.148

50 0 0 0.026 0.027 0.052 0.051 0.067 0.066 0.098 0.093

100 0 0 0.018 0.019 0.036 0.036 0.047 0.046 0.066 0.065

500 0 0 0.008 0.008 0.016 0.016 0.021 0.021 0.030 0.029

102 20 0 0 0.013 0.013 0.025 0.025 0.032 0.032 0.046 0.045

50 0 0 0.009 0.009 0.017 0.017 0.022 0.022 0.032 0.031

100 0 0 0.006 0.006 0.011 0.011 0.015 0.015 0.021 0.021

500 0 0 0.003 0.003 0.005 0.005 0.006 0.006 0.009 0.009

5 1074 20 0 0 0.173 0.182 0.381 0.345 0.526 0.443 0.848 0.626

50 0 0 0.123 0.129 0.258 0.245 0.348 0.314 0.535 0.444

100 0 0 0.075 0.076 0.149 0.144 0.196 0.184 0.293 0.261

500 0 0 0.036 0.036 0.070 0.069 0.091 0.089 0.131 0.125

10_3 20 0 0 0.056 0.056 0.110 0.107 0.143 0.137 0.210 0.193

50 0 0 0.034 0.035 0.067 0.066 0.087 0.085 0.126 0.120

100 0 0 0.025 0.025 0.048 0.048 0.062 0.062 0.089 0.087

500 0 0 0.011 0.011 0.021 0.021 0.028 0.027 0.039 0.039

102 20 0 0 0.017 0.017 0.032 0.032 0.041 0.041 0.059 0.058

50 0 0 0.011 0.011 0.022 0.022 0.028 0.028 0.040 0.040

100 0.000 0 0.008 0.008 0.015 0.015 0.019 0.019 0.027 0.027

500 0 0 0.004 0.004 0.007 0.007 0.009 0.009 0.012 0.012
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Table B.20.: Quantiles ofém in case of £ = 0 and the inverse of ®; based on 10° replications (cf. Section
5.5.3)

£=0 and (sjos---+956) = (0,2.4,4.8,7.2,9.6,12, c0)
p=0.5 p=0.75 p=0.9 p=0.95 p = 0.99

Bon m pQEm) 2P pQEM) PP pQEM) L) p-QEm) 2L (P) p-QEém) B ()
1 1074 20 0 0 0.006 0.154 0.222 0.292 0.323 0.375 0.527 0.531
50 9 0 0.057 0.095 0.148 0.180 0.204 0.231 0.323 0.327

100 0 0 0.046 0.067 0.108 0.127 0.145 0.163 0.218 0.230

500 0 0 0.025 0.030 0.052 0.057 0.068 0.073 0.098 0.104

1073 20 0 0 0.036 0.047 0.079 0.090 0.105 0.116 0.156 0.163
50 0 0 0.026 0.032 0.054 0.060 0.071 0.077 0.103 0.109

100 9 0 0.018 0.020 0.036 0.039 0.047 0.050 0.067 0.070

500 0 0 0.009 0.009 0.017 0.018 0.022 0.023 0.031 0.032

1072 20 0 0 0.013 0.014 0.026 0.027 0.033 0.035 0.047 0.049
50 0 0 0.010 0.010 0.019 0.020 0.024 0.025 0.034 0.035

100 0 0 0.006 0.006 0.012 0.012 0.015 0.015 0.021 0.021

500 0 0 0.003 0.003 0.006 0.006 0.007 0.007 0.010 0.010

3 104 20 9 0 0.100 0.123 0.236 0.234 0.325 0.301 0.518 0.425
50 0 0 0.063 0.071 0.134 0.136 0.180 0.174 0.272 0.246

100 0 0 0.047 0.052 0.097 0.098 0.129 0.126 0.189 0.179

500 0 0 0.023 0.024 0.046 0.046 0.060 0.059 0.086 0.084

1073 20 0 0 0.037 0.040 0.075 0.076 0.098 0.097 0.144 0.137
50 0 0 0.022 0.023 0.044 0.044 0.057 0.057 0.082 0.081

100 0 0 0.017 0.017 0.032 0.032 0.042 0.042 0.060 0.059

500 0 0 0.008 0.008 0.015 0.015 0.019 0.019 0.027 0.026

102 20 0 0 0.011 0.011 0.022 0.022 0.028 0.028 0.040 0.039
50 0 0 0.007 0.007 0.014 0.014 0.018 0.018 0.026 0.025

100 0 0 0.005 0.005 0.010 0.010 0.013 0.013 0.019 0.019

500 0 0 0.002 0.002 0.005 0.005 0.006 0.006 0.008 0.008

5 1074 20 0 0 0.167 0.185 0.373 0.352 0.515 0.451 0.819 0.638
50 0 0 0.101 0.106 0.208 0.201 0.277 0.258 0.417 0.365

100 0 0 0.071 0.075 0.145 0.143 0.191 0.183 0.282 0.259

500 0 0 0.033 0.033 0.064 0.063 0.083 0.081 0.119 0.115

1073 20 0 0 0.054 0.055 0.106 0.105 0.138 0.134 0.201 0.190
50 0 0 0.031 0.031 0.060 0.059 0.077 0.076 0.110 0.107

100 9 0 0.024 0.024 0.046 0.046 0.059 0.059 0.086 0.083

500 0 0 0.011 0.011 0.020 0.020 0.026 0.026 0.037 0.037

1072 20 0 0 0.016 0.016 0.031 0.031 0.040 0.039 0.057 0.055
50 0 0 0.010 0.011 0.020 0.020 0.026 0.026 0.036 0.036

100 0 0 0.008 0.008 0.015 0.015 0.019 0.019 0.027 0.027

500 0 0 0.003 0.003 0.006 0.006 0.008 0.008 0.011 0.012
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Table B.21.: Lower quantiles of Bm in case of £ = 0 and inverse of ®g; based on 10° replications (cf.
Section 5.5.3)

£=0 and (Sjo,.,.,5j4):(0,4,8,12,00)

p = 0.01 p = 0.05 p=0.1 p =0.25 p=20.5

Bop m pQBm) 25 PQBm) 5P P-QBm) 25 () P-QBm) 25 () p-QAm) S5 ()

11074 20 0.200 —1.021 0.910 —0.429 0.924 —0.113 0.948 0.409 0.998 0.799
50 0.294 —0.510 0.813 —0.067 0.827 0.168 0.851 0.558 0.983 0.850
100 0.335 —0.026 0.702 0.274 0.764 0.435 0.890 0.700 0.968 0.898
500 0.634 0.541 0.745 0.676 0.809 0.747 0.908 0.866 0.969 0.954
1073 20 0.481 0.277 0.654 0.489 0.777 0.602 0.897 0.788 0.971 0.928
50 0.637 0.547 0.751 0.680 0.813 0.750 0.908 0.867 0.969 0.955
100 0.719 0.660 0.807 0.759 0.853 0.813 0.925 0.900 0.974 0.966
500 0.874 0.860 0.911 0.901 0.931 0.923 0.965 0.959 0.988 0.986
1072 20 0.828 0.801 0.879 0.859 0.906 0.890 0.952 0.942 0.985 0.980
50 0.876 0.860 0.912 0.901 0.932 0.923 0.965 0.959 0.989 0.986
100 0.910 0.901 0.936 0.930 0.950 0.946 0.974 0.971 0.992 0.990
500 0.956 0.954 0.969 0.968 0.976 0.975 0.987 0.987 0.996 0.995
3 1074 20 1.193 1.098 1.738 1.648 2.011 1.926 2.399 2.341 2.781 2.716
50 1.970 1.940 2.277 2.246 2.429 2.402 2.656 2.633 2.880 2.842
100 2.203 2.177 2.435 2.415 2.551 2.536 2.731 2.715 2.904 2.877
500 2.634 2.630 2.741 2.737 2.794 2.791 2.877 2.872 2.957 2.945
1073 20 2.435 2.419 2.595 2.587 2.679 2.672 2.808 2.799 2.932 2.913
50 2.641 2.635 2.746 2.741 2.797 2.794 2.878 2.874 2.957 2.946
100 2.752 2.746 2.822 2.819 2.859 2.857 2.915 2.912 2.970 2.962
500 2.886 2.886 2.920 2.919 2.937 2.935 2.962 2.960 2.987 2.983
102 20 2.825 2.823 2.875 2.874 2.901 2.900 2.941 2.939 2.979 2.974
50 2.879 2.877 2.913 2.913 2.931 2.931 2.959 2.958 2.986 2.982
100 2.919 2.919 2.943 2.942 2.955 2.954 2.973 2.972 2.990 2.988
500 2.965 2.965 2.975 2.975 2.980 2.980 2.988 2.988 2.996 2.995
5 1074 20 2.255 1.902 3.010 2.798 3.407 3.253 4.015 3.929 4.625 4.539
50 3.004 2.803 3.560 3.439 3.846 3.761 4.289 4.241 4.743 4.673
100 3.791 3.710 4.126 4.083 4.305 4.273 4.578 4.554 4.848 4.808
500 4.398 4.381 4.569 4.560 4.657 4.651 4.794 4.786 4.928 4.908
1073 20 4.075 4.044 4.345 4.320 4.479 4.461 4.683 4.669 4.887 4.858
50 4.423 4.405 4.584 4.577 4.670 4.664 4.802 4.794 4.929 4.911
100 4.582 4.570 4.699 4.694 4.762 4.757 4.857 4.851 4.950 4.936
500 4.811 4.808 4.865 4.864 4.894 4.892 4.937 4.934 4.978 4.971
1072 20 4.718 4.715 4.800 4.798 4.842 4.839 4.905 4.902 4.967 4.958
50 4.805 4.804 4.862 4.861 4.891 4.890 4.935 4.932 4.977 4.971
100 4.867 4.866 4.905 4.905 4.925 4.924 4.955 4.954 4.984 4.980
500 4.939 4.939 4.957 4.957 4.966 4.966 4.980 4.979 4.993 4.991
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Table B.22.: Lower quantiles of ﬁm, in case of £ = 0 and inverse of ®g; based on 10° replications (cf.

Section 5.5.3)

£€=0  and (sjor - -»556) = (0,2.4,4.8,7.2,9.6,12, 00)
p=0.01 p =0.05 p=0.1 p=0.25 p=0.5

B w m pQBm) 5P p-QBm) 5 () p-QBm) 25 (P) P-QBm) T (P) p-QBm) 5 ()
11074 20 0.320 0.127 0.576 0.382 0.634 0.515 0.788 0.713 0.929 0.879
50 0.503 0.462 0.664 0.619 0.743 0.701 0.851 0.823 0.954 0.926

100 0.647 0.621 0.759 0.732 0.813 0.790 0.893 0.875 0.966 0.948

500 0.837 0.830 0.887 0.879 0.912 0.905 0.949 0.944 0.982 0.976

1073 20 0.744 0.731 0.824 0.810 0.865 0.851 0.922 0.912 0.974 0.963
50 0.829 0.821 0.881 0.873 0.908 0.901 0.947 0.941 0.982 0.975

100 0.889 0.885 0.922 0.918 0.938 0.936 0.964 0.962 0.988 0.984

500 0.948 0.947 0.963 0.962 0.971 0.971 0.983 0.983 0.994 0.993

1072 20 0.922 0.919 0.945 0.943 0.957 0.955 0.975 0.973 0.991 0.989
50 0.943 0.942 0.960 0.959 0.969 0.968 0.982 0.981 0.994 0.992

100 0.965 0.965 0.975 0.975 0.981 0.980 0.989 0.988 0.996 0.995

500 0.983 0.983 0.988 0.988 0.991 0.991 0.995 0.994 0.998 0.998

3 1074 20 1.576 1.384 1.972 1.844 2.171 2.074 2.483 2.422 2.820 2.748
50 2.134 2.063 2.375 2.330 2.498 2.464 2.692 2.665 2.896 2.854

100 2.362 2.322 2.541 2.515 2.632 2.611 2.776 2.758 2.925 2.894

500 2.693 2.681 2.780 2.772 2.825 2.818 2.894 2.886 2.964 2.950

1073 20 2.507 2.478 2.644 2.627 2.715 2.701 2.827 2.813 2.941 2.919
50 2.707 2.693 2.788 2.780 2.830 2.824 2.897 2.890 2.965 2.952

100 2.779 2.776 2.842 2.840 2.874 2.872 2.924 2.920 2.974 2.965

500 2.900 2.900 2.929 2.928 2.944 2.943 2.966 2.964 2.989 2.984

102 20 2.852 2.850 2.895 2.893 2.916 2.914 2.949 2.947 2.983 2.977
50 2.904 2.903 2.931 2.931 2.945 2.945 2.967 2.965 2.989 2.985

100 2.929 2.929 2.950 2.949 2.960 2.959 2.976 2.975 2.992 2.989

500 2.969 2.968 2.977 2.977 2.982 2.982 2.989 2.989 2.996 2.995

5 1074 20 2.427 1.877 3.091 2.773 3.445 3.224 4.020 3.900 4.634 4.523
50 3.405 3.213 3.837 3.726 4.063 3.984 4.416 4.371 4.791 4.727

100 3.835 3.733 4.154 4.096 4.320 4.279 4.586 4.554 4.855 4.806

500 4.458 4.439 4.612 4.600 4.690 4.681 4.812 4.803 4.935 4.914

1073 20 4.129 4.070 4.367 4.337 4.494 4.471 4.691 4.673 4.892 4.858
50 4.498 4.477 4.638 4.627 4.711 4.702 4.825 4.816 4.939 4.920

100 4.603 4.595 4.716 4.711 4.774 4.770 4.864 4.857 4.953 4.938

500 4.821 4.819 4.873 4.871 4.899 4.897 4.939 4.936 4.979 4.972

1072 20 4.736 4.729 4.810 4.807 4.849 4.846 4.908 4.904 4.968 4.959
50 4.825 4.822 4.875 4.873 4.901 4.899 4.940 4.937 4.979 4.973

100 4.870 4.869 4.908 4.906 4.926 4.925 4.956 4.954 4.985 4.980

500 4.944 4.944 4.960 4.960 4.968 4.968 4.981 4.980 4.993 4.991
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Table B.23.: Upper quantiles of Em in case of £ = 0 and inverse of ®g; based on 10° replications (cf.
Section 5.5.3)

£=0 and (Sjo,.,.,5j4):(0,4,8,12,00)

p=0.5 p=0.75 p=0.9 p=0.95 p = 0.99

Bop m pQBm) 25 PQBm) 5P P-QBm) 25 () P-QBm) 25 () p-QAm) S5 ()

11074 20 0.998 0.799 1.154 1 1.270 1.188 1.335 1.286 1.468 1.458
50 0.983 0.850 1.092 1 1.185 1.140 1.239 1.213 1.335 1.342
100 0.968 0.898 1.052 1 1.115 1.095 1.154 1.145 1.222 1.232
500 0.969 0.954 1.012 1 1.046 1.043 1.066 1.065 1.105 1.104
1073 20 0.971 0.928 1.030 1 1.079 1.067 1.106 1.102 1.158 1.164
50 0.969 0.955 1.011 1 1.046 1.042 1.065 1.064 1.104 1.103
100 0.974 0.966 1.011 1 1.038 1.032 1.052 1.048 1.077 1.077
500 0.988 0.986 1.004 1 1.015 1.013 1.021 1.020 1.032 1.032
1072 20 0.985 0.980 1.005 1 1.021 1.018 1.030 1.028 1.045 1.045
50 0.989 0.986 1.004 1 1.015 1.013 1.021 1.020 1.032 1.032
100 0.992 0.990 1.002 1 1.010 1.009 1.015 1.014 1.022 1.022
500 0.996 0.995 1.001 1 1.005 1.004 1.007 1.006 1.010 1.010
3 1074 20 2.781 2.716 3.153 3 3.482 3.394 3.691 3.601 4.096 3.963
50 2.880 2.842 3.086 3 3.269 3.220 3.377 3.335 3.590 3.536
100 2.904 2.877 3.067 3 3.207 3.171 3.290 3.260 3.447 3.416
500 2.957 2.945 3.030 3 3.092 3.077 3.128 3.117 3.196 3.187
1073 20 2.932 2.913 3.046 3 3.145 3.121 3.203 3.184 3.311 3.294
50 2.957 2.946 3.028 3 3.090 3.076 3.126 3.115 3.192 3.184
100 2.970 2.962 3.020 3 3.063 3.053 3.088 3.080 3.134 3.129
500 2.987 2.983 3.009 3 3.028 3.024 3.039 3.036 3.059 3.058
102 20 2.979 2.974 3.014 3 3.044 3.037 3.061 3.056 3.093 3.089
50 2.986 2.982 3.010 3 3.031 3.025 3.043 3.039 3.065 3.062
100 2.990 2.988 3.006 3 3.020 3.017 3.028 3.026 3.043 3.041
500 2.996 2.995 3.003 3 3.009 3.007 3.012 3.011 3.019 3.018
5 1074 20 4.625 4.539 5.234 5 5.771 5.637 6.141 5.970 6.859 6.555
50 4.743 4.673 5.167 5 5.554 5.452 5.779 5.688 6.250 6.103
100 4.848 4.808 5.101 5 5.321 5.265 5.452 5.404 5.705 5.648
500 4.928 4.908 5.049 5 5.153 5.127 5.215 5.194 5.331 5.311
1073 20 4.887 4.858 5.073 5 5.235 5.197 5.331 5.300 5.510 5.480
50 4.929 4.911 5.046 5 5.147 5.123 5.206 5.187 5.317 5.299
100 4.950 4.936 5.033 5 5.105 5.089 5.147 5.135 5.224 5.216
500 4.978 4.971 5.015 5 5.047 5.039 5.066 5.060 5.100 5.096
1072 20 4.967 4.958 5.023 5 5.071 5.059 5.098 5.089 5.150 5.143
50 4.977 4.971 5.016 5 5.048 5.040 5.067 5.061 5.102 5.098
100 4.984 4.980 5.010 5 5.033 5.028 5.046 5.042 5.070 5.067
500 4.993 4.991 5.005 5 5.015 5.013 5.021 5.019 5.032 5.031
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Table B.24.: Upper quantiles of ﬁm in case of £ = 0 and inverse of ®; based on 10° replications (cf.
Section 5.5.3)

£€=0  and (sjor - -»556) = (0,2.4,4.8,7.2,9.6,12, 00)

p=0.5 p=0.75 p=0.9 p=0.95 p = 0.99

Bon m pQBm) 25 PQBm) 5P P-QBm) 25 () P-QBmM) 25 () p-QAm) 25 ()

11074 20 0.929 0.879 1.066 1 1.196 1.153 1.265 1.232 1.401 1.372
50 0.954 0.926 1.039 1 1.118 1.094 1.162 1.143 1.245 1.229
100 0.966 0.948 1.028 1 1.081 1.066 1.112 1.101 1.169 1.162
500 0.982 0.976 1.011 1 1.036 1.030 1.050 1.045 1.075 1.073
1073 20 0.974 0.963 1.019 1 1.057 1.047 1.079 1.072 1.119 1.115
50 0.982 0.975 1.012 1 1.038 1.031 1.052 1.048 1.080 1.076
100 0.988 0.984 1.008 1 1.024 1.020 1.034 1.031 1.051 1.049
500 0.994 0.993 1.003 1 1.011 1.009 1.015 1.014 1.023 1.023
1072 20 0.991 0.989 1.005 1 1.017 1.014 1.023 1.021 1.036 1.034
50 0.994 0.992 1.004 1 1.012 1.010 1.017 1.015 1.026 1.025
100 0.996 0.995 1.002 1 1.007 1.006 1.010 1.009 1.015 1.015
500 0.998 0.998 1.001 1 1.003 1.003 1.005 1.005 1.007 1.007
3 1074 20 2.820 2.748 3.160 3 3.462 3.371 3.658 3.564 4.047 3.904
50 2.896 2.854 3.093 3 3.269 3.215 3.374 3.327 3.579 3.524
100 2.925 2.894 3.066 3 3.192 3.156 3.267 3.237 3.410 3.380
500 2.964 2.950 3.031 3 3.089 3.073 3.124 3.111 3.189 3.178
1073 20 2.941 2.919 3.051 3 3.147 3.120 3.204 3.182 3.314 3.292
50 2.965 2.952 3.030 3 3.086 3.070 3.120 3.107 3.184 3.172
100 2.974 2.965 3.022 3 3.063 3.051 3.087 3.078 3.132 3.125
500 2.989 2.984 3.010 3 3.028 3.023 3.039 3.035 3.059 3.056
102 20 2.983 2.977 3.015 3 3.042 3.034 3.058 3.052 3.087 3.084
50 2.989 2.985 3.009 3 3.027 3.022 3.037 3.034 3.057 3.054
100 2.992 2.989 3.007 3 3.020 3.016 3.028 3.025 3.041 3.040
500 2.996 2.995 3.003 3 3.009 3.007 3.012 3.011 3.019 3.018
5 1074 20 4.634 4.523 5.260 5 5.860 5.682 6.251 6.039 7.016 6.664
50 4.791 4.727 5.154 5 5.485 5.390 5.683 5.594 6.073 5.953
100 4.855 4.806 5.113 5 5.341 5.277 5.480 5.421 5.746 5.675
500 4.935 4.914 5.050 5 5.149 5.122 5.209 5.186 5.322 5.299
1073 20 4.892 4.858 5.081 5 5.245 5.203 5.344 5.309 5.536 5.496
50 4.939 4.920 5.046 5 5.139 5.114 5.194 5.174 5.297 5.279
100 4.953 4.938 5.035 5 5.106 5.088 5.149 5.135 5.224 5.216
500 4.979 4.972 5.016 5 5.048 5.040 5.066 5.060 5.101 5.097
1072 20 4.968 4.959 5.024 5 5.072 5.059 5.100 5.090 5.153 5.145
50 4.979 4.973 5.016 5 5.047 5.039 5.065 5.059 5.099 5.095
100 4.985 4.980 5.012 5 5.035 5.029 5.048 5.044 5.073 5.070
500 4.993 4.991 5.005 5 5.015 5.012 5.021 5.019 5.031 5.030
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Table B.25.: Mean and standard deviation afém in the counting-maximum model; based on 104 replications
(cf. Section 5.6.2)

(sjos---sja) = (0,4,8,12,00)

B=1 B =3 B =5
3 H m km mean(Em ) std(Em) mean(§m) std(Em) mean(&m ) std(Em)
0 10— 4 20 U 0.039 0.075 0.043 0.083 0.042 0.078
Exp 0.039 0.079 0.045 0.083 0.041 0.079
50 U 0.031 0.055 0.027 0.047 0.032 0.054
Exp 0.030 0.053 0.032 0.054 0.029 0.048
100 U 0.023 0.038 0.022 0.036 0.020 0.033
Exp 0.023 0.039 0.023 0.038 0.023 0.038
10—3 20 U 0.023 0.040 0.017 0.028 0.017 0.026
Exp 0.024 0.042 0.016 0.024 0.017 0.027
50 U 0.016 0.026 0.012 0.018 0.011 0.017
Exp 0.016 0.026 0.013 0.020 0.010 0.015
100 U 0.012 0.020 0.008 0.012 0.008 0.012
Exp 0.012 0.019 0.008 0.013 0.008 0.012
0.5 1074 20 U 0.436 0.257 0.456 0.226 0.458 0.237
Exp 0.410 0.296 0.452 0.245 0.450 0.258
50 U 0.472 0.158 0.479 0.156 0.483 0.143
Exp 0.473 0.169 0.481 0.145 0.482 0.150
100 U 0.486 0.113 0.490 0.105 0.493 0.099
Exp 0.484 0.122 0.491 0.102 0.492 0.101
1073 20 U 0.494 0.098 0.498 0.082 0.497 0.082
Exp 0.494 0.104 0.498 0.077 0.497 0.080
50 U 0.499 0.064 0.498 0.048 0.499 0.046
Exp 0.497 0.061 0.500 0.050 0.497 0.053
100 U 0.499 0.046 0.499 0.034 0.500 0.034
Exp 0.499 0.045 0.500 0.036 0.501 0.036
1 104 20 U 0.933 0.349 0.951 0.343 0.951 0.338
Exp 0.936 0.347 0.944 0.372 0.963 0.316
50 U 0.977 0.215 0.982 0.193 0.984 0.198
Exp 0.973 0.228 0.990 0.190 0.986 0.192
100 U 0.988 0.148 0.992 0.137 0.992 0.133
Exp 0.988 0.153 0.994 0.132 0.988 0.144
10_3 20 U 0.998 0.121 0.999 0.109 0.998 0.116
Exp 0.999 0.118 1.000 0.107 0.999 0.124
50 U 0.999 0.086 1.000 0.072 0.999 0.066
Exp 0.999 0.081 1.000 0.064 1.000 0.065
100 U 1.000 0.056 1.000 0.048 1.000 0.049
Exp 1.000 0.055 1.000 0.050 0.999 0.048
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Table B.26.: Mean and standard deviation afém in the counting-maximum model; based on 104 replications
(cf. Section 5.6.2)

(sjos-+»sj6) = (0,2.4,4.8,7.2,9.6,12, c0)

=1 B =3 B =5
3 H m km mean(§m ) std(Em) mean(&m) std(Em) mean(&m ) std(Em)
0 10— 4 20 U 0.043 0.086 0.042 0.079 0.044 0.084
Exp 0.043 0.086 0.040 0.072 0.041 0.075
50 U 0.030 0.053 0.027 0.045 0.028 0.048
Exp 0.030 0.053 0.026 0.044 0.030 0.051
100 U 0.023 0.039 0.021 0.034 0.021 0.034
Exp 0.023 0.038 0.022 0.036 0.021 0.033
10—3 20 U 0.022 0.035 0.017 0.027 0.017 0.026
Exp 0.021 0.035 0.016 0.026 0.017 0.028
50 U 0.015 0.024 0.010 0.016 0.010 0.015
Exp 0.014 0.021 0.010 0.015 0.011 0.017
100 U 0.010 0.016 0.008 0.012 0.008 0.012
Exp 0.010 0.016 0.008 0.013 0.008 0.012
0.5 10—4 20 U 0.441 0.258 0.459 0.241 0.465 0.210
Exp 0.452 0.234 0.468 0.207 0.471 0.204
50 U 0.478 0.160 0.480 0.156 0.485 0.136
Exp 0.477 0.162 0.480 0.147 0.489 0.122
100 U 0.489 0.109 0.491 0.106 0.493 0.093
Exp 0.488 0.113 0.491 0.104 0.489 0.105
1073 20 U 0.496 0.079 0.497 0.078 0.497 0.083
Exp 0.496 0.076 0.496 0.082 0.499 0.068
50 U 0.498 0.055 0.499 0.045 0.499 0.047
Exp 0.498 0.053 0.499 0.045 0.500 0.047
100 U 0.499 0.039 0.500 0.032 0.499 0.033
Exp 0.499 0.039 0.499 0.032 0.500 0.034
1 10— 4 20 U 0.947 0.322 0.970 0.278 0.968 0.286
Exp 0.949 0.341 0.953 0.340 0.963 0.305
50 U 0.976 0.213 0.988 0.182 0.985 0.192
Exp 0.978 0.221 0.991 0.175 0.985 0.193
100 U 0.988 0.147 0.993 0.134 0.993 0.127
Exp 0.990 0.142 0.991 0.144 0.992 0.127
1073 20 U 0.995 0.121 1.001 0.098 1.000 0.099
Exp 0.999 0.107 0.997 0.107 0.999 0.107
50 U 0.998 0.073 0.999 0.063 1.000 0.063
Exp 1.000 0.071 0.999 0.066 0.999 0.069
100 U 0.999 0.052 1.001 0.045 1.000 0.045
Exp 1.000 0.044 1.001 0.049 1.000 0.049
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Table B.27.: Mean and standard deviation off?m in the counting-maximum model; based on 104 replications
(cf. Section 5.6.2)

(sjos---rsja) = (0,4,8,12,00)

=1 B=3 B=5
¢ u m  km  mean(Bm) std(Bm) mean(Bm)  std(Bm)  mean(Bm)  std(Bm)
o 1074 20 U 0.957 0.161 2.857 0.502 4.789 0.805
Exp 0.953 0.173 2.845 0.502 4.785 0.790
50 U 0.965 0.119 2.907 0.290 4.839 0.572
Exp 0.962 0.115 2.893 0.331 4.850 0.495
100 U 0.972 0.082 2.926 0.225 4.891 0.339
Exp 0.972 0.085 2.927 0.237 4.880 0.391
10—3 20 U 0.961 0.093 2.940 0.170 4.911 0.259
Exp 0.957 0.098 2.946 0.148 4.915 0.260
50 U 0.972 0.061 2.959 0.107 4.946 0.164
Exp 0.970 0.062 2.956 0.119 4.947 0.153
100 U 0.978 0.048 2.971 0.075 4.961 0.117
Exp 0.978 0.045 2.970 0.076 4.957 0.120
05 10°% 20 U 1.113 0.381 3.178 0.843 5.294 1.414
Exp 1.153 0.432 3.198 0.910 5.326 1.535
50 U 1.050 0.226 3.085 0.573 5.117 0.842
Exp 1.050 0.241 3.078 0.533 5.117 0.884
100 U 1.023 0.156 3.045 0.385 5.046 0.587
Exp 1.028 0.172 3.040 0.376 5.053 0.591
10—3 20 U 1.017 0.164 3.015 0.294 5.032 0.453
Exp 1.017 0.168 3.011 0.278 5.021 0.442
50 U 1.003 0.105 3.008 0.177 5.008 0.254
Exp 1.007 0.100 3.005 0.180 5.014 0.292
100 U 1.004 0.076 3.004 0.125 5.004 0.185
Exp 1.002 0.074 3.003 0.130 5.003 0.197
1 1074 20 U 1.139 0.464 3.271 1.166 5.436 1.889
Exp 1.140 0.463 3.319 1.277 5.336 1.707
50 U 1.049 0.274 3.087 0.623 5.131 1.017
Exp 1.061 0.294 3.064 0.618 5.123 1.003
100 U 1.025 0.185 3.039 0.439 5.061 0.678
Exp 1.025 0.190 3.040 0.426 5.097 0.734
10—3 20 U 1.010 0.167 3.017 0.336 5.037 0.537
Exp 1.009 0.162 3.013 0.320 5.034 0.574
50 U 1.006 0.119 3.006 0.223 5.012 0.308
Exp 1.004 0.112 3.006 0.194 5.008 0.299
100 U 1.002 0.077 3.005 0.149 5.005 0.225
Exp 1.003 0.075 3.002 0.151 5.007 0.218
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Table B.28.: Mean and standard deviation ofﬁm in the counting-maximum model; based on 104 replications
(cf. Section 5.6.2)

(sjos---»sj6) = (0,2.4,4.8,7.2,9.6,12, c0)

=1 B=3 B=5
¢ “ m  km  mean(Bm) std(Bm) mean(Bm)  std(Bm)  mean(Bm)  std(Bm)
o 1074 20 U 0.951 0.177 2.869 0.483 4.786 0.847
Exp 0.949 0.177 2.870 0.435 4.792 0.752
50 U 0.967 0.112 2.921 0.284 4.858 0.492
Exp 0.963 0.113 2.021 0.270 4.849 0.512
100 U 0.972 0.081 2.934 0.209 4.891 0.354
Exp 0.971 0.081 2.930 0.227 4.898 0.350
10—3 20 U 0.968 0.074 2.949 0.163 4.922 0.264
Exp 0.970 0.073 2.947 0.159 4.916 0.279
50 U 0.978 0.050 2.969 0.096 4.951 0.149
Exp 0.980 0.044 2.969 0.092 4.944 0.165
100 U 0.985 0.033 2.975 0.070 4.962 0.116
Exp 0.085 0.034 2.074 0.076 4.962 0.118
05 10°% 20 U 1.006 0.354 3.173 0.866 5.235 1.254
Exp 1.077 0.311 3.137 0.743 5.207 1.203
50 U 1.035 0.206 3.083 0.559 5.104 0.791
Exp 1.036 0.214 3.072 0.524 5.074 0.700
100 U 1.020 0.143 3.031 0.372 5.047 0.540
Exp 1.019 0.148 3.038 0.374 5.069 0.607
1073 20 U 1.007 0.109 3.013 0.265 5.037 0.467
Exp 1.008 0.105 3.020 0.282 5.014 0.355
50 U 1.004 0.077 3.005 0.153 5.009 0.249
Exp 1.003 0.073 3.004 0.155 5.007 0.247
100 U 1.002 0.056 3.001 0.111 5.004 0.173
Exp 1.002 0.054 3.002 0.112 5.003 0.182
1 1074 20 U 1.099 0.388 3.157 0.888 5.275 1.520
Exp 1.108 0.416 3.216 1.077 5.316 1.614
50 U 1.042 0.246 3.072 0.573 5.142 0.986
Exp 1.043 0.260 3.066 0.544 5.130 0.993
100 U 1.022 0.170 3.048 0.419 5.058 0.640
Exp 1.018 0.164 3.047 0.446 5.056 0.647
103 20 U 1.013 0.148 3.010 0.283 5.023 0.446
Exp 1.008 0.129 3.018 0.311 5.024 0.474
50 U 1.003 0.087 3.005 0.182 5.009 0.283
Exp 1.002 0.085 3.003 0.192 5.014 0.308
100 U 1.002 0.063 3.000 0.131 5.005 0.201
Exp 1.000 0.054 3.001 0.140 5.006 0.223
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Table B.29.: Optimal class limit configuration and corresponding quantiles with regard to the generalized
Pareto distribution (cf. Section 5.5.4)

B=1

d € optimal class limits (511, R slyd_l) quantiles of class limits in %

3 0.0 (0.90, 4.38) (59.16, 98.74)
0.1 (0.86, 5.05) (56.26, 98.32)
0.2 (0.83, 5.81) (53.63, 97.88)
0.3 (0.80, 6.67) (51.24, 97.44)
0.4 (0.77, 7.65) (49.07, 96.99)
0.5 (0.75, 8.75) (47.08, 96.54)

4 0.0 (0.83, 3.17, 5.61) (56.35, 95.81, 99.64)
0.1 (0.79, 3.43, 6.89) (53.46, 94.75, 99.47)
0.2 (0.76, 3.70, 8.45) (50.91, 93.73, 99.29)
0.3 (0.74, 3.99, 10.37) (48.64, 92.76, 99.10)
0.4 (0.71, 4.31, 12.74) (46.60, 91.84, 98.91)
0.5 (0.69, 4.66, 15.65) (44.75, 90.97, 98.72)

5 0.0 (0.58, 1.54, 3.71, 6.01) (43.84, 78.51, 97.54, 99.76)
0.1 (0.54, 1.50, 4.09, 7.51) (40.90, 75.26, 96.76, 99.63)
0.2 (0.51, 1.46, 4.50, 9.38) (38.38, 72.28, 95.97, 99.49)
0.3 (0.48, 1.43, 4.95, 11.71) (36.18, 69.53, 95.18, 99.34)
0.4 (0.46, 1.40, 5.42, 14.61) (34.23, 67.00, 94.40, 99.18)
0.5 (0.43, 1.36, 5.93, 18.23) (32.51, 64.66, 93.64, 99.02)

6 0.0 (0.51, 1.29, 2.96, 4.67, 6.82) (40.08, 72.53, 94.84, 99.06, 99.89)
0.1 (0.48; 1.26, 3.15, 5.41, 8.88) (37.43, 69.34, 93.51, 98.68, 99.83)
0.2 (0.45, 1.22, 3.33, 6.26, 11.60) (35.17, 66.48, 92.23, 98.28, 99.75)
0.3 (0.43, 1.19, 3.53, 7.24, 15.18) (33.21, 63.91, 91.00, 97.86, 99.67)
0.4 (0.41, 1.17, 3.74, 8.35, 19.91) (31.49, 61.57, 89.84, 97.45, 99.58)
0.5 (0.39, 1.14, 3.96, 9.63, 26.18) (29.97, 59.44, 88.75, 97.04, 99.50)

7 0.0 (0.44, 1.06, 2.15, 3.65, 5.22, 7.31) (35.55, 65.24, 88.36, 97.40, 99.46, 99.93)
0.1 (0.41, 1.00, 2.13, 3.97, 6.18, 9.71) (32.81, 61.46, 85.47, 96.46, 99.19, 99.89)
0.2 (0.38, 0.95, 2.10, 4.29, 7.29, 12.92) (30.49, 58.12, 82.68, 95.48, 98.88, 99.83)
0.3 (0.35, 0.91, 2.07, 4.62, 8.56, 17.24) (28.51, 55.15, 80.02, 94.50, 98.56, 99.77)
0.4 (0.33, 0.87, 2.04, 4.97, 10.04, 23.02) (26.79, 52.50, 77.50, 93.53, 98.23, 99.70)
0.5 (0.31, 0.83, 2.01, 5.34, 11.76, 30.81) (25.28, 50.11, 75.13, 92.57, 97.89, 99.63)

8 0.0 (0.38, 0.88, 1.65, 2.95, 4.26, 5.74, 7.78) (31.57, 58.59, 80.82, 94.79, 98.59, 99.68, 99.96)
0.1 (0.35, 0.83, 1.61, 3.11, 4.82, 7.02, 10.63) , ,

0.2 (0.33, 0.79, 1.58, 3.27, 5.42, 8.56, 14.61) ,

0.3 (0.31, 0.76, 1.55, 3.43, 6.10, 10.43, 20.17) (25.51, 49.51, 72.09, 90.56, 96.88, 99.12, 99.85)
0.4 (0.29, 0.73, 1.53, 3.61, 6.84, 12.71, 27.98) (24.05, 47.20, 69.68, 89.27, 96.29, 98.90, 99.81)
0.5 (0.28, 0.70, 1.51, 3.79, 7.67, 15.49, 38.99) (22.78, 45.14, 67.48, 88.05, 95.72, 98.69, 99.76)
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Table B.30.: Optimal class length Aopt and quantiles of the corresponding
class limits with regard to the generalized Pareto distribution (cf. Section 5.5.4)

8=1
d 3 Aopt quantiles of class limits in %
3 0.0 1.76 (82.72, 97.01)
0.1 1.79 (80.75, 95.32)
0.2 1.81 (78.68, 93.44)
0.3 1.82 (76.61, 91.47)
0.4 1.83 (74.61, 89.47)
0.5 1.83 (72.68, 87.48)
4 0.0 1.45
0.1 1.49
0.2 1.51
0.3 1.52
0.4 1.53
0.5 1.53
5 0.0 1.24
0.1 1.30
0.2 1.32
0.3 1.34
0.4 1.34 3 .
0.5 1.35 (64.27, 81.83, 89.03, 92.66)
6 0.0 1.09 (66.53, 88.80, 96.25, 98.74, 99.58)
0.1 1.15 (66.42, 87.45, 94.87, 97.75, 98.95)
0.2 1.19 (65.50, 85.64, 93.19, 96.44, 98.00)
0.3 1.20 (64.23, 83.68, 91.35, 94.92, 96.79)
0.4 1.21 (62.83, 81.67, 89.43, 93.27, 95.40)
0.5 1.22 (61.39, 79.68, 87.49, 91.54, 93.89)
7 0.0 0.98 (62.50, 85.94, 94.73, 98.02, 99.26, 99.72)
0.1 1.04 (62.98, 85.00, 93.45, 96.95, 98.50, 99.23)
0.2 1.08 (62.45, 83.44, 91.80, 95.57, 97.44, 98.44)
0.3 1.10 (61.46, 81.62, 89.97, 93.99, 96.14, 97.39)
0.4 1.12 (60.27, 79.72, 88.06, 92.28, 94.68, 96.15)
0.5 1.12 (58.99, 77.81, 86.12, 90.51, 93.10, 94.76)
8 0.0 0.89 (58.97, 83.16, 93.09, 97.17, 98.84, 99.52, 99.80)
0.1 0.96 (59.96, 82.69, 92.01, 96.11, 98.01, 98.94, 99.41)
0.2 1.00 (59.79, 81.39, 90.45, 94.70, 96.87, 98.06, 98.74)
0.3 1.02 (59.07, 79.75, 88.67, 93.09, 95.51, 96.93, 97.82)
0.4 1.04 (58.07, 77.97, 86.79, 91.36, 93.99, 95.62, 96.69)
0.5 1.05 (56.94, 76.15, 84.88, 89.57, 92.37, 94.18, 95.41)
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Figure C.1.: Frequency distribution and normal probability plot of
,/%(ﬁg — 1) under Poisson hypothesis with sample sizes m = 10,
50, 1000; based on 108 replications (cf. Section 5.2.1).
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Figure C.2.: Frequency distribution and normal probability plot of ./ % (D2 — 1) under Poisson

hypothesis with mean numbers of SOLEs per kilometer . = 10~%, 1073, 10~ 2; based on 10°
replications (cf. Section 5.2.1).
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Figure C.3.: Power of the test statistic ./ % (D2 — 1) in % under several alternative hypotheses
(IOD > 1 and 10D < 1) for significance level 1 — a = 0.95; based on 10° replications (cf.

Section 5.2.1, Table B.3, Table B.4, Table B.5, "km=U").
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C. Figures

Figure C.4.: Frequency distribution and normal probability plot of \/T, (¢, — @) with sample

sizes m = 10, 50, 1000; based on 10° replications (cf. Section 5.3.2, uniformly distributed
mileages).
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Figure C.5.: Frequency distribution and normal probability plot of \/I, (6m — ©) with expo-

nents p = 10_3, 10_4, 10_5,‘ based on 10° replications (cf. Section 5.3.2, uniformly distributed
mileages).
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Figure C.6.: Frequency distribution and normal probability plot of \/T, (ém — @) with means
n o= 10_4, 10_3, 10_2; based on 10° replications (cf. Section 5.3.2, uniformly distributed
mileages).
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Figure C.7.: Frequency distribution and normal probability plot of \/I}, (fiy, — p) with sam-

ple sizes m = 10, 50, 1000; based on 105 replications (cf. Section 5.4, uniformly distributed
mileages).
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Figure C.8.: Frequency distribution and normal probability plot of \/I,, (fiy, — p) with expo-

nents o0 = 10_5, 10_4, 10_3; based on 10° replications (cf. Section 5.4, uniformly distributed
mileages).
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Figure C.9.: Frequency distribution and normal probability plot of \/T,, (fum, — p) with means

n o= 10_4, 10_3, 10_2; based on 10° replications (cf. Section 5.4, uniformly distributed
mileages).
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Fi%ure C.10.: Relative square root of inverse Fisher information concerning o,
1 ; based on 10° replications (cf. Section 5.3.2, Table

o+/To T Inum(e.n)11
B.6, “km=U").
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Figure C.11.: Relatlve square root of il mverse Fisher information concerning .,
; based on 10° replications (cf. Section 5.4, Table B.9,

im = ® Inum(é’vﬂ)zz
em=U").
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Figure C.12.: Frequency distribution and normal probability plot of (ém—¢)/ [J¢ in the

counting-model with sample sizes m = 20, 50, 100; based on 10° replications (cf. Section
5.5.2, uniformly distributed mileages, (sjo,...,s;q4) = (0,4,8,12, 00)).
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Figure C.183.: Frequency distribution and normal probability plot of (ém —¢)/ [J¢ in the
counting-model with shapes £ = 0.5, 1; based on 10° replications (cf. Section 5.5.2, uniformly

distributed mileages, (sjo,...,55q) = (0,4,8,12,00)).
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Figure C.14.: Frequency distribution and normal probability plot of (ém—¢)/ [J¢ in the
counting-model with scales 3 = 1, 3, 5; based on 10° replications (cf. Section 5.5.2, uniformly

distributed mileages, (sjo,...,55q) = (0,4,8,12,00)).
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Figure C.15.: Frequency distribution and normal probability plot of (ém—¢)/ [Te
in the counting-model with class limits (sjo,...,5;q) = (0,4,8,12, c0),
(0,2.4,4.8,7.2,9.6,12,00); based on 10° replications (cf. Section 5.5.2, uniformly
distributed mileages).
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Figure C.16.: Frequency distribution and normal probability plot of (8m —8)/ [Jg in the

counting-model with sample sizes m = 20, 50, 100; based on 10° replications (cf. Section
5.5.2, uniformly distributed mileages, (sjo,...,s;q4) = (0,4,8,12, 00)).
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Figure C.17.: Frequency distribution and normal probability plot of (8m —8)/ /Jg in the

counting-model with shapes £ = 0.5, 1; based on 10° replications (cf. Section 5.5.2, uniformly
distributed mileages, (sjo,...,55q) = (0,4,8,12,00)).
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Figure C.18.: Frequency distribution and normal probability plot of (8m —8)/ [Jg in the
counting-model with scales 3 = 1, 3, 5; based on 10° replications (cf. Section 5.5.2, uniformly

distributed mileages, (sjo,...,55q) = (0,4,8,12,00)).
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Figure C.19.: Frequency distribution and normal probability plot of (Bm—ﬁ)/ﬁ
in the counting-model with class limits (sjo,...,5;q) = (0,4,8,12, c0),
(0,2.4,4.8,7.2,9.6,12,00); based on 10° replications (cf. Section 5.5.2, uniformly
distributed mileages).
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C. Figures

Figure C.20.: Frequency distribution and cumulative distribution function of ém in the
counting-model: empirical (blue, Monte-Carlo simulation) and theoretical (green, ®¢); based

on 10° replications with ¢ = 0, 8 = 1, p = 1072, m = 100, (8505 ---s854) =
(0,2.4,4.8,7.2,9.6, 12, c0), uniformly distributed mileages (cf. Section 5.5.3).
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Figure C.21.: Frequency distribution and cumulative distribution function of Bm in the
counting-model: empirical (blue, Monte-Carlo simulation) and theoretical (green, ®g); based
on 10° replications with ¢ = 0, 8 = 1, p = 1072, m = 100, (8505 ---s854) =
(0,2.4,4.8,7.2,9.6, 12, c0), uniformly distributed mileages (cf. Section 5.5.3).
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Figure C.22.: Situation as in Figure C.21. Pictured are those realizations of B where it is
&m = 0 simultaneously (blue), and the approximation of these realizations through ®3_ (green,
see Section 4.4.3) (cf. Section 5.5.3).
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Figure C.23.: Situation as in Figure C.21. Pictured are those realizations of B where it is
&m > 0 simultaneously (blue), and the approximation of these realizations through ® (green,
see Section 4.4.3) (cf. Section 5.5.3).
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